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Introduction

A representation of a discrete group G in the category P(F) of finite di-
mensional vector spaces over a field F' could be defined as a pair (V,p: G —
Aut(V)) where V € P(F) and p is a group homomorphism from G to the
group Aut(V) of bijective linear operators on V. This definition makes sense
if we replace P(F') by more general linear structures like P(R), the category
of finitely generated projective modules over any ring R with identity.

More generally, one could define a representation of G in an arbitrary cat-
egory C as a pair (X,p : G — Aut(X)) where X € 0b(C) and p is a group
homomorphism from G to the group of C-automorphisms of X. The repre-
sentations of G in C also form a category Cg which can be identified with the
category [G/G,C] of covariant functors from the translation category G/G of
the G-set G/G (where G/G is the final object in the category of G-sets (see
1.1). The foregoing considerations also apply if G is a topological group and
C is a topological category, i.e. a category whose objects X and Home(X,Y)
are endowed with a topology such that the morphisms are continuous. Here,
we have an additional requirement that p : G — Aut(X) be continuous. For
example, G could be a Lie group and C the category of Hilbert spaces over C,
in which case we have unitary representations of G.

It is the aim of this book to explore connections between Cq and higher al-
gebraic K-theory of C for suitable categories (e.g. exact, symmetric monoidal
and Waldhausen categories) when G could be a finite, discrete, profinite or
compact Lie group.

When C = P(C), (C the field of complex numbers) and G is a finite or
compact Lie group, the Grothendieck group Ky(Cg) can be identified with
the group of generalized characters of G and thus provides the initial contact
between representation theory and K-theory. If F' is an arbitrary field, G a
finite group, P(F)g can be identified with the category M(FG) of finitely
generated FG-modules and so, Ko(P(F)¢g) = Ko(M(FQ)) = Go(FQG) yields
K-theory of the group algebra F'G, thus providing initial contact between
K-theory of P(F)g and K-theory of group algebras (see 1.2). This situation
extends to higher dimensional K-theoretic groups i.e. for all n > 0 we have
K,(P(F)g) 2 K,(M(FQ)) 2 G,(FG) (see 5.2).

More generally, if R is any commutative ring with identity and G is a finite
group, then the category P(R)g can be identified with the category Pr(RG)
of RG-lattices (i.e. RG-modules that are finitely generated and projective
over R) and so, for all n > 0, K,,(P(R)¢) can be identified with K,,(Pr(RG))
which, when R is regular, coincides with K, (M(RG)) usually denoted by
Gn(RG) (see (5.2)B).

When R is the ring of integers in a number field or p-adic field F' or more
generally R a Dedekind domain with quotient field F' or more generally still
R a regular ring, the notion of a groupring RG(G finite) generalizes to the
notion of R-orders A in a semi-simple F-algebra ¥ when char(F’) does not
divide the order of G and so, studying K-theory of the category Pr(A) of A-

XV



lattices automatically yields results on the computations of K-theory of the
category Pr(RG) of RG-lattices and so, K-theory of orders is appropriately
classified as belonging to Integral representation theory.

Now the classical K-theory (Ko, K1, Ko, K_,,) of orders and grouprings
(especially K and K;) have been well studied via classical methods and doc-
umented in several books [20, 39, 159, 168, 211, 213] and so, we only carefully
review the classical situation in Part I of this book (chapters 1-4), with clear
definitions, examples, statements of important results (mostly without proof-
s) and refer the reader to one of the books or other literature for proofs. We
include, in particular, classical results which have higher dimensional versions
for which we supply proofs once and for all in the context of higher K-theory.
Needless to say that some results proved for higher K-theory with no classi-
cal analogues invariably apply to the classical cases also. For example, there
was no classical result that K2(A),Ga2(A), are finite for arbitrary orders A
in semi-simple algebras over number fields, but we prove in this book that
Ko, (A), G2, (A), are finite for all n > 1, thus making this result also available
for Ka(A).

Some of the impetus for the growth of Algebraic K-theory from the begin-
ning had to do with the fact that the classical K-group of grouprings housed
interesting topological/geometric invariants, e.g.

(1) Class groups of orders and grouprings (which also constitute natural
generalizations to number theoretic class groups of integers in number
fields) also house Swan-Wall invariants (see (2.3)¢ and [214, 216]) etc.

(2) Computations of the groups Go(RG), R Noetherian, G Abelian is con-
nected with the calculations of the group ‘SSF’ (see (2.4)7 or [19]) which
houses obstructions constructed by Shub and Francs in their study of
Morse-Smale diffeomorphisms (see [19]).

(3) Whitehead groups of integral grouprings house Whitehead torsion which
is also useful in the classification of manifolds (see [153, 195]).

(4) If G is a finite group and Orb(G) the orbit category of G (an ‘EI’ category
(see 7.6)). X a G-CW-complex with round structure (see [137]), then
the equivariant Riedemester torsion takes values in Wh(Q orb(G)) where
Wh(Q orb(G)) is the quotient of K1(QOrb(G)) by subgroups of “trivial
units” see [137].

(5) Ky of integral grouprings helps in the understanding of the pseudo-
isotopy of manifolds (see [80]).

(6) The negative K-theory of grouprings can also be interpreted in terms of
bounded h-corbordisms (see (4.5)F or [138]).

It is also noteworthy that several far-reaching generalizations of classical
concepts have been done via higher K-theory. For example, the K-theoretic



definition of higher dimensional class groups C?,,(A)(n > 0) of orders A gen-
eralize to higher dimensions the notion of class group C¥4(A) of orders and
grouprings which in turn generalizes the number-theoretic notion of class
groups of Dedekind domains and integers R in number fields (see 7.4). Note
that C¢1(A) for A = RG is intimately connected with Whitehead torsion (see
7.4 or [159]) and as already observed C4(A) = Cly(A) houses some topologi-
cal/geometric invariants (see (2.3)%).

Moreover, the profinite higher K-theory for exact categories discussed in
chapter 8 is a cohomology theory which generalizes classical profinite topolog-
ical K-theory (see [199]) as well as K-theory analogues of classical continuous
cohomology of schemes rooted in Arithmetic algebraic geometry.

Part II (chapters 5 to 8) is devoted to a systematic exposition of higher
algebraic K-theory of orders and grouprings. Again, because the basic higher
K-theoretic constructions have already appeared with proofs in several books
(e.g. [25, 88, 198]), the presentation in chapters 5 and 6 is restricted to a
review of important results (with examples) relevant to our context. Topics
reviewed in chapter 5 include the ‘plus’ construction as well as higher K-theory
of exact, symmetric monoidal and Waldhausen categories. We try as much
as possible to emphasize the utility value of the usually abstract topological
constructions.

In chapter 7, we prove quite a number of results on higher K-theory of
orders and grouprings. In (7.1)4 we set the stage for arbitrary orders by
first proving several finiteness results for higher K-theory of maximal orders
in semi-simple algebras over p-adic fields and number fields as well as higher
K-theory of associated division and semi-simple algebras.

In (7.1)2, we prove among other results that if R is the ring of in-
tegers in a number field F, A as R-order in a semi-simple F-algebra X,
then for all n > 0, K,(A),G,(A) are finitely generated Abelian groups,
SK,(A),SG,(A), SK,(A,) and SG,,(A,) are finite groups (see [108, 110, 112,
113]) and SG,(R@G) are trivial (see [131]) where G is a finite group. In 7.2
we prove that rank K,(A) = rank G,(A) = rank K,(T) if T' is a maximal
R-order containing A, see [115]. We consequently prove that for all n > 1,
Ko, (A), G2, (A) are actually finite groups. Hence for any finite group G,
Ko, (RG), G2, (RQG) are finite (see (7.2)F or [121]).

Next, we obtain in 7.3 a decomposition (for G Abelian)

Gn(RG) 2 ®G,(R < C >) for all n > 0 where R is a Noetherian ring, and
C ranges over all cyclic quotients of G and R < C >= RC‘C‘(I%I)’QC‘ being
a primitive |C|™ root of unity (see [232]). (This decomposition is a higher
dimensional version of that of Go(RG) (see (2.4)4.) The decomposition of
G,(RQ@) is extended to some non-Abelian groups e.g. dihedral, quaternion
and nilpotent groups (see [231, 233]). We conclude 7.3 with a discussion of a
conjecture due to Hambleton, Taylor and Williams on the decomposition for
G, (RG), G any finite groups (see [76]), and the counter-example provided for
this conjecture by D. Webb and D. Yao (see [235].



Next, in 7.4 we define and study higher-dimensional class groups C¢,(A)
of R-orders A which generalize the classical notion of class groups C4(A)(=
Cl(A)) of orders. We prove that V n > 0, C¥¢,(A) is a finite group and
identify p-torsion in Cly,_1(A) for arbitrary orders A (see [102]) while we
identify p-torsion for all Cls,(A) when A is an Eichler or hereditary order
(see [74, 75]).

In 7.5, we study higher K-theory of grouprings of virtually infinite cyclic
groups V in the two cases when V = G x, T, the semi-direct product of a
finite group G (of order r, say) and an infinite cyclic group T' =< ¢ > with
respect to the automorphism o : G — G g — tgt~! and when V = Go-yG1
where the groups G; = 0,1 and H are finite and [G; : H] = 2. These groups
V are conjectured by Farrell and Jones (see [54]) to constitute building blocks
for the understanding of K-theory of grouprings of an arbitrary discrete group
G - hence their importance. We prove that when V' = G x, T, then for all
n >0, G,(RV) is a finitely generated Abelian group and that N K, (RV) is
r-torsion. For V' = Gy« G1 we prove that the nil groups of V' are |H|-torsion
(see [123)).

The next section of chapter 7 is devoted to the study of higher K and
G-theory of modules over ‘EI’-categories. Modules over ‘EI’-categories con-
stitute natural generalizations for the notion of modules over grouprings and
K-theory of such modules are known to house topological and geometric in-
variants and are also replete with applications in the theory of transformation
groups (see [137]). Here, we obtain several finiteness and other results which
are extension of results earlier obtained for higher K-theory of grouprings of
finite groups.

In 7.7 we obtain several finiteness results on the higher K-theory of the
category of representations of a finite group G in the category of P(I") where
I" is a maximal order in central division algebra over number fields and p-
adic fields. These results translate into computations of G, (I'G) as well as
lead to showing via topological and representation theoretic techniques that
a non-commutative analogue of a fundamental result of R.G. Swan at the
zero-dimensional level does not hold (see [110]).

In chapter 8, we define and study profinite higher K and G-theory of exact
categories, orders and grouprings. This theory is an extraordinary cohomolo-
gy theory inspired by continuous cohomology theory in algebraic topology and
arithmetic algebraic geometry. The theory yields several ¢-completeness the-
orems for profinite K and G-theory of orders and grouprings as well as yields
some interesting computations of higher K-theory of p-adic orders otherwise
inaccessible. For example we use this theory to show that if A is a p-adic order
in a p-adic semi-simple algebra X, then for all n > 1, K,,(A)e, G (A) g, Kin(2)e
are finite groups provided / is a prime # p. We also define and study con-
tinuous K-theory of p-adic orders and obtain a relationship between profinite
and continuous K-theory of such orders (see [117]).

Now if S is the translation category of any G-set S, and C is a small category,
then the category [S,C] of covariant functors from S to C is also called the



category of G-equivariant C-bundles on S because if C = P(C), then [S, P(C)]
is just the category of G-equivariant C-bundles on the discrete G-space S so
that Ko[S,P(C)] = K§(S,P(C)) is the zero-dimensional G-equivariant K-
theory of S. Note that if .S is a G-space, then the translation category S of S
as well as the category [S,C]| are defined similarly. Indeed, if S is a compact
G-space then K§'(S,P(C)) is exactly the Atyah-Segal equivariant K-theory
of S (see [184]).

One of the goals of this book is to exploit representation theoretic techniques
(especially induction theory) to define and study equivariant higher algebraic
K-theory and their relative generalizations for finite, profinite and compact
Lie group actions, as well as equivariant homology theories for discrete group
actions in the context of category theory and homological algebra with the
aim of providing new insights into classical results as well as open avenues for
further applications. We devote Part III (chapters 9 - 14) of this book to this
endeavour.

Induction theory has always aimed at computing various invariants of a
given group G in terms of corresponding invariants of certain classes of sub-
groups of G. For example if G is a finite group, it is well know by Artin
induction theorem that two G-representations in P(C) are equivalent if their
restrictions to cyclic subgroups of G are isomorphic. In other words, given
the exact category P(C), and a finite group G, we have found a collection
D(P(C), Q) of subgroups (in this case cyclic subgroups) of G such that two
G-representations in P(C) are equivalent iff their restrictions to subgroups in
D(P(C), G) are equivalent. One could then ask the following general question:
Given a category A and a group G, does there exist a collection D(A, G) of
proper subgroups of G such that two G-representations in A are equivalent if
their restrictions to subgroups in D(A, G) are equivalent?

As we shall see in this book, Algebraic K-theory is used copiously to answer
these questions. For example, if G is a finite group, T" any G-set, C an exact
category, we construct in 10.2 for all n > 0, equivariant higher K-functors.

K$(-,C,T), K¢(—,C,T),K5(—,C)

as Mackey functors from the category GSet of G-sets to the category Z-
Mod of Abelian groups (i.e. functors satisfying certain functorial proper-
ties, in particular, categorical version of Mackey subgroup theorem in rep-
resentation theory) in such a way that for any subgroup H of G we iden-
tify K¢(G/H, M(R)) with K, (M(RH)) := G,(RH), K¢(G/H,P(R)) with
K.(Pr(RH)) := G,(R,H) and PY(G/H,P(R),G/e) with K, (RH) for all
n > 0 (see [52, 53]). Analogous constructions are done for profinite group
actions (chapter 11) and compact Lie group actions (chapter 12), finite group
actions in the context of Waldhausen categories, chapter 13, as well as e-
quivariant homology theories for the actions of discrete groups (see chapter
14).

For such Mackey functors M, one can always find a canonical smallest class
Uy of subgroups of G such that the values of M on any G-set can be computed



from their restrictions to the full subcategory of G-sets of the form G/H with
H € Ujp;. The computability of the values of M from its restriction to G-sets of
the form G/H, H € Uy, for finite and profinite groups is expressed in terms of
vanishing theorems for a certain cohomology theory associated with M (Ujy)
- a cohomology theory which generalizes group cohomology. In 9.2, we discuss
the cohomology theory (Amitsur cohomology) of Mackey functors, defined on
an arbitrary category with finite coproducts, finite pullbacks and final objects
in 9.1 and then specialize as the needs arise for the cases of interest-category
of G-sets for G finite (in chapter 9 and chapter 10), G profinite (chapter 11) -
yielding vanishing theorems for the cohomology of the K-functors as well as
cohomology of profinite groups (11.2) (see [109]).

The equivariant K-theory discussed in this book yields various computa-
tions of higher K-theory of grouprings. For example apart from the result
that higher K-theory of RG (G finite or compact Lie group) can be comput-
ed by restricting to hyper elementary subgroups of G (see 10.4 and 12.3.3)
(see [108, 116]), we also show that if R is a field k of characteristic p and G a
finite or profinite group, then the Cartan map K,,(kG) — G, (kG) induces an
isomorphism Z(%) ® Kn(kG) = Z(zl—j) ® G, (kQG) leading to the result that for
all n > 1, Ko, (kG) is a p-group for finite groups G. We also have an interest-
ing result that if R is the ring of integers in a number field, G a finite group
then the Waldhausen K-groups of the category (Chy(M(RG),w) of bounded
complexes of finitely generated RG-modules with stable quasi-isomorphisms
as weak equivalences are finite Abelian groups.

The last chapter (chapter 14) which is devoted to Equivariant homology the-
ories, also aims at computations of higher algebraic K-groups for grouprings
of discrete groups via induction techniques also using Mackey functors. In
fact, an important criteria for a G-homology theory HS : GSet — Z-Mod is
that it is isomorphic to some Mackey functor: GSet — Z-Mod. The chapter
is focussed on a unified treatment of Farrell and Baum-Connes isomorphism
conjectures through Davis-Liick assembly maps (see 14.2 or [40]) as well as
some specific induction results due to W. Liick, A. Bartels and H. Reich (see
14.3 or [14]). One other justification for including Baum-Connes conjecture in
this unified treatment is that it is well known by now that Algebraic K-theory
and Topological K-theory of stable C*-algebras do coincide (see [205]). We
review the state of knowledge of both conjectures (see 14.3, 14.4) and in the
case of Baum-Connes conjecture also discuss its various formulations including
the most recent in terms of quantum group actions.

Time, space and the heavy stable homotopy theoretic machinery involved
(see [147]) (for which we could not prepare the reader) has prevented us from
including a G-spectrum formulation of the equivariant K-theory developed in
chapters 10, 11, 12, 13. In [192, 193, 194], K. Shimakawa provided, (for G a
finite group) a G-spectrum formulation of part of the (absolute) equivariant
theory discussed in 10.1. It will be nice to have a G-spectrum formulation
of the relative theory discussed in 10.2 as well as a G-spectrum formulation



for the equivariant theory discussed in 11.1 and 12.2 for G profinite and G
compact Lie group. However, P. May informs me that equivariant infinite loop
space theory itself is only well understood for finite groups. He thinks that
profinite groups may be within reach but compact Lie groups are a complete
mystery since no progress has been made towards a recognition principle in
that case. Hence, there is currently no idea about how to go from the type
of equivariant Algebraic K-theory categories defined in this book to a G-
spectrum when G is a compact Lie group.

Appendix A contains some known computations while Appendix B consists
of some open problems.

The need for this book

1) So far, there is no book on higher Algebraic K-theory of orders and
grouprings. The results presented in the book are only available in
scattered form in journals and other scientific literature, and there is a
need for a coordinated presentation of these ideas in book form.

2) Computations of higher K-theory even of commutative rings (e.g. Z)
have been notoriously difficult and up till now the higher K-theory of
Z is yet to be fully understood. Orders and grouprings are usually non-
commutative rings that also involve non-commutative arithmetic and
computations of higher K-theory of such rings are even more difficult,
since methods of etdle cohomology etc. do not work. So it is desirable
to collect together in book form methods that have been known to work
for computations of higher K-theory of such non-commutative rings as
orders and grouprings.

3) This is the first book to expose the characterization of all higher algebra-
ic K-theory as Mackey functors leading to equivariant higher algebraic
K-theory and their relative generalization, also making computations
of higher K-theory of grouprings more accessible. The translation of
the abstract topological constructions into representation theoretic lan-
guage of Mackey functors has simplified the theory some what and it is
desirable to have these techniques in book form.

4) Interestingly, obtaining results on higher K-theory of orders A (and
hence grouprings) for all n > 0 have made these results available for
the first time for some classical K-groups. For instance, it was not
known classically that if R is the ring of integers in a number field
F, and A any R-order in a semi-simple F-algebra, then Ka(A), Go(A)
(or even SK,(A),SG2(A)) are finite groups. Having these results for
Ko (A), G2, (A) and hence SKs,(A), SGa, (A) for all n > 1 makes these
results available now for n = 1.



5) Also computations of higher K-theory of orders which automatically
yield results on higher K-theory of RG(G finite) also extends to results
on higher K-theory of some infinite groups e.g. computations of higher
K-groups of virtually infinite cyclic groups that are fundamental to the
subject.

Who can use this book?

It is expected that readers would already have some working knowledge of
algebra in a broad sense including category theory and homological algebra,
as well as working knowledge of basic algebraic topology, representation theo-
ry, algebraic number theory, some algebraic geometry and operator algebras.
Nevertheless, we have tried to make the book as self-contained as possible by
defining the most essential ideas.

As such, the book will be useful for graduate students who have complet-
ed at least one year of graduate study, professional mathematicians and re-
searchers of diverse backgrounds who want to learn about this subject as well
as specialists in other aspects of K-theory who want to learn about this ap-
proach to the subject. Topologists will find the book very useful in updating
their knowledge of K-theory of orders and grouprings for possible applica-
tions and representation theorists will find this innovative approach to and
applications of their subject very enlightening and refreshing while number
theorists and arithmetic algebraic geometers who want to know more about
non-commutative arithmetics will find the book very useful.
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Notes on Notations

Notes on Notation

morc(A, B), Home (A, B) := set of C-morphisms from A to B (C a cat-
egory

A = K(A) = Gréthendieck group associated to a semi-group A

V Bpr(X) = category of finite dimensional vector bundles on X (F =R
or C)

X (G) = set of cyclic quotients of a finite group G

A[z] = polynomial extension of an additive category .4

Alz, 271, Laurent polynomal extension of A
0,,(G)={G/H|H € F}, F a family of subgroups of G

Ap 7 = assembly map

He(S,B) := {G-maps f: S — B}, S a G-set, B a ZG-module
B(S) = set of all set-theoretic maps S — B. Note that

He (S, B) is the subgroup of G-invariant elements in B(.S)
A(G) = category of homogeneous G-spaces (G a compact Lie group)
Q(B) := Burnside ring of a based category B

Q(G) := Burnside ring of a group G

| B]| := Artin index of a based category B
:= exponent of Q(B)/Q(B)

M := n-dimensional mod-m Moore space

H,(X,E) = E,(X) := homology of a space X with coefficient in a
spectrum £

H"(X,E) = E"(X) := cohomology of a space X with coefficients in a
spectrum E

P(A) := category of finitely generated projective A-modules (A a ring
with identity)

XXV



M(A) := category of finitely generated A-modules

M'(A) := category of finitely presented A-modules

A — Mod := category of left A-modules

P(X) := category of locally free sheaves of Ox-modules (X a scheme)

M(X) := category of coherent sheaves of Ox-modules (X a Noetherian
scheme)

Pr(A) := category of A-modules finitely generated and projective as
R-modules (A an R-algebra)

S := translation category of a G-set S (see 1.1.3) (G a group)
GSet := category of G-sets
[S,C] := category of covariant functors S — C (C any category)

For any Abelian group G, and a rational prime /¢
Gy or G({) := {-primary subgroup of G

Glt°] = {g € G|t°g = 0}

Note. G(¢) = UG[¢*] = lim G[¢#]

If G : GSet — Z-Mod is a Green functor and A a commutative ring
with identity then GA:= A®;zG : GSet — A-Mod is a Green functor
given by (A ®z G)(S) = A® G(S) If Dg is a defect basis for G (see
9.6.1) write Dg for the defect basis of G* If P is a set of primes and
A=Zp = Z[%|q ¢ P) write DY for DF

Chp(C) = category of bounded chain complexes in an exact category C

Let C be a cyclic group of order ¢

Z(C) = Z[¢] where ( is a primitive t'! root of 1
Z<C>=2C)(L) = 2l ]

For any ring R, R(C) = RQ®Z(C), R<C>=RQZ<C >

For any finite group G, p a rational prime
G(p) or Sp(G) := Sylow p-subgroup of G
For G Abelian, G(p') = @ G(q). So G =G(p) x G(p')

q prime

9#p
If P is a set of primes, G(P) = @ G(p) i.e. P-torsion part of G.
peP
If R is the ring of integers in a number field F'; A an R-order in a semi-
simple F-algebra, then .
P(A) := finite set of prime ideals p of R for which A, is not maximal

P(A) := set of rational primes lying below the prime ideals in P(A)

For a category C, P(C) := idempotent completion of C



e For a discrete group G
All := all subgroups of G
Fin := all finite subgroups of G
V Cy := all virtually cyclic subgroups of G
Triv := trivial family consisting of only one element i.e. the identity
element of G
FCy := all finite cyclic subgroups of G

e Mod%(G) := category of contravariant functors
Ory(G) — R — Mod
G — ModZ% := category of covariant functors

Orz(G) — R — Mod

e Er(G) := classifying space for a family F of subgroups of a discrete
group G
:= universal G-space with stabilizers in F
EG = Er;,(G) = universal space for proper actions of G
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Chapter 1

Category of representations and
constructions of Grothendieck
groups and rings

1.1 Category of representations and G-equivariant
categories

1.1.1 Let G be a discrete group, V' a vector space over a field F'. A represen-
tation of G on V is a group homomorphism p : G — Aut(V) where Aut(V) is
the group of invertible linear operators on V. Call V' a representation space
of p.

An action of Gon Visamap p: GxV — V p(g.v) := gv such that
ev = v, (gh)v = g(h(v)). Note that an action p : G x V. — V gives rise
to a representation py : G — Aut(V) where py(g) = pg : v — p(g,v), and
conversely, any representation py : G — Aut(V) defines an action p : GXV —
Vi (g,v) = pg(v).

Two representations p, p’ with representation spaces V, V' are said to be
equivalent if there exists an F-isomorphism 3 of V onto V' such that

p'(9) = Bp(g).

The dimension of V' over F' is called the degree of p.

Remarks 1.1.1 (i) For the applications, one restricts V to finite-
dimensional vector spaces. We shall be interested in representations
on V ranging from such classical spaces as vector spaces over complex
numbers to more general linear structures like finitely generated projec-
tive modules over such rings as Dedekind domains, integers in number
fields, and p-adic fields, etc.

(i) When G,V have topologies, we have an additional requirement that p
be continuous.

(iii) More generally, G could act on a finite set S, i.e., we have a permutation
s — gs of S satisfying the identities 1s = s,g(hs) = (gh)s for g,h €
G,s € S. Let V be the vector space having a basis (es)scs indexed by
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s € S. So, for g € G, let p; be the linear map V — V sending e, to
egz- Then p: G — Aut(V) becomes a linear representation of G called
permutation representation associated to S.

(iv) Let A be a finite-dimensional algebra over a field F', and V a finite-
dimensional vector space over F. A representation of A on V is an
algebra homomorphism p : A — Homp(V,V) = Endg(V), i.e., a map-
ping p, which satisfies:

where e is the identity element of A.

Now, if p : G — Aut(V) is a representation of G with representation
space V, then there is a unique way to extend p to a representation p
of FG with representation space V, i.e., p(Zagp(g)) = Xagp(g). Con-
versely, every representation of F'G, when restricted to G, yields a rep-
resentation of G. Hence there is a one-one correspondence between
F-representations of G with representation space V' and F'G-modules.

Definition 1.1.1 means that we have a representation of GG in the category
P(F) of finite-dimensional vector spaces over F. This definition could be
generalized to any category as follows.

1.1.2 Let C be a category and G a group. A G-object in C (or a repre-
sentation of G in C) is a pair (X,p),X € obC,p : G — Aut(X) a group
homomorphism. We shall write p, for p(g).

The G-objects in C form a category Ce where for (X, p), (X', p’) € 0bCq,
more, (X, p), (X', p")) is the set of all C-morphisms ¢ : X — X’ such that
for each g € G, the diagram X — X

l P l ¢ commutes

X — X'
Pg

Examples 1.1.1 (i) When C = FSet, the category of finite sets, Cq =
GSet, the category of finite G-sets.

(ii) When F is a field, and C = P(F'), then P(F)q is the category M(FG)
or finitely generated F'G-modules.

(iii) When R is a commutative ring with identity and C = M(R) the category
of finitely generated R-modules, then Cq = M(RG), the category of
finitely generated RG-modules.
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(iv) If R is a commutative ring with identity, and C = P(R), then P(R)g =
Pr(RG), the category of RG-lattices, i.e., RG-modules that are finitely
generated and projective over R.

Note that for a field F', every M € M(FQG) is an FG-lattice and so
M(FG) = Pp(FG).

1.1.3 Let S be a GSet (G a discrete group). We can associate to S a category
S as follows:

ob S = elements of S; morg(s,t) = {(g,s)|lg € G,gs =t}.

Composition of morphisms is defined by (h,t) o (g,s) = (hg, s), and the
identity morphism s — s is (e, s) where e is the identity of G. S is called the
translation category of S.

e For any category C, let [S,C] be a category of (covariant) functors ( :
S — C, which associates to an element s € S a C-object (s and to
a morphism (g,s) a C-map ((g.5) : Cs — (gs, 5 € S ((e,5) = id¢, and
C(g,hs) © C(h,s) = C(gh,s) for all g,h € G,s € §. Call such a functor a
G-equivariant C-bundle on S.

The motivation for this terminology is that if C is the category of finite-
dimensional vector spaces over the field C of complex numbers, then ¢
is indeed easily identified with a G-equivariant C-vector bundle over the
finite discrete G-sets S.

1.1.4 Note that the category S defined above is a groupoid, i.e., a category
in which every morphism is an isomorphism. More generally, for any small
groupoid G, and any small category C, we shall write [G,C] for the category
of covariant functors G — C and [G,C]" for the category of contravariant
functors G — C. We shall extend the ideas of this section from [S,C] to [G,C]
for suitable C in chapter 14 when we study equivariant homology theories
vis-a-vis induction techniques.

1.1.5 Examples and some properties of [S,(]

(i) For any category C, there exists an equivalence of categories [G/G,C] —
Cg given by C > (Coyp: G — AUt(C.); g — Clguny) Where Gy € Aut(C.),
since C(_q,l*) = C(g—l,*).

Hence if G is a finite group, we have

o [G/G,M(R)] = M(R)g = M(RG), if R is a commutative ring
with identity

¢ [G/G,P(R)] = Pr(RG).




(i)
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(a) Let C be a category and X a fixed C-object. Define a new category

C/X (resp. X/C) called the category of C-objects over X (resp.
under X) as follows:

The objects of C/X (resp. X/C) are pairs (A, : A — X) (resp.
(B,d : X — B)) where A (resp. B) runs through the objects of C
and ¢ through morc (A, X) (resp. ¢ through C(X, B)). If (A, ),
(A, ¢") € C/X (resp. (B,0),(B',d) € X/C), then C/X((4, ),
(4,¢)) = {6 € C(A, M)l = 6} (resp. X/C((B.6),(B,5)) =
{p € C(B,B')|8' = py}), i.e., a morphism from (A, ¢) to (4',¢’)
(resp. (B,9) to (B’,d")) is a commutative triangle

A—
X
(resp. / \ of C-morphisms)

B——F——"F

If in (a) C = GSet, S € GSet, we have GSet/S (resp. S/GSet).
Note that if S € GSet, the category S can be realized as a full
subcategory of GSet/S whose objects are all maps G/e — S where
s € Sisidentified with fs : G/e — S g — gs) and (g, s) is identified
with

(p(9)), GJe Gle:xz—zg ' x€Gle
S

If C = FSet in (i), then we have an equivalence of categories
[S, FSet] = GSet/S defined as follows.

For ¢ € [S, FSet], the set |[¢| = {(s,z)|s € S,z € (s} is a G-set
wrt. Gx || =[] 2 (g,(s,2)) = (g5,{(g.57) and [(| = S5 :
(s,z) — s is a G-map (note |(| could be described as the disjoint
union of fibres of (.

Conversely, if ¢ : 8" — S is a G-map over S, then ¢ : &' — S
gives rise to a C-bundle ¢ over S with fibres (s = ¢~ !(s) and maps
Clg,s) + Cs = Cgs + @ +— gx. It is easily checked that a C-bundle
morphism p : ¢ — ¢’ between two C-bundles corresponds to a G-
map between the corresponding G-sets over S and vice versa and
that this way we get, indeed, an equivalence of categories.
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()

Category of Representations 7

Let G/H (resp. H/H) be the category associated with the G-set
G/H (resp. H-set H/H). Then the functor H/H — G/H given by
xp — H € G/H and (u,*p) — (u, H) for u € H is an equivalence
of categories.

Proof. The proof follows from the fact that if C; is a full sub-
category of a category C; and if for any Cs-object X there exists
X' € Cy such that X’ = X, then C; — Cs is an equivalence of cat-
egories (see [141]). Now, since H/H is full in G/H and any object
in G/H is isomorphic to *y = H € G/H, we may apply this fact

to C; = H/H and C; = G/H.

The equivalence H/H — G/H of categories in (a) defines an equiv-
alence of categories [G/H,C] — [H/H,C] for any category C. Hence
Cr, which has been shown to be isomorphic to [H/H, C] already, is
equivalent to [G/H,C]. -

Remark. Note that it follows from (i) and (iii)(b) that we
now have an equivalence of categories between GSet/(G/H) and
HSet ~ HSet/(H/H) defined by associating to any G-set S over
G/H the pre-image of xy in G/H considered as an H-set.

Let G be a finite group, H < G, T a H-set, and G ET the induced

G-set defined as a set of H-orbits (g,t) C G x T with respect to
the H-action h(g,t) = (gh~',ht),h € H,g € G,t € T. Then the
functor T — GET given by t — (e,t),(g,t) — (g,(e,t)) is an

equivalence of categories, and so, for any category C, [G ET, Cl —

[T,C] is an equivalence of categories. Note that h € G acts on
(9:1) € G X T by h(g,t) = (hg,t).

Proof. Again, with C; =T, Cy = GET’ the embedding C; — Cs
defined above makes C; a full subcategory of Ca such that any object
in Cy is isomorphic to some object in (the image of) C;. (Details
are left to the reader as an exercise.)

(iv) If ¢ : H — G is a group homomorphism, then we have a functor GSet —

HSet given by S +— S|u. Now, we can associate to any ¢ € [S, C] the H-
equivariant C-bundle (| over S|, which has the same fibres as ¢ with
the H-action defined by restricting the G-action to H via ¢. We thus get
a functor [S,C] — [S|m,C]. Note that this functor can also be derived
from the canonical functor S|y — S given by s +— s, (g,5) — (¢(g), s).

(v) If C is any category and S7, Sy are two G-sets, then

5108y, €] = [51,C] x [S2,C] .
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(vi) If ¢ : S — T is a G-map, then we have a functor ¢ : S — T given
by s — ©(s),(g,5) — (g,9(s)) and hence a functor ¢* : [T,C] — [S,C]
given by ¢ — (¢ = ©*((), the bundle ¢ restricted to S via ¢.

Now, if C has finite sums, then ¢ also induces a functor ¢, : [S,C] —
[T,C] defined as follows: if ¢ € [S,C], define p.(¢) = (.« where (u =
I ¢ and

sep~H(t)

Gon= I CooiGi= T ¢— TI Gs=Ca

s€Ep (L) s€p~ (1) s€Ep (L)

and for a morphism p : ¢ — n in [S,C] define . (1) = px : G — My in
[T,Cl by pa(t) =TT (s) : Got = e
sep™(t)
Similarly, if C has finite products, then ¢ induces a functor ¢, : [S,C] —
[T, C] where the fibres of ¢, ({) are defined by ¢.({): = [] ¢t eT)
sep~H(t)
and the G-action is defined accordingly.

(vii) In (vi) above, we saw that if C is a category with finite sums (resp.
products), G a finite group, and ¢ : S — T a G-map, then we have
functors ¢* : CL =: [T,C] — C2 =: [S,C] and ¢, (resp. ¢.):[S,C] —
[T, C].

We now realize that ¢, ( @.) is the left (right) adjoint of ¢*, i.e., that
C2(¢, 9" () = (04 (C),m) (resp. CHe"(n),¢) = CH(n, ¢:(C)).
This isomorphism is given by associating to each p : { — ¢*n (resp.
po@*(n) — ) (i.e., to any family of maps u(s) : (s — 7y (resp.
#(8) : Np(s) — (s) compatible with the G-action) the morphism

i) —=n (W in— @.(0)

given by

Wy= T[] ws): I ¢—m /

s€p~(t) s€Ep (L)
(epst®= T wts)in— [ <)
s€p~(t) s€p (1)

1.2 Grothendieck group associated with a semi-group

1.2.1 Let (A, +) be an Abelian semi-group. Define a relation ‘~’on A x A
by (a,b) ~ (c,d) if there exists u € A such that a +d+u = b+ c+u. One
can easily check that ‘~’ is an equivalence relation. Let A denote the set of
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equivalence classes of ‘~’, and write [a, b] for the class of (a,b) under ‘~’. We
define addition (+) on A by [a,b]+[c,d] = [a + ¢,b+ d]. Then (A4, +) is an
Abelian group in which the identity element is [a, a] and the inverse of [a, b]
is [b, al.

Moreover, there is a well-defined additive map f: A — A :a — [a + a,d]
which is, in general, neither injective nor surjective. However, f is injective
iff A is a cancellation semi-group, i.e., iff a + ¢ = b + ¢ implies that a = b for
all a,b € A (see [95]).

1.2.2 It can be easily checked that A possesses the following universal prop-
erty with respect to the map f : A — A. Given any additive map h: A — B
from A to an Abelian group B, then there exists a unique map g : A — B
such that h = gf.

Definition 1.2.1 A is usually called the Grothendieck group of A or the group
completion of A and denoted by K(A).

Remarks 1.2.1 (i) The construction of K(A) = A above can be shown to
be equivalent to the following:
Let (F(A),+) be the free Abelian group freely generated by the element
of A, and R(A) the subgroup of F(A) generated by all elements of the
form a+b — (a +b), a,b € A. Then K(A) ~ F(A)/R(A).

(ii) If A, B,C are Abelian semi-groups together with bi-additive map f :
A x B — C, then f extends to a unique bi-additive map f : A x
B — C of the associated Grothendieck groups. If A is a semi-ring, i.e.,
an additive Abelian group together with a bi-additive multiplication
Ax A — A(a,b) — ab, then the multiplication extends uniquely to a
multiplication A x A — A, which makes A into a ring (commutative if
A is commutative) with identity 1 = [1 +1,1] in Aif 1 € A.

(iii) If B is a semi-module over a semi-ring A, i.e., if B is an Abelian semi-
group together with a bi-additive map A x B — B : (a,b) — a-b
satisfying a’(ab) = (a’a)b for a,a’ € A, b € B, then the associated
Grothendieck group B is an A-module.

(iv) If A={1,2,3,...}, A= K(A) = Z. Hence the construction in 1.2.1 is
just a generalization of the standard procedure of constructing integers
from the natural numbers.

(v) A sub-semi-group A of an Abelian semi-group B is said to be cofinal in
B if for any b € B, there exists ¥’ € B such that b+ € A. It can be
easily checked that K (A) is a subgroup of K(B) if A is cofinal in B.

1.2.3 K, of a ring. For any ring A with identity, let P(A) be the category of
finitely generated projective A-modules. Then the isomorphism classes I'P(A)
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of objects of P(A) form an Abelian semi-group under direct sum ‘@’. We write
Ko(A) for K(I'P(A)) and call Ky(A) the Grothendieck group of A. For any
P € P(A), we write (P) for the isomorphism class of P (i.e., an element of
IP(A)) and [P] for the class of (P) in Ko(A).

If A is commutative, then I'P(A) is a semi-ring with tensor product ®, as
multiplication, which distributes over ‘@’. Hence Ky(A) is a ring by remarks
1.2.1(i).

Remarks 1.2.2 (i) Ky : Rings — A: A — Ky(A) is a functor — since

(i)
(iii)

any ring homomorphism f : A — A’ induces a semi-group homomor-
phism IP(A) — IP(A’) : P — P®A’ and hence a group homomorphism
KO(A) — Ko(A/)

Ky is also a functor: CRings — CRings.

[P] = [Q] in Ko(A) iff P is stably isomorphic to @ in P(A), ie., iff
P @A™ ~ QP A" for some integer n. In particular [P] = A"] for some
n iff P is stably free (see [17, 20]).

Examples 1.2.1 (i) If A is a field or a division ring or a local ring or a

(v)

principal ideal domain, then Ky(A) ~ Z.

Note. The proof in each case is based on the fact that any finitely
generated A-module is free and A satisfies the invariant basis property
(e, A"~ A* = r =3s). So, IP(A) ~{1,2,3,...}, and so, Ko(A) ~ Z
by remarks 1.2.1(iv) (see [17] or [181]).

Any element of K(A) can be written as [P]—r[A] for some integer r > 0,
P € P(A), or as s[A] — [Q] for some s > 0, Q € P(A) (see [20, 211]).
If we write Ko(A) for the quotient of Ky(A) by the subgroup generated
by [A], then every element of K(A) can be written as [P] for some
P e P[A] (see [20] or [224]).

If A ~ Ay x Ay is a direct product of two rings A, A, then Ky(A) ~
Ko(A1) x Ko(Az) (see [17] for a proof).

Let G be a semi-simple connected affine algebraic group over an al-
gebraically closed field. Let A be the coordinate ring of G. Then

Remarks. See [188] for a proof of this result, which says that all al-
gebraic vector bundles on G are stably trivial. The result is due to
A. Grothendieck.

Ko(k[zo,21,...,2y]) = Z. This result is due to J.P. Serre (see [188]).
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Remarks 1.2.3 Before providing more examples of Grothendieck group con-
structions, we present in the next section 1.3 a generalization of 1.2.1 in the
context of K of symmetric monoidal categories.

1.3 K, of symmetric monoidal categories

Definition 1.3.1 A symmetric monoidal category is a category C equipped
with a functor 1L: C x C — C and a distinguished object “0” such that L is
“coherently associative and commutative” in the sense of Maclane (see [139]),
that is,

(i) ALO~A~0LA.

(i) AL (BLC)~(ALB)LC.

(iti) AL B~B 1 A forall A,B,C€C.
Moreover, the following diagrams commute.

i) (ALOLB)—=>(AL10)LB

(i) AL(BL(CLD)—=(ALB)L(CLD)

I I

AL((BL(CLD) (ALB)LC)LD

I
(AL(BLC) LD

Let IC be the set of isomorphism classes of objects of C. Clearly, if C is
small, then (IC, 1) is an Abelian semi-group (in fact a monoid), and we write
Ky (C) for K(IC, 1) or simply Ko(C) when the context is clear.

In other words, Kg-(C) = F(C)/R(C) where F(C) is the free Abelian group
on the isomorphism classes (C) of C-objects, and R(C) the subgroup of F(C)
generated by (C' L C") — (C") — (C”) for all C’,C" in ob(C).
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Remarks 1.3.1 (i) K (C) satisfies a universal property as in 1.2.2.

(i)

If C has another composition ‘o’ that is associative and distributive with
respect to L, then K3 (C) can be given a ring structure through ‘o’ as
multiplication and we shall sometimes denote this ring by Kg(C,L,0)
or Ko(C, L,0) or just Ko(C) if the context is clear.

Examples 1.3.1 (i) If A is any ring with identity, then (P(A),®) is a

(i)

(iii)

symmetric monoidal category (s.m.c.) and K§ (A) = Ko(A) as in 1.2.5.
If A is commutative, then K§(A) is a ring where (P(A),®) has the
further composition ‘®’.

Let FSet be the category of finite sets, U the disjoint union. Then
(FSet,U) is a symmetric monoidal category and Ky (FSet) ~ Z.

Let G be a finite group, C any small category. Let Cg be the category of
G-objects in C, or equivalently, the category of G-representations in C,
i.e., objects of Cq are pairs (X,U : G — Aut(X)) where X € ob(C) and
U is a group homomorphism from G to the group of C-automorphism of
X. If (C, 1) is a symmetric monoidal category, so is (Cg, L) where for

(X,U : G — Aut(X)), (X', U": G — Aut(X"))
in Cg, we define
(X, U)L(X"\U):=(X LX'\ULU :G— Aut(X L X")),
where U | U’ is defined by the composition
G VLY Aut(X) x Aut(X') — Aut(X L X').

So we obtain the Grothendieck group Ké- (Cq).

If C possesses a further associative composition ‘o’ such that C is dis-
tributive with respect to L and ‘o’, then so is Cg, and hence Kj (Cg) is
a ring.

Examples 1.3.2 (a) If C =P(R), L=, ‘0= ®r where R is a com-
mutative ring with identity, then P(R)q is the category of RG-
lattices (see [39]), and Ko(P(R)g) is a ring usually denoted by
Go(R,G). Observe that when R = C, Go(C, G) is the usual repre-
sentation ring of G denoted in the literature by R(G).

(b) If C = FSets, ‘L’= disjoint union, ‘0’= Cartesian product. Then
Ky(Cg) is the Burnside ring of G usually denoted by Q(G). See 9.3
and 9.4 for a detailed discussion of Burnside rings.
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Let G be a finite group, S a G-set. As discussed in 1.1.3, we can asso-
ciate with S a category S as follows: ob(S) = {s|s € S}. For s,t € S,
Homg (s, t) = {(g, s)|s € G, gs =t} where the composition is defined for
t = gs by (h,t) - (g,8) = (hg,s), and the identity morphism s — s is
given by (e, s) where e is the identity element of G. Now let (C, L) be a
symmetric monoidal category and let [S,C] be the category of covariant
functors ¢ : S — C. The ([S,C], L) is also a symmetric monoidal cate-
gory where (Cj_n)(g)s) Cs L ms — Cgs L mys. We write K§'(S,C) for the
Grothendieck group of [S,C].

If (C, L) possesses an additional composition ‘o’ that is associative and
distributive with respect to ‘L’, then Ky(S,C) can be given a ring struc-
ture (see [111]). As we shall see in chapter 9, for any symmetric monoidal
category (C, L), K§(—,C) : GSet — Ab is a ‘Mackey functor’ (see ex-
ample 9.1.1(iv)), and when C possesses an additional composition ‘o’
discussed before, then K§(—,C) : GSet — Ab is a 'Green functor’ (see
example 9.1.1(iv)).

Suppose that G, H are finite groups, and 6 : H — G a group homo-
morphism. By restricting the action of G on a G-set S to H via 0,
one defines a functor 0 : GSet — HSet, which can easily be checked
to commute with finite sums, products, and pullbacks (and more gen-
erally, with limit and colimits). Moreover, by restricting the action of
G on G-equivariant C-bundle ¢ over S to H through 6, we have a nat-
ural transformation of functors from K§'(—,C) : GSet — Z-Mod and
Kl of:GSet — HSet — Z-Mod. In particular, if H < G, T an H-set,
we have a homomorphism K§( Gx1,C) — KH(T,C) where the second
map is induced by T' — Gx7 : ¢ — (e,t). We now observe that

KS (GET,C) — KH(T,0) (1)

is an isomorphism since by 1.1.51ii(c) [Gx7,C] — [I,C] is an equivalence
of categories.

Note that if T = H/K for some subgroup K < H, we have GxT = G/K,
and the above isomorphism (I) is the map K§(G/K,C) — Ko(H/K,C)
defined by restricting a C-bundle over G/K to H/K and the action of
G to H at the same time, i.e., the map K§(G/K,C) — Ko(H/K,C) is
defined by the functor H/K — G/K.

Let X be a compact topological space and for = R or C, let VB (X) be
the (symmetric monoidal) category of (finite-dimensional) vector bun-
dles on X. Then IVBp(X) is an Abelian monoid under Whitney
sum ‘@’. It is usual to write KO(X) for K§(VBg(X)) and KU (X)
for K§(VBc(X)). Note that if X,Y are homotopy equivalent, then
KO(X) = KO(Y) and KU(X) = KU(Y). Moreover, if X is con-
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tractible, we have KO(X) = KU(X) = Z (see [10] or [95]).

Let X be a compact space, C(X) the ring of C-valued functions on X.
By a theorem of R.G. Swan [208, 214], there exists an equivalence of
categories I' : VB¢ (X) — P(C(X)) taking a vector bundle E % X to
T'(E), where I'(E) = {sections s : X — E|ps = 1}. This equivalence
induces a group isomorphism KU (X) ~ Ko(C(X)) (I).

The isomorphism (I) provides the basic initial connection between alge-
braic K-theory (right-hand side of (I)) and topological K-theory (left-
hand side of (I)) since the K-theory of P(A) for an arbitrary ring A
could be studied instead of the K-theory of P(C(X)).

Now, C(X) is a commutative C*-algebra, and the Gelfand-Naimark
theorem [35] says that any commutative C* algebra A has the form
A = C(X) for some locally compact space X. Indeed, for any commuta-
tive C*-algebra A, we could take X as the spectrum of A, i.e., the set of
all nonzero homomorphisms from A to C with the topology of pointwise
convergence. Noncommutative geometry is concerned with the study
of noncommutative C*-algebras associated with “noncommutative” s-
paces and K-theory (algebraic and topological) of such C*-algebras has
been extensively studied and connected to some (co)homology theories
(see, e.g., Hochschild and cyclic (co)homology theories) of such algebras
through Chern characters (see, e.g., [35, 43, 44, 136]).

Let G be a group acting continuously on a topological space X. The
category VBg(X) of complex G-vector bundles on X is symmet-
ric monoidal under Whitney sum ‘@’, and we write K2(X) for the
Grothendieck group Ko(VBg(X)). If X is a point, VBg(X) is the
category of representations of G in P(C) and K&(X) = R(G), the rep-
resentation ring of G.

If G acts trivially on X, then K& (X) ~ KU (X)®zR(G) (see [184, 186]).

Let R be a commutative ring with identity. Then Pic(R), the category
of finitely generated projective R-modules of rank one (or equivalently
the category of algebraic line bundles L over R) is a symmetric monoidal
category, and K (Pic(R)) = Pic(R), the Picard group of R.

The category Pic(X) of line bundles on a locally ringed space is a sym-
metric monoidal category under ‘®’, and K§ (Pic(X)) := Pic(X) is
called the Picard group of X. Observe that when X = Spec(R), we
recover Pic(R) in (viii). It is well known that Pic(X) ~ H(X, O%)
(see [79] or [198]).

The significance of discussing ringed spaces and schemes in this book

lies in the fact that results on affine schemes are results on commutative
rings and hence apply to commutative orders and grouprings.
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Let R be a commutative ring with identity. An R-algebra A is called
an Azumaya algebra if there exists another R-algebra A’ such that
A®prA ~ M, (R) for some positive integer n. Let Az(R) be the category
of Azumaya algebras. Then (Az(R), ®g) is a symmetric monoidal cate-
gory. Moreover, the category F/P(R) of faithfully projective R-modules
is symmetric monoidal with respect to 1= ®pg if the morphisms in
FP(R) are restricted to isomorphisms. There is a monoidal functor
FP(R) — Az(R) : P — End(P) inducing a group homomorphism
Ko(FP(R)) % Ko(Az(R)). The cokernel of ¢ is called the Brauer group
of R and is denoted by Br(R). Hence Br(R) is the Abelian group gener-
ated by isomorphism classes of central simple F-algebras with relations
[A@AN]=[A]+[A] and [M,,(F)] = 0 (see [181]).

Let A be an involutive Banach algebra and Witt(A) the group generated
by isomorphism classes [@)] of invertible Hermitian forms @ on P € P(A)
with relations [Q1 ® Q2] = [Q1] +[Q2] and [Q]+[-Q] = 0. Define a map
¢ : Ko(A) — Witt(A) by [P] — class of (P,Q) with Q positive. If A is
a C*-algebra with 1, then there exists on any P € P(A) an invertible
form @ satisfying Q(x,x) > 0 for all z € P and in this case ¢ : Ky(A) —
Witt(A) is an isomorphism. However, ¢ is not an isomorphism in general
for arbitrary involutive Banach algebras (see [35]).

Let F be a field and SymB(F) the category of symmetric inner product
spaces (V,3) — V a finite-dimensional vector space over F and §: V ®
V — F a symmetric bilinear form. Then (SymB(F), L) is a symmetric
monoidal category where (V,3) L (V’,3’) is the orthogonal sum of
(V,8) and (V',3') is defined as the vector space V @& V' together with a
bilinear form §* : (V@ V', V& V') — F given by 3*(v @ v/, v, @ v}) =
Bv,v1) + B (V' v)).

If we define composition (V,3) ® (V',3’) as the tensor product V & V'
together with a bilinear form g*(v®@v', v1 ®v]) = B(v,v1)5 (v, v]), then
Ko(SymB(F), L,®) is a commutative ring with identity.

The Witt ring W (F) is defined as the quotient of Ko(SymB(F')) by the
subgroup {n, H} generated by the hyperbolic plane H = (F?2, (9})).

For more details about W (F') see [182].

Let A be a ring not necessarily unital (i.e., not necessarily with iden-
tity). The ring A4 obtained by adjoining a unit to A is defined as
follows. As an Abelian group, Ay = A @ Z with multiplication defined
by (a,r)(b,s) = (ab+rb+ sa,rs) where a,b € A,r, s € Z. Here the unit
of Ay is (0,1).

If A already has unit e, say, there is a unital isomorphism ¢ : A; — AXZ
given by p(a,r) = (a + re,r).

If A is not-unital, there is a split exact sequence 0 - A — Ay — Z — 0.
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Define. K((A) := Ker(Ko(A4) — Ko(Z) ~ Z.

(xiv) For any A with identity, let M,,(A) be the set of n X n matrices over A,
and write M (A) = (J,2; M,,(A). Also GL,,(A) be the group of invertible
n x n matrices over A and write GL(A) = J;—; GL,(A). For P € P(A)
there exists @ € P(A) such that P & Q ~ A™ for some n. So, we can
identify with each P € P(A) an idempotent matrix p € M,(A) (i.e.,
p: A" — A™), which is the identity on P and ‘0’ on Q.

Note that if p,q are idempotent matrices in M(A), say p € M,(A),
q € Ms(A), corresponding to P, @ € P(A), then P ~ @ iff it is possible
to enlarge the sizes of p, ¢ (by possibly adding zeros in the lower right-
hand corners) such that p,q have the same size (¢ x t, say) and are
conjugate under the action of GL(A) (see [181]).

Let Idem(A) be the set of idempotent matrices in M(A). It follows
from the last paragraph that GL(A) acts by conjugation on Idem(A),
and so, we can identify the semi-group I'P(A) with the semi-group of
conjugation orbits (Idem(A)) of the action of GL(A) on Idem(A) where
the semi-group operation is induced by (p,q) H(g 2). Ko(A) is the
Grothendieck group of this semi-group (Idem(A)).

1.4 K, of exact categories — definitions and examples

Definition 1.4.1 An ezact category is an additive category C embeddable as
a full subcategory of an Abelian category A such that C is equipped with a class
E of short exact sequences 0 - M’ — M — M"” — 0 (I) satisfying

(i) € is a class of sequences (I) in C that are exact in A.

(i) C is closed under extensions in A, i.e., if (I) is an exact sequence in A

and M',M" € C, then M € C.

Definition 1.4.2 For a small exact category C, define the Grothendieck group
Ko(C) of C as the Abelian group generated by isomorphism classes (C) of C-
objects subject to the relation (C") + (C") = (C) whenever 0 — C" — C —
C"” — 0 is an exact sequence in C.

Remarks 1.4.1 (i) Ko(C) ~ F/R where F is the free Abelian group on
the isomorphism classes (C') of C-objects and R the subgroup of F
generated by all (C') — (C’) — (C”) for each exact sequence 0 — C' —
C — C” — 0in C. Denote by [C] the class of (C) in Ko(C) = F/R.

(ii) The construction satisfies the following property: If x : C — A is a map
from C to an Abelian group A given that x(C) depends only on the
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isomorphism class of C and x(C) = x(C")+x(C") for any exact sequence
0—-C — C — C"” — 0, then there exists a unique x’' : Ko(C) — A
such that x(C) = x/([C]) for any C-object C.

Let F': C — D be an exact functor between two exact categories C,D
(i.e., F is additive and takes short exact sequences in C to such sequences
in D). Then F induces a group homomorphism Ky(C) — Ky(D).

Note that an Abelian category A is also an exact category and the
definition of Ky(.A) is the same as in definition 1.4.2.

Examples 1.4.1 (i) Any additive category is an exact category as well as

(iii)

a symmetric monoidal category under ‘@’, and Ky(C) is a quotient of
the group K (C) defined in 1.3.1.

If every short exact sequence in C splits, then Ko(C) = K (C). For
example, Ko(A) = Ko(P(A)) = K§ (P(A)) for any ring A with identity.

Let A be a (left) Noetherian ring. Then the category M(A) of
finitely generated (left)-A-modules is an exact category and we de-
note Ko(M(A)) by Go(A). The inclusion functor P(A) — M(A) in-
duces a map Ko(A) — Gp(A) called the Cartan map. For example,
A = RG (R a Dedekind domain, G a finite group) yields a Cartan map

If A is left Artinian, then Go(A) is free Abelian on [S1],...,[S;] where
the [S;] are distinct classes of simple A-modules, while Ky(A) is free A-
belian on [I1], ..., [I;] and the [I;] are distinct classes of indecomposable
projective A-modules (see [39]). So, the map Ky(A) — Go(A) gives a
matrix a;; where a;; = the number of times S; occurs in a composition
series for I;. This matrix is known as the Cartan matrix.

If A is left regular (i.e., every finitely generated left A-module has finite
resolution by finitely generated projective left A-modules), then it is well
known that the Cartan map is an isomorphism (see [215]).

Let R be a Dedekind domain with quotient field F. An important
example of (ii) above is when A is an R-order in a semi-simple F-algebra
3. Recall (see [39, 174]) that A is a subring of ¥ such that R is contained
in the centre of A, A is a finitely generated R-module, and F®r A = X.
For example, if G is any finite group, then the group-ring RG is an
R-order in the group algebra F'G.

Recall also that a maximal R-order I' in X is an order that is not con-
tained in any other R-order. Note that I' is regular (see [38, 39]). So,
as in (ii) above, we have Cartan maps Ko(A) — Go(A) and when A, is
a maximal order, we have Ko(A) ~ Go(A).
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Let R be a commutative ring with identity, A an R-algebra. Let Pr(A)
be the category of left A-lattices, i.e., A-modules that are finitely gen-
erated and projective as R-modules. Then Pgr(A) is an exact category
and we write Go(R, A) for Ko(Pr(A)). If A = RG, G, a finite group,
we write Pr(G) forPr(RG) and also write Go(R, G) for Go(R, RG). If
M, N € Pr(A), then, so is (M ®gr N), and hence the multiplication giv-
en in Go(R,G) by [M][N] = (M ®g N) makes Go(R, G) a commutative
ring with identity.

If R is a commutative regular ring and A is an R-algebra that is finitely
generated and projective as an R-module (e.g., A = RG, G a finite
group or R is a Dedekind domain with quotient field F', and A is an
R-order in a semi-simple F-algebra), then Go(R, A) ~ Go(A).

Sketch of proof. Define a map ¢ : Go(R,A) — Go(A) by ¢[M] =

[M]. Then ¢ is a well-defined homomorphism. Now for M € M(A),

. ©n—1
there exists an exact sequence 0 — L — P,_; —= Py,_o — -+ Py —

M — 0 where P, € P(A), L € M(A). Now, since A € P(R), each
P; € P(R) and hence L € P(R). So L € Pr(A). Now define 6[M] =
[Po] = [P 4 -+ (=) Pu—1] + (-1)"[L] € Go(R,A). One easily
checks that 6 f =1 = f9.

Let G be a finite group, S a G-set, S the category associated to S
(see 1.1.3), C an exact category, and [S,C] the category of covariant
functors ¢ : S — C. We write ¢, for ((s), s € S. Then, [S,C] is an exact
category where the sequence 0 — ¢’ — ¢ — ¢ — 0 in [S,(] is defined
to be exact if 0 — ¢, — ¢, — (", — 0 is exact in C for all s € S. Denote
by K§(S,C) the Kq of [S,C]. Then K§(—,C) : GSet — Ab is a functor
that can be seen to be a ‘Mackey’ functor. We shall prove this fact for
K% (—,C),n > 0 in chapter 10 (see theorem 10.1.2).

As seen earlier in 1.1.5, if S = G/G, the [G/G,C] ~ Cg in the nota-
tion of 1.1.2. Also, constructions analogous to the one above will be

done for G, a profinite group, in chapter 11, and compact Lie groups in
chapter 12.

Now if R is a commutative Noetherian ring with identity, we have
[G/G,P(R)] ~ P(R)¢ =~ Pr(RG), and so, K{((G/G,P(R)) =~
Go(R,G) ~ Go(RG). This provides an initial connection between K-
theory of representations of G in P(R) and K-theory of the group ring

RG. As observed in (iv) above Gy(R, G) is also a ring.

In particular, when R = C, P(C) = M(C), and Ko(P(C)¢ =~
Go(C,G) = Go(CG) = the Abelian group of characters, xy : G — C
(see [39]), as already observed in this chapter.

If the exact category C has a pairing C x C — C, which is naturally
associative and commutative, and there exists E € C such that (E, M) =
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(M,E) = M for all M € C, then K§(—,C) is a Green functor (see [52]),
and we shall see also in 10.1.6 that for all n > 0, K& (—,C) is a module
over K§(—,C).

Let k be a field of characteristic p, G a finite group. We write a(G) for
Ko(M(kQG)). Let H be a subgroup of G.

A sequence 0 - M’ - M — M"” — 0 (I) of modules in M(kG) is
said to be H-split if upon restriction to H, (I) is a split exact sequence.
Write a(G, H) for Ky of the exact category M(kG) with respect to the
collection of H-split exact sequences. For X, Y € M(kG), X @rY €
M(kG), with g(zQy) =gz ®9y, g€ G. f0 > M - M - M" - 01is
an H-split exact sequence in M(kG),s0is 0 > M @ X - M ® X —
M'® X — 0. If we put [M][X] = [M ®gr X|, then a(G,H) is a
commutative ring with identity element [1¢]. Call a(G, H) the relative
Grothendieck ring with respect to H. This ring has been well studied
(see [128, 129, 130]).

For example, if H = 1, then a(G,1) is Z-free on [Fi],...,[Fs] where
{[Fi]} is a ﬁnite set of non-isomorphic irreducible G-modules. Also

a(G,1) ~ Z Zy; where {p;} are the irreducible Brauer characters of

G relative to k. Also a(G, 1) contains no non-zero nilpotent element.
If H=G, a(G,G) is a free Z-module spanned by the indecomposable
modules, and a(G, G) is called the representation ring of kG.

Let H < G. A module N € M(kQG) is (G, H)-projective if every exact
sequence 0 — M’ — M — N — 0 of kG-modules that is H-split is also
G-split. Note that N is (G, H)-projective iff N is a direct summand of
some induced module V& := kG ®xy V where V € M(kH).

e Let Py := category of all (G, H)-projective modules P € M(kG),

En = collection of H-split (and hence G-split) sequences in Pg.
Let p(G, H) be the Ky of the exact category Py with respect to
En.
Then, p(G,G) = a(G), p(G, H) is an ideal of a(G), and p(G, H) is
Z-free on the indecomposable projective kG-modules. If i(G, H) is
the additive subgroup of a(G) generated by all [M] — [M'] — [M"]
where 0 — M’ — M — M" — 0 ranges over all H-split exact
sequences of kG-modules, then (G, H) is an ideal of a(G) and
a(G,H) ~a(G)/i(G, H).

Also we have the Cartan map p(G, H) — a(G, H) defined by p(G, H) —
a(G) = a(G)/i(G, H) = a(G, H).

We have the following generalization of (vii) and (viii) above (see [49]).
Let G be a finite group, S a G-set, k a field of characteristic p. Then
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we have an exact functor: Fs : M(kG) — M(kG) defined by M —

MIS] := { > mgs|mg € M}, the generalized permutation module.
ses

e Note that M[S] is a kG-module and M[S] ~ M ®y, k[S].

e An exact sequence of modules in M(kG) is said to be S-split if
0 — M'[S] — MI[S] — M"[S] — 0 is split exact.

e A kG-module P is S-projective if any S-split sequence 0 — M’ —
M — P — 0 of kG-modules splits.

e Note that M is S-projective, iff M is a direct summand of MS]
(see [49] and that if P € M(kG) is S-projective, and M € M(kG),
then M ®y P is S-projective.

e Eg, If H <G, S =G/H, then a sequence 0 - M’ — M —
M" — 0 in M(kG) is S-split iff it is H-split, and M € M(kQG) is
(G, H)projective iff it is (G/H)-projective.

e Let p (&) be the additive subgroup of a(G) generated by isomor-
phism classes of S-projective modules, and is(G) the additive sub-
group of a(G) generated by Euler characteristics [M'] — [M]+[M"]
of S-split exact sequences 0 — M’ — M — M" — 0. Then ps(G),
is(G) are ideals of a(G), and p(G) - is(G) = 0 (see [49]).

o If S9 # 0, then p (G) = a(G), is(G) = 0.

e Define relative Grothendieck ring of kG-modules with respect to S
by as(G) = a(G)/Zs(G)

e We also have Cartan map p (G) — a(G) — as(G).

1.4.1

()

We noted in 1.1.4 that we shall need to discuss in chapter 14 K-theory
of the functor category [G,C| where G is a groupoid. We also note that,
if C is an exact category, then [G,C], [G,C]’ are also exact categories. We
shall write Sw(G) for the ‘Swan group’ Ko([G, M(Z)]') and Sw’(G) :=
Ko([G, F(Z)]") where F(Z) is the category of finitely generated free Z-
module. Note that the forgetful functor yields a bijection Sw?(G) ~
Sw(G) (see [14, 209]).

For M,N € [G,M(Z)]', M ®z N € G, M(Z)]" and ®z induce a parcing
Swf (G) @ Swf(G) — Sw’(G).

Hence Sw’(G) is a commutative ring with the class of constant con-
travariant functor M : G — M(Z) with constant value Z as a unit.

Let G,G’" be groupoids and F : G — G’ a functor. Restriction with
F yields an exact functor [G', F(Z)] — [G,F(Z)] and [G', M(Z)] —
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[G, M(Z)]" and hence a ring homomorphism F* : Swf(G") — Sw’(G")
and F* : Sw(G') — Sw(G).

Similarly, induction with F' yields [G,F(Z)] — [G',F(Z)] and
G, M(Z)] — [G, M(Z)]', also ring homomorphisms F, : Sw/(G) —
Swf(G") and F, : Sw(G) — Sw(G").

(iii) In the notation of (ii), F' is said to be admissible if for every object
¢ € G, the group homomorphism in autg(c) — autg(F(c)) induced
by F' is injective and its image has finite index, and also if the map
mo(F) : m0(G) — mo(G’) has the property that the pre-image of any
element in 7 (G’) is finite.

E.g., If G is a discrete group and f : S — T a map of finite G-sets, then
f:8 — T is admissible.

(iv) If E,F : G — G’ are functors that are naturally equivalent, then
E* = F* : Sw/(G') — Sw’!(G)
E* =F*: Sw(G") — Sw(g)

Note that E is admissible iff F' is admissible, in which case, F, = F} :
Sw’(G) — Swf(G") and E, = F, : Sw(G) — Sw(gG").

Exercises

1.1 Let H be a subgroup of a finite group G, S¥ = {s € S|gs = s for all g €
H}

(i) Show that the map Homgse:(G/H,S) — S : ¢ — ¢(eH) induces a
bijection Homgse:(G/H, S) ~ SH.

(ii) If S,T are G-sets, show that (S x T)H = SH x TH and (SUT)H ~
SHUTH,

1.2 If H,H' are subgroups of G, show that G/H < G/H' iff there exists
g € G, such that g7 'Hg < H'.

1.3 Let S;,S2 be G-sets. Show that [S1 U S3,C| ~ [S1,C] x [S2,C] for any
category C.

1.4 Let S, T be G-sets, and X a simple G-set (i.e., any G-subset of S is either
empty or X). Show that there exists a bijective map

Homgset (X, S)UHomgset (X, T) ~ Homgset (X, SUT).
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1.5 Let S, T,Y be G-sets. Show that there exists a natural isomorphism
Homgse: (T x S,Y ~ Homgse (S, YT)

where Y7 is the set of all set-theoretic maps T — Y made into a G-set by
defining

gf ;T =Y :t—gf(gt)forallge G, feYT teT.
1.6 Let A be a ring with identity and P,Q € P(A). Show that

(a) [P] = [Q] in Ko(A) iff P is stably isomorphic to @ in (P(A)), i.e., if
Pa A" ~ Q & A™ for some integer n.

(b) Any element of Ky(A) can be written as [P] — r[A] for some integer r.

1.7 Let R be a commutative ring with identity (P(R),®,®), a symmetric
monoidal category (see 1.3 in the text). In the notation of 1.1 in the text,
verify that Ko(P(R)q) is a ring with identity.

1.8 Let Ry, Ry be two rings with identity. Show that Ky(R; x Rg) ~ Ko(R) X
Ko(R2).

1.9 Let A be a ring and M, N € M(A). Show that [M] = [N] in Go(A) iff
there exists a pair of short exact sequences in M(A) of the form

0—-Li—Ls®M—->L3—0;, 0—Li—>Lo® N — L3—0.
1.10 Let A be a (left) Artinian ring. Show that

(a) Go(A) is a free Abelian group on [S1],- -, [Sy], say where the [S;] are
distinct classes of simple A-modules.

(b) Ko(A) is a free Abelian group on [I1], [I2],- -, [1], say, where the [I;]
are distinct classes of indecomposable projective A-modules.

1.11 Let A be a finite-dimensional algebra over a field F', and L a field ex-
tension of F. Show that the maps Ko(4) — Ko(A ®p L) and Go(4) —
Go(A ®F L) induced by A — A ®p L are monomorphisms.



Chapter 2

Some fundamental results on K, of
exact and Abelian categories — with
applications to orders and
grouprings

In the following section we discuss some of the results whose higher-
dimensional analogues will be given when higher K-groups are treated in
chapter 6.

2.1 Some fundamental results on K, of exact and Abelian
categories

(2.1)” Devissage theorem and example

Definition 2.1.1 Let Cy C C be exact categories. The inclusion functor Co —
C is exact and hence induces a homomorphism Ky(Co) — Ko(C). A Co-
filtration of an object A in C is a finite sequence of the form: 0 = Ag C A1 C
-+ C A, = A where each A;/A;—1 € Cp.

Lemma 2.1.1 If 0 # A9 C A1 C --- C A, = A is a Co-filtration, then

Theorem 2.1.1 (Devissage theorem) Let Cy C C be exact categories such
that Cy is Abelian. If every A € C has Co-filtration, then Ko(Co) — Ko(C) is
an isomorphism.

PROOF  Since Cy is Abelian, any refinement of a Cp-filtration is also
Co-filtration. So, by the Zassenhaus lemma, any two finite filtrations have
equivalent refinements, that is, refinements such that the successive factors of
the first refinement are, up to a permutation of the order of their occurrences,
isomorphic to those of the second.

23
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So,if 0 C Ag C Ay C --- C A, = A is any Cp-filtration of A in C, then
J(A) = X[Ai/Ai—1] (1<i<n)

is well defined since J(A) is unaltered by replacing the given filtration with a
refinement.

Now let 0 — A" % A 2 A" - 0 be an exact sequence in C. Obtain a
filtration for A by 0 = 49 C 4; C - C A, = A’ for A’ and p71(AY) C
B7HAY C - pTYHAY) if A € A € .- € A” is a Cy-filtration of A”.
Then 0= A9 C Ay C---CA, CB YA c Bt AY) Cc---Ccp (A" isa
filtration of A.

So J(A) = J(A") + J(A”). Hence J induces a homomorphism Ky(C) —
Ky(Cy). We also have a homomorphism i : Ky(Cy) — Ko(C) induced by the
inclusion functor i : Co — C. Moreover, i o J = 1 ) and J o1 = 1k (c)-
Hence K((C) ~ Ky(C).

Corollary 2.1.1 Let a be a nilpotent two-sided ideal of a Noetherian ring
R. Then Go(R/a) ~ Go(R).

PROOF If M € M(R), then M D aM D --- D> akM =0 is an M(R/aE|
filtration of M. Result follows from 2.1.1.

Example 2.1.1 (i) Let R be an Artinian ring with maximal ideal m such
that m” = 0 for some r. Let k = R/m (e.g., R=Z/p", k = F,).

In 2.1.1, put Cy = category of finite-dimensional k-vector spaces, and C
the category of finitely generated R-modules. Then, we have a filtration

O=m"Mcm"'Mc---cmMcM of M,

where M € obC. Hence by 2.1.1, Ky(Co) ~ Ko(C).

(2.1)® Resolution theorem and examples
2.1.1 Resolution theorem [20, 165]

Let Ay C A be an inclusion of exact categories. Suppose that every object of
A has a finite resolution by objects of Ag and that if 0 - M’ — M — M"” — 0
is an exact sequence in A, then M € Ay implies that M’ M"” € Ay. Then
Ko(Ao) = Ko(A).

Examples 2.1.1 (i) Let R be a regular ring. Then, for any M € obM(R),
there exists P; € P(R),i=0,1,...,n, such that the sequence 0 — P,, —
P,y — -+ — M — 0 is exact. Put Ay = P(R), A= M(R) in 2.1.6.
Then we have Ko(R) ~ Go(R).
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(ii) Let H(R) be the category of all R-modules having finite homological
dimension, i.e., having a finite resolution by finitely generated projective
R-modules and H,,(R) the subcategory of modules having resolutions
of length < n. Then by the resolution theorem 2.1.1 applied to P(R) C
H(R), we have Ko(R) ~ KoH(R) ~ KoHn(R) for all n > 1 (see [20]
or [213]).

(iii) Let C be an exact category and Nil(C) the category whose objects are
pairs (M, v) where M € C and v is a nilpotent endomorphism of M, i.e.,
v € Ende(M). Let Cy C C be an exact subcategory C such that every
object of C has a finite Cy-resolution. Then every object of Nil(C) has a
finite Nil(Cp)-resolution and so, by 2.1.1, Ky(Nil(Cp)) ~ Ko(Nil(C)).

(iv) In the notation of (iii), we have two functors Z : C — Nil(C) : Z(M) =

(M,0) (where ‘0" denotes zero endomorphism) and F : Nil(C) — C :
F(M,v) = M satisfying FZ = 1¢ and hence a split exact sequence
0 — Ko(C) 2 Ko(Nil(C)) — Nilg(C) — 0, which defines Nily(C) as
cokernel of Z.
If A is a ring, and H(A) is the category defined in (ii) above, then
we denote Nilg(P(A)) by Nilg(A). If S is a central multiplicative
system in A, Hg(A) the category of S-torsion objects of H(A), and
Mg (A) the category of finitely generated S-torsion A-modules, one
can show that if S = T = {t'}, a free Abelian monoid on the gen-
erator t, then there exists isomorphisms of categories My, (Aft]) ~
Nil(M(A)) and Hr, (Aft]) ~ Nil(H(A)) and an isomorphism of group-
s: Ko(Hr, (Alt])) =~ Ko(A) @ Nilg(A). Hence KoNil(H(A)) ~ Ko(A) &
Nilg(A). See [20, 215] for further information.

(v) The fundamental theorem for Ky says that
KO (A [t, t_l]) >~ K()(A) S Kfl(A) &® NKo(A) S NK()(A)

where NKy(A) := Ker(Ko(A[t]) = Ko(A) where 74 is induced by aug-
mentation ¢t = 1, and K_; is the negative K-functor K_; : Rings —
Abelian groups defined by H. Bass in [20]. See 4.4 for more details.
For generalization of this fundamental theorem to higher K-theory, see
chapter 6.

(2.1)¢ K, and localization in Abelian categories plus examples

We close this section with a discussion leading to a localization short exact
sequence and then give copious examples to illustrate the use of the sequence.

2.1.1 A full subcategory B of an Abelian category A is called a Serre
subcategory if whenever 0 — M’ — M — M"” — 0 is an exact se-
quence in A, then M € B if and only if M/, M” € B. We now construc-
t a quotient Abelian category A/B whose objects are just objects of A.
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Hom 4,3(M, N) is defined as follows: If M’ C M,N’ C N are subobjects
such that M/M’ € ob(B), N’ € ob(B), then there exists a natural homomor-
phism Hom 4 (M, N) — Hom4(M’, N/N'). As M’, N’ range over such pairs of
objects, the groups Hom 4(M', N/N’) form a direct system of Abelian groups
and we define

A/B(M,N) = lim v A(M', N/N).
The quotient functor T': A — A/B defined by M — T'(M) is such that
(i) T: A— A/B is an additive functor.

(ii) If v € Homa(M, N), then T'(v) is null if and only if Im(v)) € ob(B).
Also T'(v) is an epimorphism if and only if coker u € ob(B) and it is
a monomorphism iff Ker(u) € ob(B). Hence T'(v) is an isomorphism if
and only if u is a B-isomorphism.

Remarks 2.1.1 Note that A/B satisfies the following universal property: If
T : A — D is an exact functor such that 7'(M) ~ 0 for all M € B, then
there exists a unique exact functor U : A/B — D such that T/ =UoT.

Theorem 2.1.2 [20, 81, 215] Let B be a Serre subcategory of an Abelian
category A. Then there exists an exact sequence

Ko(B) — Ko(A) — Ko(A/B) — 0.

Examples 2.1.2 (i) Let A be a Noetherian ring, S C A a central multi-
plicative subset of A, Mg(A) the category of finitely generated S-torsion
A-modules. Then M(A)/ Mg(A) =~ M(Ag) (see [81, 215]), and so, the
exact sequence in 2.1.2 becomes

Ko(Ms(A)) = Go(A) — Go(Ag) — 0.

(ii) If A in (i) is a Dedekind domain R with quotient field F, and S =
R — 0, then Ko(Mg(R)) =~ ®mGo(R/m) = &,,Ko(R/m) where m
runs through the maximal ideals of R. Now, since Ko(R/m) ~ Z and
Ko(R) ~ Z ® CI(R), the sequence (I) yields the exactness of

Pz-zeCli(R) —Z—0.

(iii) Let A be a Noetherian ring, S = {s’} for some s € S. Then
Ko(Ms(R)) ~ Go(R/sR) (by Devissage), yielding the exact sequence

Go(A/sA) — Go(A) — Gy <A G)) —0.
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Let R be the ring of integers in a p-adic field F', I' a maximal R-order
in a semi-simple F-algebra ¥, and S = R — 0, then Ko(Mg(T')) ~
Go(T/7T) = Ko(T'/radl’) where 7R is the unique maximal ideal of R.

If R is the ring of integers in a p-adic field F', A an R-order in a simple-
field F-algebra ¥, let S = R — 0. Then Ko(Mg(A)) ~ ©Go(A/pA)
where p runs through all the prime ideals of R.

Let A be a (left) Noetherian ring, A[t] the polynomial ring in the variable
t, A [t,t7!] the Laurent polynomial ring. Then A [t,t7!] = Aft]s where
S = [t']. Now, the map € : A[t] — A, ¢ — 0 induces an inclusion
M(A) € M(A[t]) and the canonical map i : A[t] — Aft]ls = A [t,t71],
t — t/1, yields an exact functor M(A[t]) — M(A [t,t7!]. So, from
theorem 2.1.2, we have the localization sequence

Go(A)  Go (Alt]) — Co(A [1.47]) — 0. (1)

Now €, = 0 since for any A the exact sequence of A[t]-modules 0 —
N[t] & N[t] = N — 0 yields

So, Go(A[t]) = Go (A [t,t7!]) from (II) above. This proves the first part
of fundamental theorem for Gy of rings 2.1.3.

Theorem 2.1.3 (Fundamental theorem for Gy of rings) If A is a left

Noetherian ring, then the inclusion A < Alt] LA [t,t71] induces isomor-
phisms

Go(A) 2 Go(Alt]) 2 Go (A [t,t7']) .

PROOF  See [20, 215] for the proof of the second part. I

Remarks 2.1.2 (i) There is a generalization of theorem 2.1.3 due to

(i)

Grothendieck as follows: let R be a commutative Noetherian ring, A
a finite R-algebra, T a free Abelian group or monoid with finite basis.
Then Go(A) — Go(A[T)) is an isomorphism (see [20]).

If A is a (left) Noetherian regular ring, so are A[t] and A [t,¢7!]. Since
Ky(R) =2 Go(R) for any Noetherian regular ring R, we have from theo-
rem 2.1.3 that Ko(A) = Ko(Alt]) ~ KoA [t,t7!]. Furthermore, if T is a
free Abelian group or monoid with a finite basis, then Ko(A4) — Ko(A[t])
is an isomorphism (see [20]).
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2.2 Some finiteness results on K, and G, of orders and
grouprings

In this section we call attention to some finiteness results on Ky and Gg of
orders that will have higher-dimensional analogues in 7.1. The results here
are due to H. Bass (see [20]).

Definition 2.2.1 An integral domain R with quotient field F' is called a D-
edekind domain if it satisfies any of the following equivalent conditions:

(i) Every ideal in R is projective (i.e., R is hereditary).

(ii) Every nonzero ideal a of R is invertible (that is aa~! = R where a~! =

{z € F|za C R}.

(iii) R is Noetherian, integrally closed, and every nonzero prime ideal is maz-
tmal.

(iv) R is Noetherian and Ry is a discrete valuation ring for all mazimal

ideals m of R.

(v) Every nonzero ideal is uniquely a product of prime ideals.

Example 2.2.1 Z, F[z], are Dedekind domains. So is the ring of integers in
a number field.

Definition 2.2.2 Let R be a Dedekind domain with quotient field F. An
R-order A in a finite-dimensional semi-simple F-algebra ¥ is a subring of X
such that

(i) R is contained in the centre of A.
(ii) A is finitely generated R-module.
(i) FQrA=2X.

Example For a finite group G, the groupring RG is an R-order in F'G when
char(F') does not divide |G|.

Definition 2.2.3 Let R, F, X be as in definition 2.2.2. A mazimal R-order
T in X is an order that is not properly contained in any other R-order in X.

Example
(i) R is maximal R-order in F'.

(ii) M, (R) is a maximal R-order in M, (F).
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Remarks 2.2.1 Let R, F, Y be as in definition 2.2.2. Then

(i) Any R-order A is contained in at least one maximal R-order in ¥ (see [38,
171)).

(ii) Every semi-simple F-algebra ¥ contains at least one maximal order.
However, if ¥ is commutative, then ¥ contains a unique maximal order,
namely, the integral closure of R in ¥ (see [171]).

(iii) If A is an R-order in X, then Ap is an Rp-order in ¥ for any prime =
maximal ideal p of R. Moreover, A = (| Ap (intersection within X)

(see [180]). ?

(iv) For n > 0, there exists only a finite number of isomorphism classes of
M € M(A) that are torsion free of rank < n as R-modules. See [174].

Theorem 2.2.1 [20] Let R be the ring of integers in a number field F', A an
R-order in a semi-simple algebra . Then Ko(A), Go(A) are finitely generated
Abelian groups.

Definition 2.2.4 Let R, F, A, Y be as in theorem 2.2.1. A is said to satisfy
Cartan condition if for each prime ideal p in R the Cartan homomorphism
Ko(A/pA) — Go(A/pA) is a monomorphism, i.e., the Cartan matriz of A/pA
has a non-zero determinant (see 1.4.1 (ii)). B

2.2.1 Let R, F, A, Y be as in theorem 2.2.1. We shall write SK((A) := kernel
of the canonical map Ky(A) — Ko(X) and SGo(A) := Ker(Go(A) — Go(2).

Theorem 2.2.2 [20] Let R, F,A,X be as in 2.2.1. Suppose that A satisfies
the Cartan condition. Then SKo(A) and SGo(A) are finite. So also is the
kernel of the Cartan map Ko(A) — Go(A). Moreover, rank (Go(A)) = number
of simple factors of A.

2.3 Class groups of Dedekind domains, orders, and
grouprings plus some applications

For a Dedekind domain R with quotient field F', the notion of class groups
of R-orders A is a natural generalization of the notion of class groups of rings
of integers in number fields as well as class groups of grouprings RG where
G is a finite group. The class groups of grouprings, apart from their inti-
mate connections with representation theory and number theory, also house
some topological invariants where G is usually the fundamental group of some
spaces.
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(2.3)4 Class groups of Dedekind domains

Definition 2.3.1 A fractional ideal of Dedekind domain R (with quotient
field F) is an R-submodule a of F such that sa C R for some s # 0 in F.
Then a=! = {x € F|ra C R} is also a fractional ideal. Say that a is invertible
if aa~! = R. The invertible fractional ideals form a group, which we denote
by Ir. Also each element u € F* determines a principal fractional ideal Ru.
Let Pgr be the subgroup of Ir consisting of all principal fractional ideals. The
(ideal) class group of R is defined as Ir/Pr and denoted by CI(R).

It is well known that if R is the ring of integers in a number field, then
CI(R) is finite (see [39]).

Definition 2.3.2 Let R be a Dedekind domain with quotient field F'. An R-
lattice is a finitely generated torsion free R-module. Note that any R-lattice M
is embeddable in a finite-dimensional F-vector space V such that FQrM = V.
Moreover, every R-lattice M is R-projective (since R is hereditary and M can
be written as a direct sum of ideals) (see 2.5.1 below — Steinitz’s theorem,).
For P € P(R) define the R-rank of P as the dimension of the vector space
F ®p P and denote this number by rk(P).

Theorem 2.3.1 [39], Steinitz theorem Let R be a Dedekind domain.
Then

(i) If M € P(R), then M = a; ®ax @ --- @ a, where n is the R-rank of M
and each a; is an ideal of R.

(ii) Two direct sums a; ®ay @ --- @ a, and by @by @ --- @b, of nonzero
ideals of R are R-isomorphic if and only if n = m and the ideal class of
ajag - --a, = ideal class of biby---by,.

Definition 2.3.3 The ideal class associated to M as in theorem 2.3.1 is called
the Steinitz class and is denoted by st(M).

Theorem 2.3.2 Let R be a Dedekind domain. Then
Ko(R)~Z & CIR.

Sketch of proof. Define a map

Q = (rk, st) : Ko(R) — Z x CLR
by

(xk, st)[P] = (tkP,st(P)) ,

where rkP is the R-rank of P definition 2.3.2 and st(P) is the Steinitz class
of P. We have k(P & P1) = rk(P) +rk(P') and st(P & Pl) = st(P) & st(P?!).
So, ¢ is a homomorphism that can easily be checked to be an isomorphism,
the inverse being given by 7 : Z x C{R — Ky(R), (n,a) — n[R] + [a].
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Remarks 2.3.1 (i) It follows easily from Steinitz’s theorem that Pic(R) ~
CY(R) for any Dedekind domain R.

(ii) Let R be a commutative ring with identity, Spec(R) the set of prime
ideals of R. For P € P(R) define rp : Spec(R) — Z by rp(p) = rank
of P, over R, = dimension of P,/ppPp. Then rp is continuous
where Z is given the discrete topology (see [20, 215]). Let Hy :=
group of continuous functions Spec(R) — Z. Then we have a homo-
morphism r : Kyg(R) — Ho(R) : r([P]) = rp (see [20]). One can
show that if R is a one-dimensional commutative Noetherian ring, then
(rk, det) : Ko(R) — Ho(R) @ Pic(R) is an isomorphism — a general-
ization of theorem 2.3.2 that we recover by seeing that for Dedekind
domains R, Hy(R) ~ Z. Note that det : Ko(R) — Pic(R) is defined by
det(P) = AP if the R-rank of P is n. (See [20]).

(ili) Since a Dedekind domain is a regular ring, Ko(R) ~ Go(R).

(2.3)8 Class groups of orders and grouprings

Definition 2.3.4 Let R, F, X, A be as in definition 2.2.2. A left A-lattice is
a left A-module that is also an R-lattice (i.e., finitely generated and projective
as an R-module).

A A-ideal in ¥ is a left A-lattice M C X such that FM C X.
Two left A-lattices M, N are said to be in the same genus if My ~ Ny for

each prime ideal p of R. A left A-ideal is said to be locally free if My ~ Ap
for all p € Spec(R). We write M V N if M and N are in the same genus.

Definition 2.3.5 Let R, F, % be as in 2.2.2, A an R-order in X. Let

S(A) = {p € Spec(R)| /A\pz's not a mazximal ﬁp—order in i} .
Then S(A) is a finite set and S(A) = 0 iff A is a mazimal R-order. Note
that the genus of a A-lattice M is determined by the isomorphism classes of
modules {Mp|p € S(A)} (see [39, 213]).
Theorem 2.3.3 [39] Let L, M, N be lattices in the same genus. Then M &
N ~ L& L' for some lattice L' in the same genus. Hence, if M, M’ are locally
free A-ideals in X3, then M & M’ = A ® M" for some locally free ideal M" .
Definition 2.3.6 Let R, F,X be as in definition 2.2.2. The idéle group

of ¥, denoted J(X), is defined by J(X) = {(ap € H(ip)*|ap €
Ay, almost everywhere}. For a = (ap € J(X), define

Ao :=3N {gxpap} = g {Eﬁf\pap} .
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The group of principal idéles, denoted u(X) is defined by
u(X) ={a = (ap)lap =x € X* for all p € Spec(R)} .

The group of unit idéles is defined by

Remarks

(i) J(X) is independent of the choice of the R-order A in ¥ since if A’ is
another R-order, then Ap = A, almost everywhere.

(ii) A« is isomorphic to a left ideal of A, and A« is in the same genus as A.
Call Aa a locally free (rank 1) A-lattice or a locally free fractional A-
ideal in ¥. Note that any M € g(A) can be written in the form M = A«
for some a € J(X) (see [39]).

(iii) If ¥ = F and A = R, we also have J(F),u(F) and U(R) as defined
above.

(iv) For a, p € J(X), Aa & AB = A @ Aaf (see [39)]).

Definition 2.3.7 Let F, X, R, A be as in definition 2.2.2. Two left A-modules
M, N are said to be stably isomorphic if M&A® ~ N@A®) for some integer
k. If F is a number field, then M & A®) ~ NG A®) if M A~ NoA. We
write [M] for the stable isomorphism class of M.

Theorem 2.3.4 [39, 213] The stable isomorphism classes of locally free ide-
als form an Abelian group CU(A) called the locally free class group of A where
addition is given by [M] 4+ [M'] = [M"] whenever M & M’ ~ A& M". The
zero element is (A) and the inverses exist since (Aa) ® (Aa™!) ~ A® A for
any a € J(X).

Theorem 2.3.5 [39, 213] Let R, F, A, X be as in definition 2.2.2. If F is an
algebraic number field, then CL(A) is a finite group.

Sketch of proof. If L is a left A-lattice, then there exists only a finite
number of isomorphism classes of the left A-lattices M such that FM ~ FL
as Y-modules. In particular, there exists only a finite number of isomorphism
classes of left A ideals in ¥ (see [39, 173]).

Remarks 2.3.2 Let R, F, A, X be as in 2.2.2.

(i) If A = R, then CZ(A) is the ideal class group of R.
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(ii) If T is a maximal R-order in ¥, then every left I'-ideal in ¥ is locally
free. So, CY(T") is the group of stable isomorphism classes of all left
T'-ideals in X.

(iii) Define a map J(X) — C¢(A) a — [Aa]. Then one can show that this
map is surjective and that the kernel is Jy(2)X*U(A) where Jy(X) is the
kernel of the reduced norm acting on J(X). So J(X)/(Jo(2)Z*U(A)) ~
CU(A) (see [39, 213]).

(iv) If G is a finite group such that no proper divisor of |G| is a unit in R,
then CYU(RG) ~ SKo(RG). Hence CU(ZG) ~ SKy(ZG) for every finite
group G (see [39, 211]).

For computations of C¢(RG) for various R and G see [39, 170, 173, 175].

Remarks 2.3.3 In 7.4, we shall define and obtain results on higher dimen-
sional class groups C¢(A) of orders A for all n > 0 in such a way that
Cly(A) = Cl(A). Indeed one can show that

Cl(A) ~ Ker (SKO(A) — %’SKO(/A\BD

where p ranges over prime ideals of R. See [39].

As we shall see in 7.4, Cl,(A) := Ker <SKn(A) — % SKn(/A\B)> for all
n > 0.

(2.3)¢ Applications — Wall finiteness obstruction

2.3.1 An application — the Wall finiteness obstruction theo-
rem

Let R be a ring. A bounded chain complex C' = (C,,d) of R-modules
is said to be of finite type if all the C;’s are finitely generated. The Euler
characteristic of C' = (C,,d) is given by x(C) = Y .2 ___(~1)"[C;], and we
write X(C) for the image of x(C) in Ko(R).

The initial motivation for Wall’s finiteness obstruction theorem stated on
the following page was the desire to find out when a connected space has
the homotopy type of a CW-complex. If X is homotopically equivalent to
a CW-complex, the singular chain complex S.(X) with local coefficient is
said to be finitely dominated if it is chain homotopic to a complex of finite
type. Let R = Zm(X), the integral group-ring of the fundamental group
of X. Wall’s finite obstruction theorem implies that a finitely dominated
complex has a finiteness obstruction in Ky(R) and is chain homotopic to a
complex of finite type of free R-modules if and only if the finiteness obstruction

vanishes. More precisely, we have the following, where we observe that for
R =7Zm(X),Ko(R) = CI(R).
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Theorem 2.3.6 [225] Let C = (C.,d) be a chain complex of projective R-
modules that is homotopic to a chain complex of finite type of projective R-
modules. Then C = (Cy,d) is chain homotopic to a chain complex of finite
type of free R-modules if and only if X(C) = 0 in I?O(R).

2.3.1 Note that the end invariant of Siebermann [195] interprets Wall’s
finiteness obstruction [M] € Ko(Z(w1(M™))) of an open n-dimensional man-
ifold M™ with one tame end as an obstruction to closing the end assuming
that n > 6 and that G = w1 (M™) is also a fundamental group of the end. In
fact, the following conditions on M™ are equivalent

(i) [M™] =0 € Ko(ZG).
(ii) M™ is homotopy equivalent to a finite CW-complete.

(iii) M™ is homeomorphic to the interior of a closed n-dimensional manifold
M.

(iv) The cellular chain complex C(M™) of the inversal cover M™ of M is
chain equivalent to a finitely generated free ZG-module chain complex.

2.4 Decomposition of Go(RG) (G Abelian group) and ex-
tensions to some non-Abelian groups

The aim of the section is to present a decomposition of Go(RG) (R a com-
mutative ring, G an Abelian group) due to H. Lenstra [133] and extensions of
these results to dihedral and quaternion groups due to D. Webb [230].

Because we are going to present a higher-dimensional version of these de-
compositions in 7.3, we develop notations here for later use and prove the
results on G, (RG), n > 0 once and for all in 7.3.

The calculation of Go(RG), G Abelian, is connected with the calculation of
the group “SSF” which houses obstructions constructed by Shub and Franks
in their study of Morse - Smale diffeomorphisms. See [19].

(2.4)* Decomposition of Go(RG), G Abelian

2.4.1 Let n be a positive integer, Z(2) the subring of Q generated by %
If M is an Abelian group, we put M(%) = M ®z (%). Then if R is a ring,
R(L) ~ R[z]/(nz — 1)R[z] (see [133]).

Denote 1® £ € R(2) by 1. Note that M(1) is an R [1]-module and that
the functor R-Mod — R (%) — Mod given by M — M (%) is exact.



Decomposition of Go(RG) 35

2.4.2 Let R be a (left) Noetherian ring and C' a finite cyclic group of order n

generated by, say, t. If f is a ring homomorphism ZC' EX C which is injective
when restricted to C, then Kerf is generated by ®,(t), the n'" cyclotonic
polynomial. Then the ideal ®,,(¢)ZC is independent of the choice of generator
t of C.

Define R(C) := RC/®,(t)RC for any ring R. Then Z(C) is a domain
isomorphic to Z[(,] where ¢, is the primitive n*” root of 1. We identify
Q(¢n), the field of fractions of Z[&,], with Q(C).

Now write R(C) := R(C)[z]/(nz — 1) =~ R(C)(%) ~ R [(,, 2].

Remarks 2.4.1 (i) As an R-module, R(C) is free on ¢(n) generators.
(ii) If R is left Noetherian, so is R(C').

(iii) If C" < C, then there exists a natural inclusion R(C”) C R(C).

Theorem 2.4.1 [133] Let A be a left Noetherian ring. Then A (L) is a
left Noetherian ring and Go (A(L)) ~ Go(A)/H where H is the subgroup of
Go(A) generated by all symbols [M] where M ranges over M € M(A) such
that nM = 0.

If C is a finite cyclic group of order n, then Go(R(C)) ~ Go(R(C))/H
where H is the subgroup of Go(R(C)) generated by symbols M € (R(C))
such that nM = 0.

2.4.3 Let G be a finite Abelian group, X (G) the set of cyclic quotient of
G. If C € X(G), R a ring, then there is a natural surjection RG - RC —»
R(C), and so, one can identify R(C)-modules with RG-modules annihilated
by Ker(RG — R(C)) := k¢, i.e., RG-modules M such that k¢ - M = 0.

For C € X(G), let my = Ker(QG — Q(C)). Since Q(C) is a field,

(~ Q({c)), m¢ is a maximal ideal of QG, and for any g € G, g — 1 € m, iff
g € Ker(G — C). So, mg # mew, for C # C'.

Hence QG ~ [ Q(C) (see [133, 230]).
cex(q)

Theorem 2.4.2 [133] Let R be a left Noetherian ring with identity, G a
finite Abelian group.

Then Go(RG) ~ ; Ex%c) Go(R(C)).

Remarks 2.4.2 Recall from 2.3.2 that if R is a Dedekind domain (a regular
ring ), then Ko(R) ~ Go(R) ~ Z&® Cl(R). Also, if C is a cyclic group of order
n, then C has exactly one cyclic factor group of order d for every divisor d of
n. Hence theorem 2.4.2 yields the following result.
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Theorem 2.4.3 [133] If C is a finite cyclic group of order n, then

Go(ZC) ~ g]laz ®Cl(Z[¢a, 1]).

2.4.4 Let R be a Noetherian domain with field of fractions K, and G a
finite group. A character of G is a group homomorphism from G to the
multiplicative group of K. Two characters 0,0’ of G are called conjugate over
K if § = 0 08 for some K-automorphism o of K. If @ is a character of G,
then G/Ker() € X(G) and has order not divisible by char(K). Conversely,
if C € X(G) has order n with n not divisible by char(K), then the set of K-
conjugacy of characters 6 for which = G/Ker(#) is in bijective correspondence
with the set of monic irreducible factors of ®,, in the polynomial ring K[X].
For a character 6, let R(f) be the subring of K generated by R, the image of
6 and the inverse of §[G]. Note that the exponent of G = £ - ¢-m of orders of
the elements of G.

We now record the following result due to H. Lenstra.

Theorem 2.4.4 [133]

(i) Let R be a Noetherian domain and G a finite Abelian group. Suppose
that for every n dividing the exponent of G but not divisible by char(K),
at least one of the irreducible factors of ®,, in K[X] has coefficients in
R[] and leading coefficients 1, then Go(RG) ~ @ Go (R(6)) where

ocy

Y is a set of representatives for the K -conjugacy classes of characters

of G.

(ii) If R is a Dedekind domain, 0,Y as in (i), then for each 8 € Y, the ring

R(0) is a Dedekind ring and Go(RG) = @ Z & CL(R(9)).
ocy

(2.4)8 Connections to the group “SSF”

2.4.5 As an application of the foregoing idea, we next discuss the group
“SSF”. As we shall see below in 2.4.6, the above computations of Go(RG),
G Abelian is connected with the calculations of “SSF”, which houses ob-
structions constructed by Shub and Francs in their study of Morse - Smale
diffeomorphism (see [19]).

2.4.6 Let S denote the category of pairs (H,u), H € M(Z), u € Aut(H)
such that u™ — idy is nilpotent for some n.

The morphism Homg ((H,u), (H',u)) from (H,u) to (H',u’) consists of
group homomorphisms f : H — H’ such that fou = v/ o f. Call (H,u)
a permutation module if H has a Z-basis permutated by u. Let P be the
subgroup of Go(S) generated by all permutation modules.



Decomposition of Go(RG) 37

Definition 2.4.1
SSF > Gy(S)/P

Theorem 2.4.5 [19]

SsF=Hce (Z [gn%]) .

n>0

(2.4)¢ Extensions to some Non-Abelian groups (Dihedral and
Quaternion groups)

The results in this subsection are due to D. Webb (see [230]). First, we
record the following information on G-rings, twisted groupring, and crossed-
product ring, which will be useful even in other contexts. For proof and other
information see [230].

Definition 2.4.2 Let R be a ring, G a group acting on R by ring automor-
phism. Call R a G-ring.

The twisted groupring R#G is defined as the R-module R ® ZG with el-
ements a ® g (a € R,g € G) denoted a#g and multiplication defined by
(a#g) - (d'#9') = ag(a)#gg’. If G acts trivially on R, then R#G = RG.

If Ris a G-ring and M an R-module upon which G acts Z-linearly, then
the action is R-semilinear if g(a-m) = g(a)g(m) for allg € G,a € R, m € M.

An R#G-module is simply an R-module with semi-linear G-action.

Remarks 2.4.3 (i) If R — S is a ring homomorphism, and G — S* is
a group homomorphism, and if the resulting G-action on S is R-semi-
linear, then there exists an induced ring map R#G — S.

(ii) If Ry, Ry are G-rings, and if Ry — Rs a G-equivariant ring map, then
there exists an induced ring map

(iii) Let R be a G-ring, a C R a G-stable two-sided ideal so that R/a is a
G-ring. Then a#G is a two-sided ideal of R#G and the natural map
R#G — R/a#G induces an isomorphism

R#G

prE = R/afG. (1)

(iv) Let S be a commutative ring on which G acts: R = SY, the G-invariant
subring. Define

a: S#G — Endg(S)
B:S®rS — Homget (G, S)
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as follows:

e The regular representation S — Endg(S) and the action G —
Autr(S) induces by (ii) a map « : S£G — Endg(S) of R-algebras.

e The map S is given by f(z ® y)(g9) = zg(y) (8 is an S-algebra
map).

Let S be a commutative ring on which a finite group G acts faithfully.
Let R = SY. Suppose that S € P(R). Then in (iv) on the previous
page, « is an isomorphism iff § is an isomorphism.

Hence, if K is a field on which a finite group acts faithfully, and k = K,
then the map in (iv) is an isomorphism K#G = Endg(K).

Let R be a Dedekind domain with field of fraction F', K a finite Galors
extension of F' with group G, R the integral closure of R in K, p a prime
ideal of R. Then the map

(02

#G — Endpy, (R/pF)

S =

is an isomorphism iff p does not ramify in R.

If R/R is unramified, then « : R#ZG = Endg(R).

2.4.7 (i) Let R be a commutative G-ring, ¢ : G X G — R* a normalized

(iii)

2-cocycle with values in R* (see [230]). Then the crossed-product ring
R#.G is the R-module R ® ZG with multiplication given by (a#g) -
(a’'#4¢") = ag(a’)c(g, 9 )#g99’. Then R#G is an associative ring with
identity 1#1. Note that if ¢ = 1, then we obtain the twisted groupring,.

If R, S are commutative G-rings and G x G — R* normalized cocycle,

and o : R — S a G-equivariant ring map, then the composite G x G LA
R* — S* is a 2-cocycle and there exists induced ring homomorphism

R#.G — S#.G.
If a = Kera is nilpotent, then a#.G = Ker(a#G).

Let a be a G-stable ideal of R, and m : R — R/a a map of G-rings.
Let a #cG be the R-submodule generated by a#g, a € a, g € G. Then
a#cG is a two-sided ideal of R# .G generated by a#g and there exists
a ring isomorphism

R#.G -
g (Rl #:G

Let R be a Dedekind ring, [ its field of fractions and K a finite Galois
extension of F with Galois group G = Gal(K/F'), R the integral closure
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of Rin K,c: GxG — R a normalized 2-cocycle. If R is unramified
over R, then (R#rR ~ Mg |(R).

If R is unramified over R, then R#.G is a maximal R-order in K#.G.

(v) Let 1 = G — H — G; — 1 be a group extension with associated
normalized 2-cocycle ¢ : G1 X G; — G, R any G-ring. Then RH ~
RG#.G1.

Theorem 2.4.6 [230] Let H = G x Gy be the semi-direct product of G and
G4, where G is a finite Abelian group, G1 any finite group such that the action
of G1 on G stabilizes every cocyclic subgroup of G.

Then Go(ZH) = (Z < C > #G1).

® Gy
CeX(G),

Remarks 2.4.4 (see [230]) If H = G x Gy, as in 2.4.8, then QH ~

II QO)#Giand Z— ][] Z(C)#G; is a subdirect embedding.
CeX(G) cex(G)

Theorem 2.4.7 [230] Let H be a dihedral extension of a finite group G,
i.e., H is a split extension G x G1, of G by 2-element group G1, whose
non-trivial element acts on G by x — z~ . Then Go(ZH) =2 @ (Z &

CeEX(G)
C|=2

Z) & (Z@C@ (Z(C)+ (ﬁ))) where Z(C)4 1is the ring of integers of
cex(@)
|C|=2

Q(C)4 = Q(C)Y, the mazimal real subfield of Q(C) = Q((\c))-

Remarks 2.4.5 It follows from theorem 2.4.7 that if Dy, is a dihedral group
of order 2n, then Go(ZDay,) ~ Z¢ @ & (Z @ (Z [Car 4] +)) where
d|n

_ ) 2if nis odd, (4 a primitive dth root of 1
4 if n is even

and where Z [(4, §]+ is the ring of integers in Q(Ca)+ = Q(Ca + ¢, '), the
maximal subfield of the cyclotonic field @ (¢4).

Definition 2.4.3 Let R a Dedekind ring with field of fractions F, and A
a central simple F-algebra. Then the ray-class group Cls(R) of R relative
to A is the quotient of the group I(R) of fractional ideals of R (see defini-
tion 2.3.1) by the subgroup Pa(R) consisting of principal ideals generated by
reduced norms on A (see 3.2.1). So, we have an exact sequence

A* Y4 [(R) — Cla(R) — 0.
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Remarks 2.4.6 (i) In the notation of definition 2.4.3, if T' is a maximal

R-order in A, then Go(T') = Gy(A) & Cla(R).

With notations as in definition 2.4.3, the kernel of the surjection ( :
Cl4(R) — CL(R) sending the ray-class of a fractional ideal to its ideal
class is an elementary Abelian 2-group.

If A= M,(F), Cla(R) = CU(R).

Let Q4 be the generalized quaternion group Qu, = {(x,y|z" = y?,y*
n

1,yry~' =271, G = {1,y}, the 2-element group that acts on Q((,),
the non-trivial element acting as complex conjugation.

Let ¢: G x G — Q(¢n)* be the normalized 2-cocycle given by ¢(v,v) =
—1. Let H,, = Q(()#cG. It n > 2, G = Gal (Q(¢n)/Q(¢n)+)- So
H, = (Q(¢n)/Q(¢n)+). If n =1 or 2, then G acts trivially and H,, =
Q(i) since 1#y has square —1. If n is odd, Q(¢,) = Q({2y) since —(, is
a primitive 2n-th root of unity.

Theorem 2.4.8 [230] Let G be the quaternion group Qan, n = 2°n', n’ odd.

Then
Go(ZG) =
: 1 1
€ s+2 )
7P <Z e (Z [gw, ﬁD P, <Z [@sﬂd, m]) )
d|n/ =0
where
_[2ifs>0
“Tl1ifs=0
Exercises
2.1 Let K be a field of characteristic p, G a finite group; H is a subgroup

of G.

Let a(G, H) be the relative Grothendieck ring with respect to H (see

example 1.4.1 (vii)). Show that

(a)

(b)

a(G,1) is the Z-free Abelian group on [Fi],...,[F;] where {F;} are a
finite set of non-isomorphic irreducible G-modules.

a(G,1) contains no non-zero idempotents.

2.2 Let G be a finite group, S a G-set, k a field of characteristic p, M [S] the
generalized permutation module (see example 1.4.1 (ix)).

Show

that
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(a) M[S)) is a kG-module and M[S] ~ M & k[S].
k

(b) Let p () be the additive subgroup of Go(kG) generated by isomorphis-
m classes of S-projective modules and ig(G) the additive subgroup of
Go(kQG) generated by Euler characteristics [M'] — [M]+ (M) of S-split
sequences 0 — M — M — M" — 0. Show that ps(G)is(G) = 0.

2.3 Let G be an Abelian p-group. Show that Go(ZG) ~ Go(T') where T is a
maximal order in QG containing ZG.

2.4 Let R be a semi-local Dedekind domain with quotient field F'. Show that
there exists an isomorphism Gy (R, G) = Go(FG).

2.5 Let R be a Dedekind domain whose quotient field F' is a global field, I" a
maximal order in a semi-simple F-algebra A, C¢4(R) the ray class group as
defined in 2.4.3. Show that Go(I') ~ Go(A) @& Cla(R).

2.6 Let (K, R, k) be a p-modular system, i.e., R is a discrete valuation ring
with quotient field K,k = R/p where p is the unique maximal ideal of R. Let
G be a finite group. Show that

(i) Ko(kG) = Zig~(Ko(kH)) where ip : Ko(kH) — Ko(kG) is induced by
the inclusion. kH — kG as H runs through all K-elementary subgroups
of G.

(ii) The cokernel of the Cartan map Ko(kG) — Go(kG) is a p-group.

2.7 Let A be a left Noetherian ring, n a positive integer. Show that Go(A(L) ~
Go(A)/H where H is a subgroup of G(A) generated by all symbols [M] where
M ranges over M € M(A) such that nM = 0.

2.8 Let A be a ring, T} the free Abelian monoid on generator ¢t. In the
notation of example 2.1.1 (ii) and (iv), show that there are isomorphisms
of categories M, (A[t]) ~ [Nil(M(A) and Hr, (A[t]) =~ Nil(H(A)) and an

isomorphism of groups
I(()(,}‘(TJr (A[t]) ~ KO(A) D K()Nléo(A)

2.9 Let G be a finite group, R a G-ring, and a a G-stable two-sided ideal of R
so that R/a is a G-ring. Show that a#G is a two-sided ideal of R#G and that
the natural map R#G — (R/a)#G induces an isomorphism (R#G)/a#G ~
(R/a)#G.

2.10 Let R be a complete Noetherian local ring, A an R-algebra finitely
generated and projective as R-module; a a two-sided ideal of A contained
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in rad A. Show that there is an isomorphism Ky(A) = Ko(A/a) given by
[P] — [P/aP] where P € P(A).
If a = rad(A), show that Ko(A/a) ~ Go(A/a).

2.11 Let R be Dedekind domain and G a finite group such that no proper
divisor of |G| is a unit in R. Show that CI(RG) ~ SKy(RG).

2.12 Let R be a Dedekind domain and A an R-order in a semi-simple F-

algebra. Show that Cl(A) ~ Ker(SKy(A)) — @&SKo(Ap) where p ranges over
’ P p
the prime ideals of R.

2.13 Let R be a Dedekind domain and A, A’ R-orders in a semi-simple algebra
3 such that A C A’. Show that this inclusion induces a surjection of C4(A)
onto CU(AY).

2.14 Let R be the ring of integers in a number field F, A an R-order in a
semi-simple F-algebra X. Suppose that A satisfies the Cartan condition (see
definition 2.2.4). Show that SKy(A), SGo(A) are finite groups.



Chapter 3

K., K, of orders and grouprings

3.1 Definitions and basic properties
(3.1)4 K; of a ring

3.1.1 Let R be a ring with identity, GL,(R) the group of invertible n x
n matrices over R. Note that GL,(R) C GL,41(R) : A — (479). Put
GL(R) = lim GL,(R) = U,Z,; GL(R). Let E,(R) be the subgroup of G L, (R)
generated by elementary matrices e;;(a) where e;;(a) is the n x n matrix with

1’s along the diagonal, a in the (i, j)-position with ¢ # j and zeros elsewhere.
Put E(R) = lim E,(R).

Note The e;;(a) satisty the following.
(i) e;j(a)ei;(b) = eij(a+Db) for all a,b € R.
(ii) [ei;(a), ek (b)] = eix(ab) for all i # k,a,b € R.
(il) [eij(a),ewm(b)] =1for all i # £, # k.

Lemma 3.1.1 If A € GLy(R), then (4 ,%1) € Ezn(R).

)
(

PROOF  First observe that for any C' € M, (R), (% I(i) and (% IC:L) are
in Es,(R), where I,, is the identity n x n matrix. Hence

I 0 ) \0 I, J\I.I,)\0 I, )
Theorem 3.1.1 (Whitehead lemma)

(i) E(R) = [E(R),E(R)], i.e., E(R) is perfect.
(it) E(R) = [GL(R),GL(R)].

since

43
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Sketch of proof

N

(i) It follows from property (ii) of elementary matrices that [E(R), E(R)]
E(R). Also, E,(R) is generated by elements of the form e;;(a)
leij(a),er;(1)], and so, E(R) C [E(R),E(R)]. So, E(R) =
[E(R), E(R)].

(ii) For A, B € GL,(R),
(ABA;B_I 31) - (A(;B (Af(z))l) (A(;l 31) (Bo_l g) € Eyn(R).

Hence [GL(R),GL(R)] C E(R) by 3.1.2.
Also, from (i) above, E(R) C [E(R), E(R)] C [GL(R),GL(R)]. Hence
J

E(R) = [GL(R), GL(R)
Definition 3.1.1

Ki(R) := GL(R)/E(R) = GL(R)/ [GL(R), GL(R)]
= H, (GL(R),Z).

Remarks 3.1.1 (i) For an exact category C, the Quillen definition of
K,(C), n > 0 coincides with the above definition of Kj(R) when
C = P(R) (see [62, 165]). We shall discuss the Quillen construction
in chapter 5.

(ii) The above definition 3.1.1 is functorial, i.e., any ring homomorphism
R — R’ induces an Abelian group homomorphism K;(R) — K (R').

(iii) K1(R) = K1(My(R)) for any positive integer n and any ring R.

(iv) K1(R), as defined above, coincides with Kget(P(R)), a quotient of the
additive group generated by all isomorphism classes [P, u], P € P(R),
€ Aut(P) (see [20, 39]). (Also see exercise 3.1.)

3.1.2 If R is commutative, the determinant map det : GL,(R) — R* com-
mutes with GL,(R) — GLp4+1(R) and hence defines a map det : GL(R) —
R*, which is surjective since given a € R*, there exists A = (&) such that
det A = a. Now, det induces a map det : GL(R)/[GL(R),GL(R)] — R*,
ie., det : K1(R) — R*. Moreover, a(a) = (49) for all a € R* defines a
map « : R* — K;(R) and deta = 1p. Hence K1(R) ~ R* & SK;1(R) where
SKi(R) := Ker(det : K;(R) — R*). Note that SK1(R) = SL(R)/E(R)
where SL(R) = limy—ooSLy(R) and SL,(R) = {A € GL,(R)| detA = 1}.
Hence SK;(R) = 0 if and only if K;(R) ~ R*.

Examples 3.1.1 (i) If F is a field, then K;(F) ~ F*, K1(Flz]) ~ F*.
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(ii) If R is a Euclidean domain (for example, Z, Z[i] = {a + ib; a,b € Z},
polynomial ring F[z], F a field), then SK;(R) = 0, i.e., K;(R) ~ R*
(see [155, 181]).

(iii) If R is the ring of integers in a number field F, then SK;(R) = 0
(see [21, 181)).

(3.1) K; of local rings and skew fields

Theorem 3.1.2 [41, 180] Let R be a noncommutative local ring. Then there
exists a homomorphism det : GL,(R) — R*/ [R*, R*] for each positive integer
n such that

(i) E,(R) C Ker(det)
(i)

det =0 - Oy where a; € R*

O

for all i and o — @ is the natural map

R* — (R")"* = R*/[R*,R"] .

(iii)
GLn(R) GLni1(R)

\ / commutes

(R*)"

Note. The homomorphism ‘det’ above is usually called Dieudonné determi-
nant because it was J. Dieudonné who first introduced the ideas in 3.1 for
skew fields (see [20]).

Theorem 3.1.3 [181] Let R be a noncommutative local ring. Then the
natural map GL1(R) = R* — GL(R) induces a surjection R*/[R*, R*] —
K1(R) whose kernel is the subgroup generated by the images of all elements
(1 —2y)/(1 —yx)~t € R* where x or y is the unique mazimal ideal m of R.

Theorem 3.1.4 [181] If R is a skew field, K1(R) = R*/[R*, R*].
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(3.1)¢ Mennicke symbols
3.1.3 Let R be a commutative ring with identity a,b € R. Choose ¢,d € R
such that ad — be = 1, i.e., such that (2%) € SLy(R). Let [a,b] = class of
(g Z) in SKl(R)
Then
(i) [a,b] is well defined.

(i) [a,b] = [b,a] if a € R*.

(iii) [a1ag,b] = [a1,b] [az,b] if ajasR + bR = R.

(iv) [a,b] = [a+rb,b] for all r € R.

We have the following result:

Theorem 3.1.5 [20] If R is a commutative ring of Krull dimension < 1,
then the Menicke symbols generate SK;(R).

Remarks See [20, 21, 142] for further details on Mennicke symbols.

(3.1)7 Stability for K;

3.1.4 Stability results are very useful for reducing computations of Ki(R)
to computations of matrices over R of manageable size.

Let A be any ring with identity. An integer n is said to satisfy stable
range condition (SR,) for GL(A) if whenever » > n, and (a,a2,...,a,)
is a unimodular row, then there exists b1, ba,...,b.—1 € A such that (a; +
arby, a2+ apbe, ... ar—1+ayb._1) is unimodular. Note that (a1, as,...,a,) €
A" unimodular says that (a1, az, . .., a,) generates the unit ideal, i.e., > Aa; =
A (see [20]). For example, any semi-local ring satisfies SRy (see [20] or [215]).

Theorem 3.1.6 [20, 215, 221] If SR, is satisfied, then

(i) GL(A)/Epm(A) — GL(A)/E(A) is onto for all m > n, and injective

for allm > n.
(ii) En(A) < GLp(A) if m >n+ 1.
(i) GLpn(A)/En(A) is Abelian for m > n.

For further information on Kj-stability, see [20, 21, 215, 221, 142].
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3.2 K;,SK; of orders and grouprings; Whitehead torsion
(3.2)* K;1,SK; of orders and grouprings

Let R be the ring of integers in a number field F'; A an R-order in a semi-
simple F-algebra X. First we have the following result (see [20]).

Theorem 3.2.1 K;(A) is a finitely generated Abelian group.

PROOF  The proof relies on the fact that GL,(A) is finitely generated
and also that GL2(A) — K1 (A) is surjective (see [20]).

Remarks 3.2.1 Let R be a Dedekind domain with quotient field F'; A an
R-order in a semi-simple F-algebra Y. The inclusion A — ¥ induces a map
Ki(A) — K1(X). Putting SK;(A) = Ker (K1(A) — K;(X)), it means that
understanding K7 (A) reduces to understanding K;(X) and SK;(A). Since
Y is semi-simple, ¥ = ®X; where X; = M, (D;), D; is a skew field. So
Ki(X) =aK1(Dy).

One way of studying K1(A) and SK;(A), K1(X) is via reduced norms. We
consider the case where R is the ring of integers in a number field or p-adic
field F.

Let R be the ring of integers in a number field or p-adic field F. Then
there exists a finite extension F of F' such that F ® ¥ is a direct sum of
full matrix algebras over E, i.e., E is a splitting field of ¥. If a € X, the
element 1 ® a € ' ® ¥ may be represented by a direct sum of matrices, and
the reduced norm of a, written nr(a), is defined as the direct product of their
determinants. We then have nr : GL(X) — C* where C' = centre of ¥ (if
Y =e,% and C = &7,C; we could compute nr(a) componentwise via
GL(X;) — Cf). Since C* is Abelian, we have nr : K1(X) — C*. Composing
this with K;(A) — K;7(X) we have a reduced norm nr : K;(A) — K1(X) —
C*.

From the discussion below, it will be clear that an alternative definition of
SKi(A) is {z € Ky(A)|nr(z) = 1}.

Theorem 3.2.2 Let R be the ring of integers in a number field F, A an R-
order in a semi-simple F-algebra Y. In the notation of remarks 3.2.1, let
U; be the group of all nonzero elements a € C; such that B(a) > 0 for each
embedding 0 : C; — R at which R ®c¢, X; is not a full matriz algebra over R.
Then

(i) The reduced norm map yields an isomorphism nr: K1(X) = [\~ U;.

(i) nr: K1(A) C [1i~, (U; N RY) where R; is the ring of integers in C;.
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PROOF  See [39, 213). I

Remarks 3.2.2 (i) If T is a maximal R-order in X, then we have equality
in (ii) of theorem 3.2.2, i.e., nr (K1 (') =[]/~ (U;NR}). (See [39, 213)).
Hence rank K1 (I') = rank [~ (U; N R}).

(ii) For all n > 1, K,,(A) finitely generated and SK,,(A) is finite (see 7.1).

Theorem 3.2.3 Let R be the ring of integers in a number field F', and A any
R-order in a semi-simple F-algebra . Then SKi(A) is a finite group.

PROOF  See [20]. The proof involves showing that SK7(A) is torsion and
observing that SK7(A) is also finitely generated as a subgroup of K;(A) (see
theorem 3.2.1). I

The next results are local version of theorem 3.2.3.

Theorem 3.2.4 Let R be the ring of integers in a p-adic field F', T’ a mazimal
R-order in a semi-simple F-algebra . In the notation of 3.2.1, we have

(i) nr: K1(X) ~C*

(ii) nr: K1(T') = S* where S = ®R; and R; is the ring of integers in C;.

Theorem 3.2.5 (i) Let F be a p-adic field (i.e., any finite extension of
Qp), R the ring of integers of F', A any R-order in a semi-simple F-
algebra 3. Then SK1(A) is finite.

(i) Let R be the ring of integers in a p-adic field F, m the mazimal ideal of
R, ¢ = |R/m|. Suppose that T is a mazimal order in a central division
algebra over F. Then SK1(T') is a cyclic group of order (¢" — 1) /q—1.
SK1(T)=04f D=F.

Remarks 3.2.3 (i) For the proof of theorem 3.2.5, see [104, 105, 99].

(ii) If in theorem 3.2.2 and remark 3.2.3 R = Z, F = @, G a finite group,
we have that rank of K1(ZG) = s —t where s is the number of real
representations of G, and ¢ is the number of rational representations of

G. (See [20]).

(iii) Computation of SK;(ZG) for various groups has attracted extensive
attention because of its applicability in topology. For details of such
computations, see [142, 143, 159].

(iv) That for all n > 1, SK,,(ZG), SKH(Z;(G))are finite groups are proved
in 7.1.
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(v) It also is known that if T' is a maximal order in a p-adic semi-simple
F-algebra X, then SKs,_1(I') =0 for all n > 1 iff ¥ is unramified over
its centre (see [107]). These generalizations will be discussed in 7.1.

(3.2)% Applications — Whitehead torsion and s-cobordism
theorem

3.2.1 J.H.C. Whitehead (see [244]) observed that if X is a topological space
with fundamental group G, and R = ZG, then the elementary row and column
transformations of matrices over R have some natural topological meaning.
To enable him to study homotopy between spaces, he introduced the group
Wh(G) = K1(ZG)/w(£G) where w is the map G — GL,(ZG) — GL(ZG) —
K1(Z@G), such that if f: X — Y is a homotopy equivalence, then there exists
an invariant 7(f) in Wh(G) such that 7(f) = 0 iff f is induced by elementary
deformations transforming X to Y. The invariant 7(f) is known as Whitehead
torsion (see [153]).

Now, it follows from theorem 3.2.1 that Wh(G) is finitely generated when G
is a finite group. Moreover, it is also well known that Tor(K;(ZG)) = (£1) x
G x SK1(ZG) where SK,(ZG) = Ker (K1(ZG) — K1(QG)) (see [159]). So,
rank K (ZG) = rankWh(G), and it is well known that SK;(ZG) is the full
torsion subgroup of Wh(G) (see [159]). So, computations of Tor (K1(ZG))
reduce essentially to computations of SK;(ZG). The last two decades have
witnessed extensive research on computations of SK;(Z@G) for various groups
G (see [159]). More generally, if R is the ring of integers in a number field or
a p-adic field F', there has been extensive effort in understanding the groups
SK,(RG) = Ker (K,(RG) — K,(FQG)) for all n > 1 (see [112, 113, 115]).
More generally still, if A is an R-order in a semi-simple F-algebra ¥ (i.e.,
A is a subring of ¥, finitely generated as an R-module, and A @ F = X)),
there has been extensive effort to compute SK,(A) = Ker (K, (A) — K, (X))
(see [112, 113, 115]), the results of which apply to A = RG. We shall discuss
these computations further in the forthcoming chapter on higher K-theory
(see chapter 7).

Note also that Whitehead torsion is useful in the classifications of manifolds
(see [153] or [159]). Indeed , one important application of Whitehead torsion
is the “s-cobordism theorem”, which is the main tool for classifying manifolds
of dimension > 5.

3.2.2 Let M™ be a connected compact n-manifold of dimension > 5; an h-
cobordism on M™ is a connected manifold W"*! with exactly two boundary
components, one of which is M™ and the other another manifold M " guch
that W has deformation retraction on both M™ and M ™.

3.2.3 “s-cobordism theorem” [153, 138] In the notation of 3.2.2, let F
be a family of “h-cobordisms” built on the n-manifold M™ with fundamental



50 A.0. Kuku

group G = w1 (M™). Then there is a map 7 : F — Wh(G) called “Whitehead
torsion” and 7 induces a natural one-to-one correspondence from F/ « to
W h(G) where « is the equivalence relation induced by homeomorphisms W —
W', which are the identity on M. If W is the “trivial” “h-cobordism” W =
M x [0,1], then 7(W) = 1.

Corollary 3.2.1 Let M™ be a connected compact n-manifold of dimension
> 5 with fundamental group G. If Wh(G) = 1, then every h-cobordism built
on M is homeomorphic relative to M to a product M x [0,1]. In particular,
the other boundary component M’ is homeomorphic to M.

Remarks 3.2.4 (i) S. Smale observed that 3.2.1 can be applied to prove
Poincare conjecture in dimension > 6, i.e., any manifold M"™ homotopy
equivalent to S™ is also homeomorphic to S™ (see [181] for a proof).

(ii) Theorem 3.2.3 and corollary 3.2.1 (i) apply to the three major categories
of manifolds: (1) topological manifolds and continuous maps, (2) PL
manifolds and PL maps, and (3) smooth manifolds and C'°* maps.

3.3 The functor K,

In this section, we provide a brief review of the functor Ko due to J. Milnor
(see [155]). Classical results on K5 of orders and grouprings are rather scanty,
but we shall obtain in chapters 7 and 8 higher K-theoretic results that also
hold for K5. We review here some results on K» of rings, fields, and division
algebras that are also relevant to computations of K-theory of orders and
group-rings.

(3.3)* K> of rings and fields

3.3.1 Let A be a ring. The Steinberg group of order n (n > 1) over A,
denoted Sty (A), is the group generated by z;;(a), i # j, 1 <4, j <n,a € A,
with realations

(i) @ij(a)ai;(b) = zi5(a +b).
(ii) [xiJ'(a)awkl(b)] =L j#Fki#l
(ili) [zij(a),zjk(b)] = zik(ab), 4, j, k distinct.

(iv) [zi5(a), 2k (b)] = 245(—ba), j # k.
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Since the generators e;;(a) of E, (A) satisfy relations (i) - (iv) above, we
have a unique surjective homomorphism ¢, : St,(4) — E,(A4) given by
©n(zi5(a)) = e;j(a). Moreover, the relations for St,y1(A) include those of
St,(A), and so, there are maps St,,(A) — St;+1(A). Let St(A4) = lim,,St(A),
E(A) = lim, E,,(A). Then we have a canonical map ¢ : St(A) — E(A).

Definition 3.3.1 Define K3%(A) as the kernel of the map ¢ : S{(A) — E(A).

Theorem 3.3.1 [155] K2!(A) is Abelian and is the centre of St(A). So,
St(A) is a central extension of E(A).

PROOF  See [155]. I

Definition 3.3.2 An ezact sequence of groups of the form1 — A — E %
G — 1 is called a central extension of G by A if A is central in E. Write
this extension as (E,¢). A central extension (E, ) of G by A is said to be
universal if for any other central extension (E',¢') of G, there is a unique
morphism (E,p) — (E',¢).

Theorem 3.3.2 St(A) is the universal central extension of E(A). Hence
there exists a natural isomorphism K} (A) ~ Hy(E(A), Z).

PROOF The last statement follows from the fact that for a perfect group

G (in this case F(A)), the kernel of the universal central extension (E, )
(in this case (St(A),y)) is naturally isomorphic to H2(G,Z) (in this case
Hy(E(A), Z)).

For the proof of the first part see [155].
Definition 3.3.3 Let A be a commutative ring u € A*
wij (u) = @ (u)xji(fufl)xij .

Define hij(u) = wij(u)w;j(—1). For u,v € A*, one can easily check that
¢ ([h2(u), b1z (v)]) = 1.

So, [hi2(u), h13(v)] € K2(A). It can be shown that [hi2(u), h13(v)] is inde-
pendent of the indices 1,2,3. We write {u, v} for [hi2(u), h13(v)] and call this
the Steinberg symbol.

Theorem 3.3.3 Let A be a commutative ring. The Steinberg symbol {,} :
A* x A* — K3(A) is skew symmetric and bilinear, i.e.,

{u,v} = {’U,u}71 and {urug, v} = {ug,v}{ug,v}.
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PROOF  See [155]. I

Theorem 3.3.4 (Matsumoto) If F is a field, then K} (F) is generated by
{u,v}, u,v € F*, with relations

(i) {wu' v} = {u,v}{v,v}.
(ii) {u,vv'} = {u,v}{u,v'}.
(ii) {u,1 —u}=1.

That is, K} (F) is the quotient of F* @z F* by the subgroup generated by the
elements x @ (1 —x), x € F*.

Examples 3.3.1 Writing K5 for K37:
(i) K2(Z) is cyclic of order 2. See [155].
(i) K2(Z(i)) =1, so is K2(Z+/=T7). See [155)].
(i) Ko(F,) =1if Fy is a finite field with ¢ elements. See [155].
(iv) If Fis a field, Ko(F[t]) ~ K2(F). See [155].
More generally, Ko(R[t]) ~ K3(R) if R is a commutative regular ring.

Remarks 3.3.1 (i) There is a definition by J. Milnor of higher K-theory
of fields KM (F), n > 1, which coincides with K2?(F) above for n = 2.
More precisely,
KM(F)=F'@F* @ ---F*/{a1 ® - ®ap|a; + a; = 1 for some i # j,a; € F*}

n times

i.e., KM(F)is the quotient of F*® F*®- - - F* (n times) by the subgroup
generated by all a1 ® a2 ® -+ ® ayn, a; € F such that a; +a; = 1.
@ffZOK,JlW(F) is a ring (see [154]).

(ii) The higher K-groups defined by D. Quillen (see chapter 5), namely
K,(C), C an exact category n > 0 and K, (A) = m,(BGL(A)"), n > 1,
coincides with K2(A) above when n = 2 and C = P(A).

Remarks 3.3.2 Let E/F be a finite field extension of degree n. There are
interesting questions about when Ky F is generated by symbols {a,b}, a €
F*,b € E*. Now, it is well known that if n > 3, Ko F is generated by symbols
{a,b}, a € F*,b € E* (see [149, 169]). However, if n > 3, then in general
K5(FE) is not generated by symbols {a,b}.

If F is a global field, then X. Guo, A. Kuku, and H. Qin (G/K/Q) provided
a counterexample in [73], namely, for F = Q, E = Q(v/—1,v/—3), K2 E cannot
be generated by the Steinberg symbols {a,b}, a € F*, b € E*. In fact, they
proved the following general result:
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Theorem 3.3.5 [73] Let F be a global field.
Then

(i) For any integer n > 3, there is an extension field E over F of degree n
such that K3 E is not generated by the Steinberg symbols {a,b}, a € F*,
be E*.

(i) For any extension field E over F of degree n, the subgroup H of KoF
generated by Steinberg symbols {a,b} with a € F*, b € E* is of finite
indez.

PROOF  Sec [73]. I

3.3.2 Our next aim is to be able to state the reciprocity uniqueness theorem
of C. Moore [157].

So, let F' be a number field and v either a discrete valuation of F' or an
archimedean absolute value. Then the completion F;, is either a local field, or
the field of real numbers, or the field of complex numbers. In the local and
real cases the group p (F,), consisting of all roots of unity in the completed
field, is finite cyclic. But in the complex case the group p (F,) = p(C) is not
a finite group.

Let m(v) denote the order of the finite cyclic group p (F,). The m(v)-th
power norm residue symbol (x,y), is a continuous Steinberg symbol on p (F,).
For the definition of this symbol, see [155].

Since Moore has shown that any continuous Steinberg symbol on the com-
plex field is identically equal to 1, we shall exclude the complex case so that
F), is either a local field or the real field.

Now suppose that x and y are non-zero elements of the field F' C F,. In
order to put all of the various symbol (z,y), into one group, we apply the
surjection

p(Fy) — pu(F),

which carries each root of unity & to the power £™()/™  The m-th power
reciprocity theorem then asserts that

[Ttz = 1.
v
See [155].
We now state the reciprocity uniqueness theorem of C. Moore.

Theorem 3.3.6 [157] The sequence KoF — @®,u(F,) — w(F) — 1 is
exact, where the first homomorphism carries each generator {x,y} of KoF
to the element whose v-th component is the m(v)th power residue symbol
(x,y)v, and the second homomorphism carries each element {£} to the product
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HU ff,n(”)/m. Here v ranges over all discrete valuations, and all archimedean
absolute values with completion F, = R.

Here is one consequence of theorem 3.3.6. We shall briefly discuss a gener-
alization of theorem 3.3.6 to division algebras in the next subsection.

Corollary 3.3.1 Let F' be a number field with ring of integers R, d : Ko F —
@ R/p the homomorphism that takes each generator {z,y} of K2F to the
> e

element in the direct sum whose pth coordinate is the tame symbol dg(:zc, Y)
(see [155]). Then d is surjective.

PROOF  See [155]. I

We now close this subsection with a discussion of connections of Ko with
Brauer group of fields and Galois cohomology.

3.3.3 Let F be a field and B,.(F) the Brauer group of F, i.e., the group of
stable isomorphism classes of central simple F-algebras with multiplication
given by tensor product of algebras. See [149].

A central simple F-algebra A is said to be split by an extension E of F if
E ® A is E-isomorphic to M,.(F) for some positive integer r. It is well known
(see [149]) that such F can be taken as some finite Galois extension of F. Let
B,.(F, E) be the group of stable isomorphism classes of E-split central simple
F-algebras. Then B, (F) := B,.(F, Fs) where Fj is the separable closure of F.

Theorem [149] Let E be a Galois extension of a field F, G = Gal(E/F).
Then there exists an isomorphism H?*(G,E*) = B.(F;E). In particular,
B.(F) = H*(G, F}) where G = Gal(Fs/F) = limGal(E;/F), where E; runs
through the finite Galois extensions of F.

Now, for any m > 0, let p,, be the group of m-th roots of 1, G = Gal(F,/F).
We have the Kummer sequence of G-modules

0— pm, — F; = F; —0
from which we obtain an exact sequence of Galois cohomology groups
F* 5 F* — HY(F, i) — HY (F,FY) — -+,

where H'(F,F¥) = 0 by Hilbert theorem 90. So, we obtain isomorphism
Xm : F*/mF* = F* Q@ Z/m — H(F, iy,).
Now, the composite

F* @y F* — (F* @z F*)®@Z/m — H'(F, i) @ H'(F, i)
— H? (F,,ugj)
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is given by a ® b — xm(a) U xm(b) (where U is cup product), which can be
shown to be a Steinberg symbol inducing a homomorphism gs ., : K2(F) ®

Z/mZ — H? (F u;@f).
We then have the following result due to A.S. Merkurjev and A.A. Suslin
(see [150]).

Theorem 3.3.7 [150] Let F be a field, m an integer > 0 such that the char-
acteristic of F is prime to m. Then the map

go.m  Ko(F) /mKa(F) — H? (F,u, )

is an isomorphism where H? (F, u?f) can be identified with the m-torsion

subgroup of By (F).

Remarks 3.3.3 By generalizing the process outlined in 8.2.3 above, we ob-
tain a map
Gnm + K3'(F)/mE RN (F) — H™ (F, gy -

It is a conjecture of Bloch - Kato that g, ,, is an isomorphism for all F, m, n.
So, theorem 3.3.7 is the g2 ,,, case of Bloch - Kato conjecture when m is prime
to the characteristic of F. Furthermore, A. Merkurjev proved in [149] that
theorem 3.3.7 holds without any restriction on F' with respect to m.

It is also a conjecture of Milnor that g, is an isomorphism. In 1996,
V. Voevodsky proved that g, o- is an isomorphism for any 7.

(3.3)8 K, of division algebras and maximal orders

In this subsection, we discuss several results on Ky of division algebras,
which are generalizations of those for fields. First, we have the following
generalization of Moore reciprocity uniqueness theorem 3.3.6 due to A. Bak
and U. Rehmann (see [11]).

Theorem 3.3.8 [11] Let D be a central division algebra over a global field

~

E. Then the cokernel of the map Ko(D) — & Ka(D)) is isomorphic to p(E)
v P

or i(E)/(£1) except in the case that D, is split at some real place v of E. In
this case, the cokernel is trivial.

Remarks 3.3.4 (i) The ambiguity (£1) in theorem 3.3.8 was removed in
some cases by R. Oliver. See [159], theorem 4.1.3.

(ii) A. Merkurjev and A. Suslin remarked in [150] that the ambiguity can
be completely removed if the degree of D is square free, and in [102]
M. Kolster and R. Laubenbacher provided a proof for this situation.
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(iii) We next discuss the question of when Ky(D) is generated by {a,b},
a € F*, b € D* when D is a central division algebra over F' and state
the following result 3.3.9 (see [73]) due to G/K/Q). It is well known that
K5(D) is generated by {a, b}, a,b € D*.

Theorem 3.3.9 [73] Let D be a division algebra over a field F. Then KoD
is generated by the Steinberg symbols {a,d} with a € F* and d € D* in the
following cases:

(i) F is a number field and the index of D is square free.
(ii) F is a nonarchimedean local field and the index of D is square free.

(i) F is a nonarchimedean local field and the characteristic of the residue
field is prime to the index of D.

PROOF  See [73]. I

The next result says that in the number field case, every element of K5(D)
is a symbol when the index of D is square free.

Theorem 3.3.10 [73] Let F' be a number field and D a central division alge-
bra over F with square-free index. Then KoD = {{a,b}|a € F*,b € D*}, i.e.,
every element of K2(D) is a symbol of the form {a,b} for a € F* b € D*.

PROOF  See [73]. I

The next result, also due to G/K/Q, computes K5 of a maximal order in a
central division algebra D over a number field when the index of D is square
free.

Theorem 3.3.11 [73] Let F be a number field and R the ring of integers in
F. Let D be a finite-dimensional central division F-algebra with square-free
index, and A a maximal R-order of D. Then

KyA ~ K R = ker (KQRH 11 {il}) .

real ramified

PROOF  Sec [73]. I
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(3.3)¢ K, and pseudo-isotropy

Let R =ZG, G a group. For u = R*, put w;;(u) := z;;(u)zji(—u= )z (u).
Let Wg be the subgroup of St(R) generated by all w;;(g),9 € G. Define
Whs(G) = Ka(R)/(K2(R) N Wa).

Now let M be a smooth n-dimensional compact connected manifold without
boundary. Two diffeomorphisms hg, h; of M are said to be isotropic if they
lie in the same path component of the diffeomorphism group. hg, b1 are said
to be pseudo-isotropic if there is a diffeomorphism of the cylinder M x [0, 1]
restricted to hg on M x (0) and to h; on M x (1). Let P(M) be the pseudo-
isotropy space of M, i.e., the group of diffeomorphism h of M x[0, 1] restricting
to the identity on M x (0). Computation of mo(P(M™)) helps to understand
the differences between isotopies, and we have the following result due to A.
Hatcher and J. Wagoner.

Theorem 3.3.12 [80] Let M be an n-dimension (n > 5) smooth compact
manifold with boundary. Then there exists a surjective map

mo(P(M)) — Wha(mi (X)),
where x1(X) is the fundamental group of X.

Exercises

3.1 K4t (C)

Let A be a ring with identity and C a category of A-modules (e.g., P(A)).
Define a category C as follows: ob C = {(P,p)|P € C,u € Aut(P)}. A
morphism f : (P,u) — (Q,v) is defined as an element f € Hom (P, Q) such
that vf = fu. A sequence 0 — (P, u) — (P,A) — (P”,v) — 0(I) is said to
be exact if 0 — P’ 5 P % P" 0 is exact in C. Let G be the free Abelian
group generated by isomorphism classes of objects of C. Suppose that Gy
is the subgroup of G generated by all expressions (P,\) — (P’,u) — (P",v),
one for each short exact sequence (I), together with all expressions (P, A’ \) —
(P,A) — (P, X) for all P € C,\, N, € Aut(P).

Define K4.:(C) = G/Go.

(i) Show that Kget(P(A)) =~ K1(A) where K1(A) := GL(A)/E(A).
(ii) Now define G1(A4) = Kget(M(A)). If R is a commutative ring with
identity and A is an R-algebra finitely generated and projective as R-

modules, define G1(R,A) := Kget(Pr(A)). Show that if R is regular,
then G1(R,A) ~ G1(A).
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3.2 Relative K,
Let F be a p-adic field or number field with ring of integers R, A any R-order
in a semi-simple F-algebra 3, a a two-sided ideal of A such that F® a = 3.
R

Let GL, (A, a) be the kernel of the map GL,,(A) — GL,(A/a) induced by the
canonical map A — A/a. Write GL(A, a) for lim GL, (A, a). Let E,(A,a) be
the normal subgroup of E,(A) generated by {gij (a)la € a,1 <i,5 <n}. Put
E(A,a) =1lim E,(A,a) and Ky(A,a) = GL(A,a)/E(A, a).

Show that

(i) K1(A,a) is an Abelian group equal to the center of GL(A)/E(A, a).

(ii) SKi(A,a):= Ker(Ki(A,a) — K1(X)) is a finite group.

3.3 Let F be a number field and D a finite dimensional division algebra over
F. For an Abelian group A, let div(A) be the subgroup of divisible elements
in A and WK (D) the wild kernel of D. (See definition 7.1.1.)

Show that

(i) div(K2(D)) € WK (D) and that when the index of D is square free.
(i) divKs(D) ~ divKyF.
(iii) WKo(D) ~ WKy(F) and |W Ky(D)/div(Ko(D))| < 2.

3.4 Let R be a commutative ring with identity, G a finite group. Show that the
torsion subgroup of K1(RG) ~ (torsion subgroup of R*) x G x SK1(RG).

3.5 Let F be a p-adic field, R the ring of integers of F', I' a maximal order in
a central division algebra D over F', m = rad I". Show that SK;(T',m) = 0.

3.6 Let F' be a number field and D a central division algebra over F' with
square-free index. Show that every element of K5(D) is a symbol of the form
{a,b} where a € F*,b € D*.

3.7 Let R be a Dedekind domain and A an R-algebra finitely generated as an
R-module. Show that A has stable range 2 and that the map GL2(A) — K (A)
is surjective.

3.8 Let R be a complete discrete valuation ring with quotient field F' and
finite residue class field. Let I' be a maximal R-order in a central simple
F-algebra. Show that

nr(K1(T)) = nr(T'*) = R".
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3.9 Let R be the ring of integers in a p-adic field, G a finite group such that
G has an Abelian Sylow-p-subgroup. Show that SK;(RG) = 0.

3.10 Let G be a finite Abelian group, R a Dedekind domain. Show that
Cli(RG) = SK1(RG).

3.11 Show that Cl;(ZG) = 0 if G is a dihedral or generalized quaternion
2-group.

3.12 Let F be a finite field of characteristic p, G a finite group whose Sylow-
p-subgroup is a cyclic direct factor. Show that Ko(FG) = 0. Hence show that
for a finite Abelian group G, K2(FG) = 0 if and only if the Sylow-p-subgroup
of G is cyclic.

3.13

(a) Let C), be a cyclic group of order n, R the ring of integers in a number
field F. Show that SK;(RC,) = 0.

(b) Let G be a finite group. Show that SK;(ZG)(p) = 0 if the Sylow-p-
subgroup of G is isomorphic to Cpn or Cpn X Cp, (any n).

3.14 Let G be a finite group. Show that SKl(ZpG) = 0 if the Sylow-p-
subgroup of G is Abelian.

3.15 Let F' be a number field and D a central division algebra over F' with
square-free index. Show that every element of K5(D) is a symbol of the form
{a,b} where a € F*,b € D*.






Chapter 4

Some exact sequences; negative
K-theory

In this chapter, we discuss K; — K exact sequences and define negative K-
theory (K _,,) for rings, additive categories, etc., yielding the extensions of the
K, — K sequences to the right and consequent computations of negative K-
groups of orders and grouprings. We also discuss the Farrell - Jones conjecture
for lower K-theory.

4.1 Mayer - Vietoris sequences

4.1.1 Let
AL 4 I

T

Ao > A
be a commutative square of ring homomorphisms satisfying

(l) A= A; x4 Ay = {(al,ag) € A x A2|gl(a1) = gg(a2)}, i.e., given
a1 € A1, as € Ay such that gia; = goaso, then there exists one and only
one element a € A such that f1(a) = a1, f2(a) = az.

(ii) At least one of the two homomorphisms g¢i,g2 is surjective. The
square (I) is then called a Cartesian square of rings.

Theorem 4.1.1 [155] Given a Cartesian square of rings as in 4.1.1, there
exists an exact sequence K1(A) S Ki(A1) ® K1(As) By Ki(A") 3, Ko(A) X
Ko(A1) ® Ko(As) 23 Ko(A)).

Note. Call this sequence the Mayer - Vietoris sequence associated to the
Cartesian square (I). For details of the proof of theorem 4.1.1, see [155].
Theorem 4.1.1 is due to J. Mihor.

61
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Sketch of proof. The maps «;,5;(i = 0,1) are defined as follows: for
x € Kz(A),OéZ(.’L') = (fl*,fg*), and for (y,Z) S KZ(Al) &) Kl(AQ) 1= 0,1,
Bi(y,2) = g1xy — g242. The boundary map ¢ : K1(A") — K(A) is defined as
follows: represent x € K1(A’) by a matrix v = (a;; in GL,(A’). This matrix
determines an automorphism  : A — A™. Let v(z;) = a;;z; where {z;} is
a standard basis for A™. Let P(v) be the subgroup of A7 x AZ consisting of
{(z,9)|vg?(z) = g5 (y)} where g7 : A? — A" gi - A — A" are induced by
g1, go2, respectively. We need the following

Lemma 4.1.1 (i) If there exists (b;;) € GL,(Az), which maps to y(ai;),
then P(y) ~ A™.
(i1) If g2 is surjective, then P(7) is a finitely generated projective A-module.

For the proof of lemma 4.1.1 see [155].
Conclusion of definition of 6: now define

ly] = [Py)] — [A"] € Ko(A)
and verify exactness of the sequence in theorem 4.1.1 as an exercise.

Corollary 4.1.1 If Ais aring and a; and as ideals of A such that a;Nas = 0,
then there exists an exact sequence

Ki(A) = Ki(A/a1) ® Ki(A/az) — K1 (A/(a1 + as)
S Ko(A) — Ko(A/ay ® Ko(A/az) — Ko (A/(a; @ as)) .

PROOF Follows by applying theorem 4.1.1 to the Cartesian square:

A—T o A/a (11)

T

A/a2 —(]Z A/(a1 D 82)

[

Example 4.1.1 Let G be a finite group of order n, and A = ZG. Let ay
be the principal ideal of A generated by b = > gec 9> A2 the augmentation
ideal = {> ryg9|> 71y =0}. Then a; Nag = 0. So, Ay = Ajag ~Z, A’ =
A/(a; ® ay) ~ Z/nZ from the Cartesian squares (I) and (II) above.

Now, suppose that |G| = p, a prime. Let G = (). Put t = f1(«). Then, Ay
has the form Z[t] with a single relation -7~ #/ = 0. So, A; may be identified
with Z[€] where £ is a primitive p-th root of unity.

We now have the following:
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Theorem 4.1.2 If|G| = p, then f1 : Ko(ZG) = Ko(Z[€]) is an isomorphism.
Hence Ko(ZG) ~ Z & CL(Z[€)).

PROOF From theorem 4.1.1, we have an exact sequence

K1 (Z[€]) ® K1(Z) — K\(Z/pZ) > Ko(ZG)
— Ko(Z[¢]) © Ko(Z) — Ko(Z/pZ) .

[

Now, since gox : Ko(Z) ~ K¢(Z/pZ) is an isomorphism, the result will
follow once we show that § = 0. To show that § = 0, it suffices to show that
K1(Z[€]) — K1(Z/pZ) is onto. Let r be a positive integer prime to p. Put
u=1+&+--+& e Z[E. Let & =n, n° = &, for some s > 0. Then
v=1+n+---+n"1 e Z[¢. In Q(E), we have

v=00" -1/ n-1)=E-1E -1) =1/u.
So, u € (Z[€])*, i.e., given r € (Z/pZ)* ~ K1(Z/pZ), there exists u € (Z[£])*
such that g1.(u) = r. That Ko(ZG) ~ Z & CL(Z[€]) follows from 2.3.5.

Remarks 4.1.1 (i) The Mayer - Vietoris sequence in theorem 4.1.1 can be
extended to the right to negative K-groups defined by H. Bass in [20].
More precisely, there exists functors K_,, n > 1 from rings to Abelian
groups such that the sequence

...KO(A’) — Kfl(A) — Kfl(Al) @K,l(AQ) — K?l(A’) — .
is exact. This sequence will be derived in 4.4.

(ii) The Mayer - Vietoris sequence in theorem 4.1.1 can be extended beyond
K5 under special circumstances that will be discussed in chapter 6 (see
6.4). In general, it cannot be extended beyond Ky (see [212]).

4.2 Localization sequences

4.2.1 Let S be a central multiplicative system in a ring A, Hg(A) the
category of finitely generated S-torsion A-modules of finite projective di-
mension. Note that an A-module M is S-torsion if there exists s € S
such that sM = 0, and that an A-module has finite projective dimension
if there exists a finite P(A)-resolution, i.e., there exists an exact sequence (I)
0— P, = P,1— -Pp— M — 0 where P, € P(A). Then we have the
following theorem.
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Theorem 4.2.1 With notation as in 4.2.1, there exist natural homomor-
phisms 6§, € such that the following sequence is exact:

K1(A) — Ki(As) > Ko (Hs(A)) 5 Ko(A) — Ko(As),

where Ag is the ring of fractions of A with respect to S.

PROOF We shall not prove exactness in detail but indicate how the maps
0 and e are defined, leaving details of proof of exactness at each point as an
exercise.

Let M € Hs(A) have a finite P(A)-resolution as in 4.2.1 above. Define
e([M]) = 2(-1)[P;] € Ko(A). We define § as follows: if a € GL,,(Ag), let
s € S be a common denominator for all entries of a such that § = sa has
entries in A. We claim that A"/SA™ and A"/sA™ € Hg(A). That they have
finite P(A)-resolutions follow from the exact sequences

0— A" 2 A" & A"/BA™ 0 and
0— A" 5 A" — A" /sA™ - 0.

To see that A/BA™ is S-torsion, let t € S be such that a~'t = v has
entries in A. Then vA™ C A" implies that tA” C aA™ and hence that
stA™ C saA™ = BA™. Then st € S annihilates A™/3A™.

We now define

la] = [A"/BA] — [A" /s A"
So
edfa] = e[A"/BA"] — e[A" /s A"
= [A"] - [A"]) — ([A"] = A"]) = 0.
I

Remarks 4.2.1 (i) Putting A = Aft] and S = {ti}po in theorem 4.2.1,
we obtain an exact sequence B

Ky (A[t]) — Ky (A [t,67]) 2 Ko (Hpwy (Al)
— Ko (A[t]) = Ko (A [t,t71]),

which is an important ingredient in the proof of the following result
called the fundamental theorem for K (see [20]).

(ii) Fundamental theorem for Kji:

Kl (A [t,t_l]) ~ Kl(A) &b Ko(A) &b NKl(A) S¥) NKl(A) y

where NK;(A) = Ker (Kl(A[t]) 5 Kl(A)) and 7 is induced by the
augmentation Aft] — A (t =1).
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(iii) In chapter 6 on higher K-theory, we shall discuss the extension of the

localization sequence in theorem 4.2.1 to the left for all n > 1, as well
as some further generalizations of the sequence.

4.3

Exact sequence associated to an ideal of a ring

4.3.1 Let A be a ring, a any ideal of A. The canonical map f : A —
A/a induces f. : K;(A) — K;(A/a, i = 0,1. We write A for A/a and for
M € P(A) we put M = M/aM ~ A®4 M. Let Ky(A,a) be the Abelian
group generated by expressions of the form [M, f, N], M, N € P(A), where
f:A®4 M~ A®4 N with relations defined as follows:

For L, M, N € P(A) and A-isomorphism f: L~ M, g: M ~ N, we have

(i)

[L,gf,N]=[L,d,M]+ [M,g,N].
Given exact sequences
0— My — My — M3 — 0; 0— Ny —- Ny — N3 —0,
where M;, N;, N; € P(A), and given A-isomorphisms f; : M; ~ N; (i =

1,2, 3) that commute with the maps associated with the given sequences,
we have [Ma, f2, No| = [Ma, f1, N1] + [Ms3, f3, N3].

Theorem 4.3.1 [155] There exists an exact sequence

K1(A) — K1(A) S Ko(A,a) L Ko(A) — Ko(A).

Remarks 4.3.1 (i) We shall not prove the above result in detail but in-

dicate how the maps d,7n are defined, leaving the rest as an exercise. It

is clear how the maps K1(A4) — K;(A), i = 0,1 are defined. The map
d assigns to each f € GL,(A) the triple [A", f, A"] € Ky(A,a), while
the map 7 takes [M, f, N] onto [M] — [N] for M, N € P(A) such that

f:M~N.

The exact sequence in theorem 4.3.1 could be extended to K2 and be-
yond with appropriate definitions of K;(4,a), ¢ > 1. We shall discuss
this in the context of higher K-theory in chapter 6. Also the sequence
can be extended to the right. (see 4.4.3).
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4.4 Negative K-theory K_,, n positive integer

In [20], H. Bass defined the functors K_, using the notion of LF, NF
functors where F' is “contracted”. We shall briefly present these ideas, which
lead to the extension of the Mayer - Vietoris sequence 4.1.1 to the right.

(4.4)4 LF,NF functors and the functors K_,

Definition 4.4.1 An oriented cycle is an infinite cyclic group T with a desig-
nated generated t, together with submonoid T generated by t and submonoid
T_ generated by t=1. We shall denote such a cycle by (T, Ty).

Let F : (Rings) — Z-Mod be a functor. Define NF,LF : (Rings) — Z-
Mod as follows: NF(A) = Np, F(A) := Ker (F(A[T}]) — F(A)) where €, is
induced by the augmentation. Hence we have F' (A[Ty]) ~ F(A)® Nr, F(A),
which is functorial in A.

The inclusions 74 : A[Ty] C A[T] induce a homomorphism F(A(T})) &

F(A[T-) T=mer) F(A(T)), and we now define LF(A) = LpF(A) as coker-

nel of 7.

4.4.1 Let SeqF(A) = SeqpF(A) denote the complex
0— F(A) S FA[T]) @ F(A[T_]) & F(A(T)) — LrF(A) — 0 (I

where e(z) = (z, —z). Note that SeqF'(A) is exact iff 7 are both monomor-
phisms and F(A) = Im(74) N Im(7_).

In this case, we could regard 74 as inclusions and have Im(7) = F(A[T4]) +
F(A[T_]) = F(A) & Nr, F(A) & Nr_F(A).

Definition 4.4.2 Let (T,Ty) be an oriented cycle, F : Rings — Z-Mod
a functor. A contraction of F is a natural homomorphism h = hp 4 :
LrF(A) — F(A[T)), which is right inverse for the canonical projection
p: F(A(T)) — Ly F(A).

The pair (F, h) is called a contracted functor if further SeqpF'(A) is acyclic
for all A.
Note that if (F,h) is a contracted functor, we have a decomposition

F(A[T]) =F(A)® Np,F(A) @ Np_F(A) ® Im(hr,a) (1)
where Im(hy, 4) is isomorphic to Ly F(A).

We also have the notion of morphism of contracted functors (F, k), (F', ')
(see [20], p.661).
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Theorem 4.4.1 [20] Let ¢ : (F,h) — (F1,h1) be a morphism of contracted
functors. Then there are h' and h} induced by h and hy, respectively, and
(Ker(p), h1) and (Coker(p), h}) are contracted functors.

In particular, there are contracted functors (NF, Nh) and (LF,Lh). More-
over, there is a natural isomorphism (LNF,LNh) ~ (NLF,NLh) of con-
tracted functors.

Theorem 4.4.2 [20] “Fundamental theorem” Let (T, T ) be an oriented
cycle, A a ring, 04 : Nilp(A) — Np, K1(A) be the homomorphism defined by
O+ [P,v] = [P(t), 04 (v)] where O1(v) : O1(v) 101 (tv) and 81 (v) =1 — v.

Define h = hr.s : Ko(A) — K1 (A[T]) by h[P] = {P[T],t}gm}, P ePA).
Then

(i) 04 : Nilp — NK; is an isomorphism of functors.

(ii) The homomorphism h induces on passing to the quotient an isomorphis-
m Ky — LpK;. Using this isomorphism to identify Ky with LK, we
now have that (K7, h) is a contracted functor.

Definition 4.4.3 Since Ky = LK, by theorem 4.4.2, we now define K_; as
LKy and K_,, as L"Kj.

Remarks 4.4.1 (i) Theorem 4.4.2 and definition 4.4.3 above yield the
fundamental theorem for Ky and K7, stated, respectively, in 2.1.1(v)
and 4.2.1(ii).

(ii) Our next aim is to briefly indicate how to use the foregoing ideas on
LF and NF functors to extend the Mayer - Vietoris sequence in theo-
rem 4.1.1 to the right.

(4.4)% Mayer - Vietoris sequence

Definition 4.4.4 Let Cart be the category whose objects are Cartesian
squares

C: a4, (1)

)

Al —— A’
g1

in Rings such that g1 or go is surjective. If F' : Rings — Z-Mod is a functor

we associate to F' and C, the sequence

F(A) Y2 pa) e F(4,) G2) F(A"). (11)
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A Mayer - Vietoris pair is a triple (F1, Fy, ) where Fy, Fy : (Rings) — Z-
Maod are functors where § associates to each C' € Cart as above a homo-
morphism ¢ : F1(A") — Fy(A), which is natural in C and is such that the
sequence

Fi(A) = Fi(A) & Fi(As) — Fi(A) 2 Fy(A) —
— F()(Al) D F()(AQ) — F()(A/) (III)

1s exact.

Theorem 4.4.3 [20] Let ((Fi,h1),(Fo,ho),d) be a Mayer - Vietoris
pair of contracted functors and let J denote either N or L. Then
((JFy, Jh1), (JFy, Jho), J0) is also a Mayer - Vietoris pair of contracted func-

tors.

Corollary 4.4.1 [20] Let (F, h) be a contracted functor. Assume that there
is a ¢ such that ((F,h), (LF, Lh),0) is a Mayer - Vietoris pair.
Then for the Cartesian square

C= A—L 4,

)

Aq — A

there is a long exact Mayer - Vietoris sequence

F(A)--- - L"'F(A) - L"F(A) — L"F(A,) ® L"F(A»)
— L"F(A) — L"T'F(A).
Moreover, ((N'F,N'h), (LN'F,LN'h),d) is also an M — V pair, and so,

there is a corresponding long Mayer - Vietoris sequence for the functors
(L"N*F)n >0 for each i > 0.

Remarks 4.4.2 Since by theorem 4.1.1, (K3, Ko,0) is an M — V pair, and
by theorem 4.4.2 we can identify LK; with Ky, we can apply 4.4.1 and de-
duce 4.4.4 below. For some applications see [103].

Theorem 4.4.4 Let C be as in 4.4.1. Then for each i > 0, there is a long
exact M — 'V sequence

F(A) — .- — L" 'F(A") — L"F(A) — L"F(A;) & L"F(Ay) — L"F(A")
— L"T1F(A)

where F' = N'K;.
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In case ¢ = 0, the sequence above becomes

Kl(A) —r e — Ko(A/) — K,l(A) — Kl(A) @Kfl(AQ)
- K j(A)—> K 53— -

where we unite K,,(4) = L"Ky(A) = L™ K (A).

(4.4)0 Exact sequence associated to an ideal

Remarks 4.4.3 Next we record the following result theorem 4.4.5, which
says that the sequence 4.3.1 can also be extended to the right. Recall Ex-
ample 1.3.1(xii) that if R is a non-unital ring, we can define Ko(R) :=
Ker(Ko(R+) — KO(Z) ~ Z)

As such LKy(R) := Ker(LKy(R+) — LKy(Z)) is defined since LKy(R) and
LKy (Z) are defined. So we have the following result.

Theorem 4.4.5 Let A be a ring with identity and a a two-sided ideal in A
viewed as a non-unital ring. Then the eract sequence

— Ko(A) 5 Ko(A/a) & K_1(a) 5 K_1(A) T K_1(A/a) S K_5(a).

PROOF  See [181], p.155. I

Example 4.4.1 (i) f A=Z,a=(m), me€Z, m >0, K_,(Z) =0, and
K_,(Z/m) ~ K_,_1((m)) for all n > 1. (See [181]).

(ii) If G is a cyclic group of prime order p, one can show that K_,(ZG) =0
for n > 1 by showing that if a = Ker(ZG — Z[¢]) where & = >/,
then K_,(a) =0 for all n > 1.

(4.4)” Localization sequence

In this subsection, we shall indicate how the localization sequence 4.2.1 can
be extended to the right. The results in this subsection are due to D.W. Carter
(see [32]).

4.4.2 Let R be a commutative ring and S a multiplicative set of elements
of R. We denote by A(R, S) the category whose objects are R-algebras on
which multiplication by any s in S is injective and whose morphisms are
exactly those R-algebra homomorphisms A — I' for which I' is flat as a right
A-module. We shall be interested in various functors from A(R, S) to Abelian
groups such as Grothendieck groups Ky and G, the Whitehead groups K3
and G1, and three related functors KoHg, K;S™1(i = 0,1), which we define



70 A.0. Kuku

as follows:
KiS™'A) = K; (S7'A),  i=0,1
KoHs(A) := Ko (HsA)).

Note that any functor from rings to Abelian groups may be viewed as functor
from A(R,S).

Definition 4.4.5 Let F' be a functor from A(R,S) to Abelian groups. Then
we define another such functor, denoted LF, by

LF(A) = Coker (F(A[t]) @ F(A[t™']) — F(A[t,t™1]))
where the indicated map is induced by the obvious inclusion (localizations).

Just as before (see 4.4.1, 4.4.2) we have the notion of F' being contracted,
and we can already make several observations.

Remarks 4.4.4 (i) Ko, K,S™!; K1, K181 are contracted functors, and
LK, ~ Ky; LKlS_l = K()S_l.

Hence K_; = L'Ky, K_;S7' = L'KyS™ (i > 0).
(ii) If F,G are contracted functors, we also have the notion of morphism

of contracted functors F, G, i.e., a natural transformation a : F — G,
which respect the natural splittings, i.e., for all A, the square

LF(A) — F (A [t,t7'])

comimutes.

If «: F — G is a morphism of contracted functors A(R,S) — Z-Mod,
then Ker(a), Coker(«) are also contracted functors. In particular, LF
is a contracted functor A(R, S) — Z-Mod.

(iii) Let 0 - F — G — H — 0 be a short exact sequence of functors
A(R,S) — Z-Mod. Suppose that F and H are contracted functors
A(R, S) — Z-Mod, then there exists a short exact sequence 0 — LF —
LG — LH — 0 where LF and LH are contracted functors A(R, S) —
Z-Mod, and G is acyclic.

Definition 4.4.6 K_;(Hs(A)) := L'KoHg(A).

We now state the localization sequence for K,, Vn € Z.
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Theorem 4.4.6 [32] Let R be a commutative ring and let S be a multiplica-
tive set of elements of R. Let A be an R-algebra on which multiplication by any
s in S is injective. Let Hg(A) denote the category of S-torsion left A-modules
that admit a finite resolution by finitely generated projective left A-modules.
Then the localization 1 : A — S™A gives rise to a long exact sequence

Koi1(A) 5 Ky (STIA) — Ko (Hs(A)) — Ko (A) 5 K, (S7'A)

(for all integers n).

PROOF  For the proof of the lower part of the sequence connecting

Ko, K_1, K_o,...,K_; see [32]. The part for higher K-theory is due to
D. Quillen and will be discussed in chapter 6.
The K7 — Ky localization sequence is due to H. Bass (see [20]). Although a gen-
eral localization sequence for higher K-theory was announced by D. Quillen,
the proof in the context of theorem 4.4.6 was supplied by S. Gersten
in [60].

We now state other results of D. Carter [32], connected with orders and
grouprings.

If R is a Dedekind domain with field of fractions F, and A is an R-
algebra on which multiplication by any non-zero element of R is injective,
we shall write SK,(A) := Ker(K,(A) — K,(¥)) which ¥ A ®g F;

Theorem 4.4.7 [32] Let R be the ring of integers in a number field F', A =
RG, G a finite group of order s, ¥ = FG. Then there exists an exact sequence

0 — Ko(Z) — 2 Ko(Ry) & Ko(%) — o Ko(Sp) = K_1(A).
pls - pls -

Moreover, K_,(A) =0 for all n > 1.

PROOF  See [32]. I

Corollary 4.4.2 In the notation of 4.4.7, let f, f,,rp, respectively, be the

number of isomorphism classes of irreducible F, ﬁg , and R/ p representations
of G. Then K_;(A) is a finitely generated Abelian group and rankK_;(A) =
f+ > f p Tg)-

E/SR

PROOF  Sec [32]. I
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(4.4)F K_,(A) == Ko(S"A)

4.4.3 Remarks/Definition There is another definition of negative K-
groups K_, A of a ring A, due to M. Karoubi. The cone of A, CA, is defined
as the ring of matrices (a;;)1 < 4,j < o0, a;; € A such that (1) the set
{a;j|1 <i,j < oo} C A is finite; (2) The number of nonzero entries in each
row and in each column is finite.

Then Mo (A) := limM,(A) is a two-sided ideal of C'A. Define the suspen-
sion of A, SA as the quotient CA/M,(A). By iteration, we obtain S™ A-called
n'™ suspension of A.

Definition 4.4.7 The negative K -groups K_,(A) is defined as Ky(S™A).

One can show that this definition of K_,,(A) coincides with the earlier one
by H. Bass.

(4.4)" K_,(A), A an additive category

Definition. The functor of Waldhausen’s negative nil groups depends on
the definition of negative K-groups for an additive category A. This in turn
depends on the definitions of polynomial extension .4[z] and finite Laurent
extension A [2, z_l] of A. We now briefly introduce these ideas.

Define a metric on Z" by d(J, K) := max{|j; — k;| | 1 <4 < n} > 0 where
J = (jl,jQ, N ,jn), K = (kl,kg, .. ,kn) € Z™. Let CZn(A) = Cn(.A) be the
Z™-graded category of a filtered additive category A (see [168]). We shall
write P, (A) for Po(Cp(A)) (n < 1) the idempotent completion of the additive
category Cp(A). (Recall that if B is an additive category, the idempotent
completion Py(B) of B is defined as follows: obPy(B) are pairs (a,p) where
p:a — ais a morphism such that p? = p. A morphism f : (a,p) — (b,q) is a
morphism f : a — b such that ¢fp = f).

Note that Cp41(A) = Ci(Cn(A)) and we have the identification
K1(Cr41(A) = Ko(P(A)) n >0 (see [168], 6.2).
Now define

K_,(A) = K1(Cpt1(A)
= Ko(Pa(A) n > 1 (I1)

Note If Aisaring, K_,(A) = K_,(B/(A)) where Bf(A) is the category of
based finitely generated free A-modules.

4.4.4 Our next aim is to indicate how K_,,(.A) fits into split exact sequences

0— Kin(Po(A) = Ki_n(Po(A)[z]) & (Po(A)[z"]))
— K1 _n(Po(A)[z,27Y]) = K_n,(A) — 0

in the spirit of ideas in (4.4)4.
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Definition 4.4.8 Define the polynomial extension A[z] of an additive cate-

gory A as the additive category having, for each object L of A, one object

Llz] = Z 2L and one morphism f = Z 2P fi. o L[z] — L'[z] for each col-
k=

k=
lection {fk € Homa(L,L") | k > 0} of morphzsms in A with {k > 0|f # 0}

finite.
We can regard the category Alz] as a subcategory of C1(A) with objects M

such that A(0)
L (ZM(0)if >0
M) = {0 ifj <0
One has the functor j : Alz] — Alz,271]; L[z] — L[z,27Y. One defines
the polynomial extension Az~ similarly with an inclusion j_ : Alz7'] —
Alz,27Y, L[z7Y] — L[z,271]. The inclusion functors define a commutative
square of additive functors:

4.4.5 Now, given a functor
F : {Additive categories} — Z-Mod,
define the functor
LF : {Additive categories} — Z
A— LF(A) (IIT)
by LF(A) = Coker(j,j-) : F(A[z]) & F(A[2']) = F(Alz,z71)).

Definition 4.4.9 Let A be an additive category. The lower K-groups of an
additive category A is defined by

K_n(A) = L"Ko(Po(A)) (n > 1) (1I)

Definition 4.4.10 Following H. Bass, (see (4.4)4), we now say that a func-
tor F : { Additive categories} — Z-Mod is contracted if the chain complex

0 — F(A) () F(A[z]) ® F(A[z~1]) V3 )F(A[z,z 1

has a natural chain contraction with q the natural projection.
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Proposition 4.4.1 [168] The functors

L"K; : {Additive categories} — Z-Mod
A— L"K;(A)

for n > 1 are contracted (L°K; = K1), we have a natural identification
L"K1(A) = K1-n(Po(A)) = K1(Cn(A)) = Ko(Pr-1(A)).

Definition 4.4.11 For n > 1, we define the n-fold Laurent polynomial ex-
tension of an additive category A as the additive category

AlZ"] = AZ"zn, 2, ]

n

= Alz, 27t 20,25 0 oz 2 Y
where A[Z] = Alz1, 2, ']

We could also view A[Z"] as the subcategory Cy(A) = Czx(A) with one
object M[Z"] for each object M in A graded by M[Z"|(j1,j2;---:Jm) =
211232 .. z)m M with Z"-equivariant morphism.

Theorem 4.4.8 [168] The torsion group of the n-fold Laurent polynomial
extension of A is such that up to natural isomorphism

K (A[Z"]) = an (Z‘) K1-i(Po(A)) @ 2 (znj (’;) zﬁll_i(A)>

=0 =1
where Nil,(A) = Coker (K, (A) — Nil,(A)) and Nil,(A) = K, Nil,(A).

Remarks 4.4.5 If A is a ring, and A = Bf (A), we recover the LF functors
defined on rings in (4.4)4, and the fundamental theorem of Lower K-theory
is that the functors Ki_, : (Rings) — Z-Mod :A — Ki_,(A) (n > 0) are
contracted with natural identification LK;_,(A4) = K_,(A).

4.5 Lower K-theory of grouprings of virtually infinite
cyclic groups

(4.5)4 Farrell - Jones isomorphism conjecture

4.5.1 The aim of this section is to discuss some applications of the Mayer -

Vietoris sequences obtained above for negative K-theory to the computation

of lower K-theory of some infinite groups. The motivation for the K-theory
(lower and higher) of virtually cyclic groups is the Farrell - Jones conjecture,
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which says essentially that the K-theory of group rings of any discrete group G
can be computed from the K-theory of virtually cyclic subgroups of G. How-
ever, we briefly introduce this conjecture in 4.5.1 below with the observation
that this conjecture will be fully discussed in chapter 14 together with Baum
- Connes conjectures as induction results under the umbrella of equivariant
homology theories.

4.5.2 Definition/Notations

(i) Let A be a ring with identity, o an automorphism of A, T = (t) an
infinite cyclic group generated by t, A,[T] the a-twisted Laurent se-
ries ring, i.e., Ay[t] = A[t] additively with multiplication defined by
(rt?) (st?) = ra=(s)t", r,s € A.

Let A,[t] be the subgroup of A,[T] generated by A and ¢, i.e., A,[t] is
the a-twisted polynomial ring.

(ii) For any n € Z, we shall write NK, (A, a) := Ker (Kn(Aa [f]) < Kn(A)>

where € is induced by the augmentation A,[t] — A. If « is the identity
automorphism, A, [t] = A[t], and we recover
NK,(A) :=Ker (K,(A[t]) — K,(A)).

(iii) Note that in our discussion of classical K-theory, we shall be concerned
with n < 1. Discussion of N K, for higher K-theory will be done in 7.5.
Definition 4.5.1 A discrete group V is called virtually cyclic if it contains a
cyclic subgroup of finite index, i.e., if V is finite or virtually infinite cyclic.
By [183] theorem 5.12; virtually infinite cyclic groups are of two types:

(1) V.= G x4 T is a semi-direct product where G is a finite group, o €
Aut(G), and the action of T is given by a(g) = tgt=! for all g € G.

(2) V is a non-trivial amalgam of finite groups and has the form V =
GO;IGI where [GO : H] =2= [Gl,H]
We denote by VCy the family of virtually cyclic subgroups of G.

4.5.1 Farrell - Jones isomorphism conjecture

Let G be a discrete group and F a family of subgroups of G closed under
conjugation and taking subgroups, e.g., VCly.

Let Orx(G) :={G/H | H € F}, R any ring with identity.

There exists a “Davis - Liick” functor

KR : Org(G) — Spectra (see [40] or chapter 14)
G/H — KR(G/H) = K(RH)
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where K(RH) is the K-theory spectrum such that m,(K(RH)) = K,(RH)
(see 5.2.2(ii)).
There exists a homology theory (see chapter 14 or [40])

H,(—,KR) : (GCWczes — Z — Mod
X — H,(X,KR).

Let Ex(G) be a G-CW-complex which is a model for the classifying space
of F.

Note that Ex(G) is homotopic to the one point space (i.e., contractible)
if He F and Ex(G)? =0 if H ¢ F and Ex(G) is unique up to homotopy.

There exists assembly map

Aprr :H, (Er(G),KR) — K, (RG) (see chapter 14).

The Farrell - Jones isomorphism conjecture says that Agvcy
H, (Evey(G),KR) ~ K,,(RG) is an isomorphism for all n € Z.

Remarks 4.5.1 (i) The Farrell - Jones (F/J) conjecture has been verified
for n <1 by A. Bartels, T. Farrell, L. Jones, and H. Reich (see [15]) for
any ring R where G is the fundamental group of a Riemann manifold
with strictly negative sectional curvature.

(ii) The F/J conjecture makes it desirable to study K-theory (higher and

lower) of virtually cyclic groups as possible building blocks for under-
standing K-theory of discrete groups.
Farrell and Jones studied lower K-theory of virtually infinite cyclic
groups in [55], while A. Kuku and G. Tang studied higher K-theory
of virtually infinite cyclic groups (see [125]). Their results are discussed
in 7.5.

(iii) The assembly maps are natural in the ring R and G. Hence there exists
a split cofibration of spectra over O, (G):

KR — KRJ[t] - NR where m,(NR) = NK,(RG).

Let NAg 7 : H, (Ex(G),NR) — NK,(RG) be the assembly map cor-
responding to the spectrum valued functor NR.

Proposition 4.5.1 [14] Assume that the assembly map Ag 7 is an isomor-
phism. Then Agp) 7 is an isomorphism iff NAg 7 is also an isomorphism.

Corollary 4.5.1 [14] Let R be the ring of integers in a number field F'.
Assume that Ag 7, Agpy 7 are isomorphism for n < 1. Then NK,(RG) =0
for n < —1.

PROOF  Sec [14]. I
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(4.5)% A preliminary result

4.5.3 The construction of Cartesian and co-Cartesian squares of rings lead-
ing to computations of K-theory (higher and lower) of V' will make use of the
following result proved in [123] by G. Tang and A. Kuku in this generality.
This result, proved in 7.5.9, is a generalization of an earlier result of T. Farrell
and L. Jones in [55] for R=7Z, A = ZG.

Theorem 4.5.1 [123] Let R be the ring of integers in a number field F,
A any R-order in a semi-simple F-algebra ¥. If « : A — A is an R-
automorphism, then there exists an R-order I' C ¥ such that

(1) ACX.
(2) T is a-invariant.

(3) T is a (right) regular ring. In fact, T is a (right) hereditary ring.

Remarks 4.5.2 Since any R-order is a Z-order, it follows that there exists
an integer s such that ¢ = sI' is both an ideal of A and T', and that we have

a Cartesian square A T that yields a long exact sequence of lower

Lo

K-groups, i.e., K, n < 1. In particular, if A = ZG, s = |G| fits the situation.

(4.5)¢ Lower K-theory for V =G x, T

In this subsection we briefly review some results on lower K-theory of V.

Theorem 4.5.2 Let R be the ring of integers in a number field F, V =
G x,T.
Then

(i) for alln < -1, K,(RV)=0.

(i) The inclusion RG — RV induces an epimorphism K_;(RG) —
K_1(RV). Hence K_1(RV) is a finitely generated Abelian group.

Remarks 4.5.3 The proof of 4.5.2 due to G. Tang and A. Kuku [123] is
given in 7.5 (i) and (ii) and constitutes a generalization of a similar result of
T. Farrell and L. Jones in [55] for ZV.
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Note that RV = (RG)4[T], and so, if |G| = s and we put ¢ = sI" in the
notation of 4.5.10, we have a Cartesian square

RV ——————=T,[T] (I

| l

(RG/q), [T] — (T/q),, [T]

(e

whose associated lower K-theory M — V sequence leads to required results
(see 7.5.12).

(4.5)” Lower K-theory for V = Gox G
4.5.4 Let J be a category defined as follows:
obJ ={R=(R,By,B1) | R aring, B; R-bimodules}.

A morphism (R, By, B1) — (S, Co,C1) is a triple (f, ¢o,p1) where f: R — S
is a unit preserving ring homomorphism and ¢; : B; g S — C; is an R — S-
bimodule homomorphism for ¢ = 0, 1.

The composite of (R, By, By) ") (8,Cy, Cv) and (8, Co, Cy) V22

(T, Do, D) is (R; Bo, B1) (of woleo@lr)n(er@in) (T, Do, D1).

If R=(R,By,B1) € J, f: R — S aring homomorphism, then f induces a
morphism in J : (f, o, ¥1) : (R, Bo, B1) — (5,S®r By ®r S,S ®r B1 ®r S)
wherefori = 0,1, p; : BiQrS — SQrB;®rS is defined by ¢;(b®s) = 1QbRs.
One checks easily that ¢g, @1 are R — S-bimodule homomorphism.

4.5.5 In the notations of 4.5.4, there exists a functor p : J — Rings defined
by

Tr (BigBo), Bi@rTr(BogB)

P(E) =R, =
Bo ¢ Tr (Bl %Bo) Tr(Bo ® By)

(IT)

where Tr(B1®rBy) and Tr(B1 ® g Byp) are tensor algebras, and multiplication
in R, is given by the matrix multiplication, and on each entry there exists
augmentation map € : R, — (5 9).

Define Nilgroup NK,(R,) by

NEKn(R,) := Ker (KH(RP) K, (18'* ]0%)) (1)

for all n € Z. At this point, we will focus on discussing NK,(R,) for n < 1.
Results on higher Nil groups will be discussed in 7.5. Our next aim is to
compare N K,(R,) with Waldhausen nil groups. First, we briefly discuss one
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important context in which the triples R = (R, By, B1) occur, i.e., in the
study of K-theory long exact sequences associated to co-Cartesian or pushout
squares of rings.

4.5.6 A pure inclusion 7 : R — A of rings is an inclusion 7 : R — A such
that there is a splitting A = 7(R) @& B as R-bimodules.

Now let
R—> Ay (I)

A ——
J1

be a co-Cartesian (pushout) diagram of rings where 7, 71 are pure inclusions.
In this case, A; = 7;(R) ® B; (1 = 0,1) and S contains the tensor algebras
Tr(Bo ®g B1) and Tr(B1 ®g Bp). The structure of (I) determines an object
E = (R, Bo,Bl) of ._7

Moreover, there is associated to such a co-Cartesian square (I) a long exact
sequence (see [224]) for alln € Z

- K (Ao) ® K(Ar) — Ko(S) = Kuo1(R) © NiL L (R) —
where Nil!” | (R) are the Waldhausen nil groups defined next (see 4.5.2).

Definition 4.5.2 Let R = (R,Bo,B1) as in 4.5.4. Define a category
Nl (R) as follows:

(P.Q:p.q) | P€P(R),Q € P(R)
obNil™ (R) = p:P—Q®r By
q:Q — P®r B

where p,q are R-homomorphisms such that there exist filtrations 0 = Py C
PPC--CP,=P,0=QoC Q1 C - CQn =P such that p(Pi11 C
Qi ®r Bo, ¢(Qi+1 C P, ®r Br.
So, the following compositions
PLQerBy Y PorB @By — -
QL P@rB "™ QorBo® B — -
vanish after a finite number of steps.
There exists a functor
F: NI (R) — P(R) x P(R)
(‘P? Q’p? q) - (P’ Q)
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Define Nil'V'(R) = Ker(K,(Nil(R) 5 K,.(P(R) x P(R)) for all n € Z
(see [224]).

The next result due to F. Connolly and M. Da Silva [36] gives a connection
between NK,(R,) and Nil!" | (R).

o~

Proposition 4.5.2 [36] There are natural isomorphisms NK,(R),)
NillV | (R) for n < 1.

Remarks. It will be of interest to find out if 4.5.2 holds for n > 1.
Here are some vanishing results for Waldhausen Nils. The first result 4.5.3
is due to F. Waldhausen [224].

Proposition 4.5.3 [224] Let R be a regular ring. Then for any triple R =
(R, By, B1) we have Nil'¥ (R) = 0 for all n € Z.

The next results 4.5.4 is due to F. Connolly and S. Passadis (see [93]).
Recall that a ring R is quasi-regular if it has a two-sided nilpotent ideal a
such that R/a is regular.

Proposition 4.5.4 [93] Let R be a quasi-regular ring. Then for any triple
R = (R, By, By) we have Nil!V (R) = 0 for all n. < —1.

4.5.7 (a) Now let V =Gy 5 G1 and consider G; — H as the right coset of
H in G different from H. Then the free Z-module Z[G; — H| with basis
G; — H is a ZH-bimodule that is isomorphic to ZH as a left ZH-module,

but the right action is twisted by an automorphism of ZH induced by an
automorphism of H. Then we have a triple (ZH,Z|Gy — H], Z|G; — H)).

(b) For «, automorphisms of a ring R, we now consider the triple R =
(R; R*, R®), which encodes the properties of ZH in (a).
For any automorphism «, let R* be an R — R bimodule, which is, R as
a left R-module but with right multiplication given by a - r = aa(r).

The following result 4.5.3, due to A. Kuku and G. Tang [123], expresses
R, = p(R) as a twisted polynomial ring, thus facilitating computations
of K,(R), NK,(R) when R = (R, R*, R®). This result is proved in 7.5.

Theorem 4.5.3 [123] For the triple R = (R; R®, RP), let R, := p(R), and

BB) 0 )

let v be a ring automorphism of (£ %) given by v: (&9) — ( 0 a(b)

Then there is a ring isomorphism pu: R, = (B ]03)7 [x].

Here are some consequences of 4.5.3, also due to Kuku/Tang (see [123]
or 7.5 for proofs).

Theorem 4.5.4 [123]
(i) Let R be a regular ring; then NK,(R; R, R®) =0 for alln € Z.
(i) If R is quasi-regular, then NK,(R; R*, R?) =0 for all n <O0.
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Note

Theorem 4.5.4 gives the N K,, version of propositions 4.5.4 and 4.5.5.
We also have the following consequence of theorems 4.5.3 and 4.5.4 due to
Kuku/Tang [123].

Theorem 4.5.5 [123] Let V = Go 5 G1, and [Go: H|=2=[G1: H|. Then
NK,(ZH,Z|Gy — H],Z|G1 — H]) =0 for n <0.

Remarks 4.5.4 (i) Let a discrete group G be an amalgamated free prod-
uct given by G = Gy * G1 where Gg, G, are discrete groups and H a

finitely generated central subgroup of Gy and G;. In [94], D. Juan-
Pineda and S. Prassidis proved that the negative Waldhausen Nil
groups that appear in the computations of K-theory of ZG vanish, i.e.,
NK,(ZH,Z|Gy — H],Z|G1 — H] = 0 for n < —1. They also proved that
if H= H'xT?* where H' is a finite group and 7" an infinite cyclic group,
then NKy(ZH,Z|Gy — H|,Z|G1 — H]) is |H'|-torsion.

(ii) The vanishing conjecture says that if G is a discrete group, then
K,(ZG) = 0 for n < —2. This conjecture has been proved for all
subgroups of cocompact discrete subgroups of Lie groups (see [15, 55]).
In [93] Pineda/Prassidis also show that if G, Gy are groups for which
the vanishing conjecture holds, and H is a finitely generated central
subgroup of G; (i = 0,1), then the group Go % G1 also satisfies the
vanishing conjecture.

(4.5)% Some Applications

4.5.8 One could interprete the negative K-groups in terms of bounded h-
cobordisms.

Let W be a manifold equipped with a surjective proper map py : W — R?,
i.e., W is parametrized over R®. Assume also that the fundamental group
71 (W) is bounded. Let Wi, W! be two manifolds parametrized over R®. A
map f,W — W1 is said to be bounded if {p' o f(z) — p(x)|zr € W} is a
bounded subset of R?.

A cobordism (W, M~, f~, M, f*) over M~ is a bounded cobordism if W
is parametrized over R*, and we have a decomposition of its boundary OW into
two closed (n — 1)-dimensional manifolds =W and W, two closed (n—1)-
dimensional manifolds M~ and M, and diffeomorphisms f~: M~ — 0~ W
and ft : Mt — OTW such that the parametrization for M¥* is given by
pw o fE. If we assume that the inclusions i* : 9*W — W are homotopy
equivalences, then there exist deformations r* : W x I — W (z,t) — rf_ (x)
such that r¥ = idw and r(W) C 9*W.

A bounded cobordism is called a bounded h-cobordism if the inclusion i+

are homotopy equivalences and, in addition, deformations can be chosen such
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that ST = {pw o7 (z) — pw o7 (x)|z € W,t € [0,1]} are bounded subsets
of R®. We now have the following theorem.

Theorem 4.5.6 [138] (Bounded h-cobordism theorem) Suppose that
M~ is parametrized over R® and satisfies dim M~ > 5. Let G be its fun-
damental group(oid). Then there is a bijective correspondence between equi-
valence classes of bounded h-cobordisms over M~ modulo bounded diffeomor-
phism relative to M~ and elements in k1_s(G) where

Wh(G) if s=0
w1-s(G) = { Ko(ZG) if s=1
Kl_S(ZG) Zf 822

4.5.9 Let M be a compact manifold and p : M x R® — R® the nat-
ural projection. The space P,(M : R¥) of bounded pseudo-isotopics is
the space of all self-homeomorphisms h : M x R®* x I — M x R® x [
such that when restricted to M x R® the map is h bounded (i.e., the set
{poh(y) —ply)ly € M x R® x I} is a bounded subset of R. There is a
stabilization map P,(M;R®) — P,(M x I,R®) and a stable bounded pseudo-

isotopy space Py(M;R®) = codim Py(M x I7;R?®), as well as a homotopy
J

equivalence Py(M;R®) — QP,(M;R*T!). Hence the sequence of spaces,
Py(M;R®) s =0,1,... is an Q-spectrum P (M) (see [138]).

One could also define in an analogous way the differentiable bounded
pseudo-isotopics Pbd T (M;R?) and an Q-spectrum P%/F (A1),
We now have the following.

Theorem 4.5.7 [138] Negative homotopy groups of pseudo-isotopies
Let G = m(M). Assume that ny and s are such that n+ s > 0. Then for
s > 1, we have isomorphisms

Wh(G) if n=-1
Tnas(Po(M;R®) = Ko(ZG) if n=-2

The result above also holds for P}’ T (M;R?).

Exercises

4.1 Given the Cartesian square (I) in 4.1.1, verify that there exists an exact
sequence

Kl(A) it Kl(Al)@Kl(Ag) @? Kl(A/) i KO(A) E) KQ(Al)@Ko(AQ) ﬁ—0> KO(A/)
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4.2 Given the Cartesian square (I) in 4.1.1 where A, Ay, A" are right Noethe-
rian rings such that A;, Ay, A’ are finitely generated A-modules, show that
the restriction homomorphisms A; — A’(i = 0,1) induce epimorphisms

Hence show that if B = [[ B; is a product of rings and A C B is a subring
that projects onto each B;, then the homomorphisms G;(B) = [[; Gi(B;) —
G;(A)(i =0,1) are surjective.

4.3 Let A be a ring with identity, a a two-sided ideal of A. The double of A

along g is the ring D defined by D = {(z,y) € A® Alz =y mod a}.
(i) Show that Ko(D) ~ K¢(A,a) where Ky(A, a) is defined as in 4.3.1.

(ii) Show that K1(D) ~ K;i(A,a) ® K;(A) where K1(A,a) is as defined in
exercise 3.1.

4.4 Let F be a functor Rings — Z-Mod, (T,T) an oriented cycle (see
definition 4.4.1), A a ring with identity, and seq F(A) the complex defined in
4.4.1. Show that Seq F(A) is exact iff 7,7 are both monomorphisms and

F(A) = Im(ry) N Im(r-).
4.5 Let A be a commutative ring and (7,7 ) an oriented cycle. Show that
Ko(A[TE]) = (1 4+ N)"Ko(4)

and
Ko(A[T"]) = (142N + L)"Ky(A)

4.6 Let G be a finite Abelian group. Show that
(a) Ko(Z|G xT"]) = (1+2N)"Ko(ZG) & nLKy(ZG)

(b) K1(Z[G x T")) = (14 2N)"K(ZG) & nKo(ZG) & "D LK (ZG).

4.7 In the notation of 4.4.2, let 0 - FF — G — H — 0 be a short exact
sequence of functors from A(R,S) to Z-Mod. Suppose that F' and H are
contracted functors on the category of R-algebras. Show that there is a short
exact sequence 0 — LF — LG — LH — 0 (where LF and LH are contracted
functors on the category of R-algebras) and G is acyclic. (Note that a functor
F : A(R,S) — Z-Mod is acyclic if the complex 0 — F(A) — F(A[t]) &
F(A[t™1]) — F(A[t,t71]) — LF(A) — 0 is exact for all objects A of A(R, S),
and F is said to be contracted if also the projection F(A[t,t!]) — LF(A)
has natural splitting.)
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Chapter 5

Higher Algebraic K-theory —
definitions, constructions, and
relevant examples

In this chapter, we review mostly without proofs some basic definitions and
constructions for Higher K-theory. There are already several books in which
proofs can be found. See, for example, [25, 88, 198]. However, we give copious
examples to illustrate the definitions, constructions, and results.

5.1 The plus construction and higher K-theory of rings
(5.1)* The plus construction

This construction, which leads to a definition of higher K-groups for rings,
is due to D. Quillen. We shall, in 5.2, identify this construction as a special
case of a categorical construction also due to Quillen.

The definition of K, (A), A any ring with identity, will make use of the
following results.

Theorem 5.1.1 [88, 198] Let X be a connected CW -complex, N a perfect
normal subgroup of w1 (X). Then there exists a CW -compler X (depending
on N) and a map i : X — XT such that

(1) iy : T (X) — m (X T) is the quotient map w1 (X) — m (X T)/N.

(ii) For any w1 (X T)/N-module L, there is an ismorphism i, : H(X,i*L) —
H.(X™T,L) where i*L is L considered as a m1(X)-module.

(i1i) The space Xt is universal in the sense that if Y is any CW -complex and
f:X =Y is a map such that fi : m(X) — m(Y) satisfies f.(N) =0,
then there exists a unique map f+: Xt — Y such that fTi = f.

87
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5.1.1 Some properties of the plus construction

Let X, Y be connected CW-complexes and N, N’ perfect normal subgroups
of m(X) and 71 (Y"), respectively. Then

(a) The map (X xY)T — X T x Y is a homotopy equivalence.

(b) If f: X — Y is a continuous map such that 71 (f)(IN) = N and m (X)
is perfect with 71 (X) = N, then the amalgamated sum Z = X* Ux Y
is homotopy equivalent to Y.

(c) If X is the covering space of X that corresponds to the subgroup N,
then X is up to homotopy the universal covering space of X .

(For the proof of the statements above see [88].)

Definition 5.1.1 Let A be a ring, X = BGL(A) in theorem 5.1.1. Then
m BGL(A) = GL(A) contains E(A) as a perfect normal subgroup. Hence, by
theorem 5.1.1, there exists a space BGL(A)Y. Define K, (A) = mp(BGL(A)™)
(see (5.2)4 for a discussion of classifying spaces).

Examples/Remarks 5.1.1 For n = 0,1,2, K,,(A) as in definition 5.1.1
above can be identified respectively with classical K, (A).

(i) T1(BGL(A)*) = GL(A)/E(4) = K (A).

(ii) Note that BE(A)™ is the universal covering space of BGL(A)T, and so,
we have

mo(BGL(A)Y) ~ mo(BE(A)T) ~ Hy(BE(A)*) = Hy(BE(A))
> Hy(E(A)) ~ Ka(A).

(i) K3(A) = H3(St(A)). For proof see [58].

(iv) If A is a finite ring, then K, (A) is finite — (see (7.1.12) or [112]).

(v) For a finite field Fy, K2, (F,) = 0, Kop—1(Fy) = Z/(¢g"™ — 1) (see [162]).
In later chapters, we shall come across many computations of K, (A) for
various rings, especially for orders and grouprings.

5.1.2 Hurewitz maps

The Hurewitz maps are very valuable for computations.
For any ring A with identity, there exists Hurewitz maps:

(i) hp: Kp(A) = mp(BGL(A)Y) — H,(BGL(A)Y,Z) ~ H,(GL(A),Z) for
all n > 1.
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(ii) hy : Kn(A) = m(BE(A)T) — H,(BE(A)™,Z) ~ H,(E(A),Z) for all
n > 2.

(iii) Ay Kp(A) = 7, (BSt(A)Y) — H,(BSt(A)*T,Z) = H,(St(A),Z) for all
n > 3.
Note that BGL(A)" is connected, BE(A)" is simply connected (i.e., one-
connected), and BSt(A)T is 2-connected.
For a comprehensive discussion of Hurewitz maps see [7].

5.1.3 Products

Let R, R’ be two rings; R®zR := R ® R'. Then the tensor product of
matrices induce GL,(R) X GL,(R') — GLyyn(R ® R’) and hence the map
nl R BGL(R)* x BGL,(R')* — BGLy, (R ® R')*, which can be shown
to yield a map v®% . BGL(R)* x BGL(R')* — BGL(R ® R') (see [136].
Now 4™ is homotopic to the trivial map on BGL(R)" vV BGL(R')* and
hence induces a map 4% : BGL(R)* ABGL(R')" — BGL(R®R')*. 471
is natural in R, R’ bilinear, associative and commutative up to weak homotopy
(see [136]).

Now define the product map

* 1 KZ(R) X KJ(RI) — Ki+j(R® RI)
as follows. Let o : S* — BGL(R)", 8: 57 — BGL(R')" be representatives
of z € K;(R), y € K;(R'), respectively. Then

S . o ~R,R’
wry= |8t ~SiAS Y BGL(R)* A BGL(R)*t - BGL(R® R)*|.

The product ‘*’ is natural in R, R’, bilinear and associative for all 4,7 > 1.
Hence we have a product * : K;(R) ® K;(R') — K;+;(R® R').

Now put R = R'. If R is commutative, then the ring homomorphism
vV :R®R — R, y(a®b) = ab induces a ring structure on K,(R), i.e.,
x: Ki(R)® Kj(R) > K1 j(R® R) Ys i+j(R). If R is a commutative ring,
then for all z € K;(R), y € K;(R), i,j > 1 we have

rxy = (—1)yxm
Note that the above construction of products is due to J. Loday (see [136]).

5.1.4 KM-Milnor K-theory

Let A be a commutative ring with identity and T'(A*) the tensor algebra
over Z where A* is the Abelian group of invertible elements of A. For any
x € A*—{1}, the elements x® (1 —x) and x® (—x) generate a 2-sided ideal I of
T(A*). The quotient T'(A*)/I is a graded Abelian group whose component in
degree 0, 1, 2 are, respectively, Z, A* and K3!(A) where KJ!(A) is the classical
Ks-group (see 3.3).
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5.1.5 Connections with Quillen K-theory
(i) As remarked above, KM(A) = K&(A) for n < 2.

(ii) First observe that there is a well-defined product K& (A) x K¢ (A) —
K,?Hn(A), due to J. Loday (see 5.1.3 on page 89). Now, there exists a
map ¢ : KM(A) — K@(A) constructed as follows: we use the isomor-

phism K7 (A) ~ A* to embed A* in K7(A) and use the product in Quillen
K-theory to define inductively a map (4*)" — K;(A)" — K,,(A), which
factors through the exterior power A™ A* over Z, and hence through the
Milnor K-groups KM (A), yielding the map ¢ : KM(A) — K,,(A).

If F is a field, we have the following more precise result due to A. Suslin.

Theorem 5.1.2 [201] The kernel of ¢ : KM(F) — K,,(F) is annihilated by
(n—1).

5.1.6 K' v-K-theory of Karoubi and Villamayor

Let R(An) = R[to, tl, N ,tn]/(z ti — 1) >~ R[tl, N ,tn]. Applylng the
functor GL to R(A™) yields a simplicial group GL(R(A*)).

Definition 5.1.2 Let R be a ring with identity. Define the Karoubi - Vil-
lamayor K-groups by KF~V(R) = m,_1(GL(R[A*]) = 7,(BGL(R[A*]) for
all n > 1. Note that mo(GL(R[A*]) is the quotient GL(R)/uni(R) of K1(R)
where Uni(R) is the subgroup of GL(R) generated by unipotent matrices, i.e.,
matrices of the form 1+ N for some nilpotent matriz N.

Theorem 5.1.3 [58]

(i) For p > 1, ¢ > 0, there is a spectral sequence E}, = K,(R[AY]) =
K '(R).

p+q

(i) If R is regular, then the spectral sequence in (i) above degenerates and

K.(R) = KF~"(R) for all n > 1.

Definition 5.1.3 A functor F : Rings — Z-Mod (Chain complezxes, etc.)
is said to be homotopy invariant if for any ring R, the natural map R —
R[t] induces an isomorphism F(R) ~ F(R[t]). Note that if F is homotopy
invariant, then the simplicial object F(R[A*]) is constant.

Theorem 5.1.4 The functors KF=? : Rings — Z-Mod is homotopy invari-
ant, i.e., KFY(R) =2 KE=V(R[t]) for alln > 1.

Note. In view of 5.1.13, K*~V is also denoted K" (h for homotopy) since it
is a homotopy functor.
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5.2 Classifying spaces and higher K-theory of exact cat-
egories — Constructions and examples

(5.2.)# Simplicial objects and classifying spaces

Definition 5.2.1 Let A be a category defined as follows: ob(A) = ordered
setsn={0<1<---<n}. The set Homa(m,n) of morphisms from m to n
consists of maps [ :m — n such that f(i) < f(j) fori < j.

Let A be any category. A simplicial object in A is a contravariant functor
X : A — A where we write X,, for X (n). Thus, a simplicial set (resp. group;
resp. ring; resp. space, etc.) is a simplicial object in the category of sets (resp.
group; resp. ring; resp. space, etc). A co-simplicial object is covariant functor
X:A— A

Equivalently, one could define a simplicial object in a category A as a set of
objects X, (n > 0) in A and a set of morphisms §; : X,, — X,,—1(0 <1i <n)
called face maps as well as a set of morphisms s; : X,, —» X,41(0 < j <n)
called degeneracy maps satisfying “simplicial identities” (see [238], p. 256).
We shall denote the category of simplicial sets by S sets.

Definition 5.2.2 The geometric n-simplex is the topological space
A" = {(xo,xl,...,xn) € R"+1|0 <z; <1Vi and le = 1}.
The functor A:A— spaces given by n — A" is a co-simplicial space.

Definition 5.2.3 Let X, be a simplicial set. The geometric realization of
X, written | X, |is defined by |X.| == X xa A = Up>0(X, x A,)/ ~ where
the equivalence relation ‘~’ is generated by (x,d.(y)) =~ (¢*(x),y) for any
€ Xn, Yy €Y, and ¢ : m — n in A and where X, X An s given the product
topology and X, is considered a discrete space.

Examples/Remarks 5.2.1 (i) Let T be a topological space, Sing,T=
{Sing, T} where Sing,7 = {continuous mapsA”™ — T}. A map
f : n — m determines a linear map A" — A™ and hence induces a
map f : Sing,, T — Sing,T. So Sing,T : A — sets is a simplicial set.
Call Sing,T a Kan complex.

(ii) For any simplicial set X, |X,| is a CW-complex with X,, in one-one
correspondence with n-cells in | X,|.

(iii) For any simplicial sets X, Yi, | X.| ¥ |Yi| & | X« X Yi| where the product
is such that (X, x Yy), = X,, x Y,,.
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Definition 5.2.4 Let A be a small category. The Nerve of A, written N A,
1s the simplicial set whose n-simplices are diagrams

An:{AOLAl_,...LAn}

where the A; are A-objects and the f; are A-morphisms. The classifying space
of A is defined as [N A| and is denoted by BA.

5.2.1 Properties of BA

(i)

(i)

(iii)

(iv)

(v)

BA is a CW-complex whose n-cells are in one-one correspondence with
the diagrams A,, above. (See 5.2.4(ii)).

From Examples/Remarks 5.2.1(iii), we have, for small categories C, D(I)
B(C x D) ~ BC x BD where BC x BD is given the compactly generated
topology (see [88, 198]). In particular we have the homeomorphism (I)
if either BC or BD is locally compact (see [198]).

Let F, G be functors, C — D (C, D small categories). A natural trans-
formation of functors n : F¥ — G induces a homotopy BC x I — BD
from BC to BD (see [165, 198]).

If F' : C — D has aleft or right adjoint, then F' is a homotopy equivalence
(see [165, 198]).

If C is a category with initial or final object, then BC is contractible
(see [165, 198]).

Examples 5.2.1 (i) A discrete group G can be regarded as a category

with one object G whose morphisms can be identified with the elements
of G.

The nerve of G, written N, G, is defined as follows: —N,,(G) = G™, with
face maps d; given by:

(g2,---,9n) i=0
6i(gla"'7gn): (glv"'vgigi+17"'7gn) 1§’L<TL*1
(g1,---,9n) i=n—1

and degeneracies s; given by

3i(917927"'7gn) = (917"'7gi717.g’i+17"'7g7l)'

The classifying space BG of G is defined as | N, (G)| and it is a connected
CW-complex characterized up to homotopy type by the property that
m(BG, ) = G and 7,(BG,*) = 0 for all n > 0 where * is some base
point of BG. Note that BG has a universal covering space usually
denoted by EG. (See [135]).
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Note that the term classifying space of G comes from the theory of fiber
bundles. So, if X is a finite cell complex, the set [X, BG| of homotopy
classes of maps X — BG gives a complete classification of the fiber
bundles over X with structure group G.

(ii) Let G be a topological group (possibly discrete) and X a topological G-
space. The translation category X of X is defined as follows: —ob(X) =
elements of X; Homx (z,2') = {g € Glgz = 2'}. Then the nerve of X is
the simplicial space equal to G™ x X in dimension n. BX = |Nerve ofX|
is the Borel space EGxgX (see [135]).

(iii) Let C be a small category, F' : C — Sets a functor, Cr a category defined
as follows
obCr = {(C,xz)|C € obC, x € F(C)}.

A morphism from (C, z) to (C’,z’) is a morphism f : C — C’ such that
felx) =2,

The homotopy colimit of F' is defined as hocolim F' := BCp. This construc-
tion is also called the Bousfield - Kan construction. If the functor F' is trivial,
we have BCp = BC (see [135]).

(5.2)% Higher K-theory of exact categories - definitions and
examples

In 1.4, we discussed Ky of exact categories C, providing copious examples.
In this section, we define K,(C) for all n > 0 with the observation that
this definition generalizes to higher dimensions the earlier ones at the zero-
dimensional level.

Definition 5.2.5 Recall from 1.4 that an exact category is a small additive
category C (which is embeddable as a full subcategory of an Abelian category A)

together with a family £ of short exzact sequences 0 — C’ Lelor - 0(I)
such that £ is the class of sequences, (I) is C that are exact in A, and C is

closed under extensions (i.e., for any exact sequence 0 — C’ ScLor— 0)
in A with C',C" in C, we have C € C.

In the exact sequence (I) above, we shall refer to i as inflation or admissible
monomorphism, j as a deflation or admissible epimorphism; and to the pair
(i,4) as a conflation.

Let C be an exact category. We form a new category QC whose objects
are the same as objects of C such that for any two objects M, P € ob(QC), a

morphism from M to P is an isomorphism class of diagrams M INSp
where © is an admissible monomorphism and j is an admissible epimorphism

in C, that is, © and j are part of some exact sequences 0 — N PP —0

and 0 — N' = N % M — 0, respectively.
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Composition of arrows M « N ~— P and P « R — T is defined by the
following diagram, which yields an arrow

M« NxpT—T

in QC
M
1
N — P

i i

NxpT — R—T

Definition 5.2.6 For alln > 0, define

K’n«(c) = 7-‘-714’1(BQC’7 0)7

see [165].

Examples 5.2.2 (i) For any ring A with identity, the category P(A) of

(iii)

finitely generated projective modules over A is exact and we shall write
K, (A) for K,(P(A)).

Note that for all n > 1, K,,(A) coincides with the groups m, (BGL(A)™")
defined in 5.1.3.

Let A be a left Noetherian ring. Then M(A), the category of finite-
ly generated (left)-A modules, is an exact category, and we denote
K, (M(A)) by G,(A). The inclusion functor P(A) — M(A) induces
a homomorphism K, (A) — G,(A).

If A is regular, then K,(A4) ~ G,(A) (see Remarks and Examples
6.1.1(i)).

Let X be a scheme (see [79]), P(X) the category of locally free sheaves of
Ox-modules of finite rank (or equivalent category of finite dimensional
(algebraic) vector bundles on X.) Then P(X) is an exact category and

we write K, (X) for K,(P(X)) (see [164, 165]).

If X = Spec(A) for some commutative ring A, then we have an equiva-
lence of categories:

P(X)—P(A): E—-T(X,E)={A— modules of global sections}
with inverse equivalence P(A) — P(X) given by
P—P:U—Ox(U)®a4 P.

So,
K,(A) ~ K,(X).



(iv)

(vi)

(vii)

(viii)

(ix)
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If X is a Noetherian scheme, then the category M(X) of coherent
sheaves of Ox-modules is exact. We write G, (X) for K,(M(X)). If
X = Spec(A), then we have an equivalence of categories M (X) ~ M(A)
and G, (X) ~ G, (A) (see [165]).

Let R be a commutative ring with identity, A an R-algebra finitely
generated as an R-module, Pr(A) the category of left A-lattices. Then
Pr(A) is an exact category and we write G, (R, A) for K, (Pr(A)). If
A = RG, G a finite group, write G, (R, Q) for G,(R,RG). If R is
regular, then G, (R, A) = G (A) (see [106]).

Let G be a finite group, S a G-set, S the translation category of S
(or category associated to S) (see 1.1.5). Then, the category [S,C] of
functors from S to an exact category C is also an exact category. We
denote by K%(S,C) the Abelian group K, ([S,C]). As we shall see later,
K&(—,C) : GSet — Abis a ‘Mackey’ functor, for all n > 0 (see theorem
10.1.2).

If S = G/G and Cg denotes the category of representations of G in C,
then [G/G,C] = Cg. In particular, [G/G,P(R)] = P(R)c ~ Pr(RG),
and so, K¢[G/G,P(R)] ~ K,(P(R)q) ~ Gn(RG) if R is regular. As
explained in Example 1.4.1(vi), when R = C, Ko(P(C)g) = Go(C,G) =
Go(CG) = Abelian group of characters x : G — C.

We shall discuss relative generalizations of this in chapter 10.

Let X be a compact topological space, F' = R or C. Then the category
VBr(X) of vector bundles of X is an exact category and we can write
K. (VBr(X)) as K(X).

Let X be an H-space; m,n positive integers; M an n-dimensional
mod—m Moore space, that is, the space obtained form S™~! by attach-
ing an n—cell via a map of degree m (see [30, 158]). Write 7, (X, Z/m)
for [M],X], the set of homotopy classes of maps from M) to X.
If X = BQC where C is an exact category, write K, (C,Z/m) for
Tn+1(BQC,Z/m), n > 1, and call this group the mod-m higher K-
theory of C. This theory is well-defined for C = P(A) where A is any
ring with identity and we write K, (A, Z/m) for K,,(P(A),Z/m). If X is
a scheme, write K, (X, Z/m) for K,,(M(A),Z/m), while for a Noetheri-
an scheme X we shall write G,,(X,Z/m) for K,(M(X),Z/m). For the
applications, it is usual to consider m = [®* where [ is a prime and s a
positive integer (see chapter 8).

Let G be a discrete Abelian group, M™(G) the space with only one
non-zero reduced integral cohomology group H™(M™(G)). Suppose that
H"(M™(@Q)) = G. If we write m,(X, @) for [M™(G), X], and we put
G = Z/m, we recover (viii) above since M. = M™(Z/m). If G = Z,
then M™(Z) = S™, and so, m,(X,Z) = [S™, X| = m,(X).
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(x) With notations as in (ix), let M;"*" = lim M;'™. For all n > 0, we shall

denote [M:X', BC] (C an exact category) by K2'(C,Z;) and call this
group the profinite (higher) K-theory of C. By way of notation, we shall
write KP"(A,Z;) if P = M(A), A any ring with identity; GE"(A, Z;) if
C = M(A), A any Noetherian ring; K?"(X, Z;) if C = P(X), X any
scheme; and GE™(X, Z;) if C = M(X), X a Noetherian scheme. For a
comprehensive study of these constructions and applications especially
to orders and groupings, see chapter 8.

(5.2)¢ K-groups as homotopy groups of spectra

5.2.1 The importance of spectra for this book has to do with the fact that
higher K-groups are often expressed as homotopy groups of spectra E = {E;}
whose spaces E; ~ QFE;,;, (for k large) are infinite loop spaces. (It is usual
to take ¢ = 0) and consider Fy as an infinite loop space.) Also, to each
spectrum can be associated a generalized cohomology theory and vice-versa.
Hence, Algebraic K-theory can always be endowed with the structure of a
generalized cohomology theory. We shall come across these notions copiously
later.

Definition 5.2.7 A spectrum E = {E;} for i € Z is a sequence of based
space E,, and based homeomorphisms E; ~ QF;11(I). If we regard E; =0 for
negative i, call E a connective spectrum.

Amap f: E = {E;} — {F;} = F of spectra is a sequence of based
continuous maps strictly compatible with the given homeomorphism (I). The
spectra form a category, which we shall denote by Spectra.

From the adjunction isomorphism [EX,Y] = [X, QY] for spaces X,Y, we
have 7, (QE;) = m,11(E1), and so, we can define the homotopy group of a
connective spectrum E as m,(E) = m,(Ey) = mp41(F1) = .. = Ty (Ey) =

5.2.2 Each spectrum E = {E,} gives rise to an extraordinary cohomology
theory E™ in such a way that if X is a space obtained from X by adjoining a
base point, E™(X) = [X4, E,,] and conversely. This cohomology theory is also
denoted by H™(X, E). One can also associate to E a homology theory defined
by E,(X) = limg— 400 Ttk (Er A X4 ), which is also denoted H, (X, E).

Let Xy = (X, 2), Y, = (Y, y) be two pointed spaces. Recall that the smash
product is defined by

XANY =XxY/({z} xYUX x{y}).

Now, if E is a spectrum and X a pointed space, we define a smash product
spectrum X A E by (X AE), = X AN E,.
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Recall also that for a pointed space X, the reduced cone

cone(X) := X x [0,1)/(X x {1}) U {z} x [0,1].

If A is a subspace of X, then the spectrum E defines a homology theory

H,(X,AF) =7, (X4 U cone(Ay) /\E)
At

We shall use these ideas when we discuss equivariant homology theories in
Chapter 14.

Examples 5.2.3 (i) Eilenberg - Maclane Spectrum

Let Es = K(A, s) where each K(4,s) is an Eilenberg - Maclane space
(where A is an Abelian group and 7, (K (A4, s)) = d,5(A). By adjunction
isomorphism, we have K(A,n) ~ QK (A,n+ 1), and get the Eilenberg -
Maclane spectrum whose associated cohomology theory is ordinary co-
homology with coefficients in A, otherwise defined by means of singular
chain complexes.

The suspension spectrum

Let X be a based space. The n'" space of the suspension spec-
trum X is Q°X>°(3" X) and the homotopy groups m,(X*°X) =
limy oo Tk (ZFX). When X = S9 we obtain the sphere spectrum
$°°(89%) and 7, (2°°(S°)) = limg 00 7% (S*), called the stable n-stem
and denoted by 72

o
Note that there is an adjoint pair (3°°,2°°) of functors between spaces
and spectra and we can write X°X = {X, ¥ X, %2X,...}. Also, if E is an
Q-spectrum, Q°°F is an infinite loop space (indeed, every infinite loop
space is the initial space of an 2-spectrum), and 7, (E) = [E*°S", E] =
T (Q®E).

5.2.2 Higher K-groups as homotopy groups of spectra

(i)

We now have another way of defining K, (C) when C is an exact category.
We could also obtain K, (C) via spectra. For example, we could take
the Q-spectrum (see 1.2) BQC = {Q2BQC, BQC, BQ*C,...} where QC
is the multi-category defined in [225] and 7, (BQC) = K, (C).

Let R be any ring with identity. The suspension X R of R is defined as
YR =Y7Z®z R, where X7 = CZ/JZ; where CZ, the cone of Z, is the set
of infinite matrices with integral coefficients having only a finite number
of nontrivial elements in each row and column; JZ is the ideal of CZ
consisting of all entries having only finitely many nontrivial coefficients.

Note that K, (R) & K, +1(XR) for alln > 0/.
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The K-theory spectrum of R is the Q-spectrum K, whose nth space is
(Kp)n = Ko(X"R) x BGL(X"R)* for all n > 0 and K;(R) ~~ m;(Kp)
for all 4 > 0.

We shall sometimes write K(R) or K(R) for K.

For any C'W-complex X, let X (n) be the n*" connected cover of X, that
is, the fiber of the n'" Postinikov section X — X[n] of X (see [7]). So,
X (n) is n-connected and 7;(X (n)) ~ m;(X) for all i > n.

Now, for any ring R, the zero-connected K-theory spectrum of R is the
Q-spectrum X ;, whose n'* space is (Xp)n = BGL(>." R)*(n) for all
n > 0. Then, for all integers i > 1, K;(R) ~ m;(Xp).

5.3

Higher K-theory of symmetric monoidal categories
— definitions and examples

5.3.1 A symmetric monoidal category is a category S equipped with a func-
tor L: § xS — S and a distinguished object 0 such that L is coherently
associative and commutative in the sense of Maclane (that is, satisfying prop-
erties and diagrams in definition 1.3.1). Note that BS is an H-space (see [62]).

Examples 5.3.1 (i) Let (Iso S) denote the subcategory of isomorphism-

s in &, that is, ob(Iso S) = 0bS; morphisms are isomorphisms in S.
7o(Iso S)= set of isomorphism classes of objects of S. Then §%°¢ :=
mo(Iso S) is monoid.

Iso(S8) is equivalent to the disjoint union [ Auts(S), and B(Iso S) is
homotopy equivalent to [[ B(Auts(S)), S € S*.

If S = FSet in (1), Autpse:(S) ~ ), (symmetric group of degree n).
Iso(FSet) is equivalent to the disjoint union [[X,. B(Iso(FSet)) is
homotopy equivalent to [[B)", .

B(IsoP(R)) is equivalent to disjoint union [[ B Aut(P) P € P(R).

Let F(R) = category of finitely generated free R-modules (Iso F(R)) =
[IGL.(R), and B(Iso (F(R))) is equivalent to disjoint union
11 BGL,(R). If R satisfies the invariant basis property, then I'so(F(R))
is a full subcategory of Iso(P(R)), and Iso(F(R)) is cofinal in
Iso(P(R)).

5.3.2 Suppose that every map in S is an isomorphism and every translation

S L:

Auts(T) — Auts(S L T) is an injection. We now define a category

8718 such that K(S) = B(S71S8) is a ‘group completion’ of BS.
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Recall that a group completion of a homotopy commutative and homotopy
associative H-space X is an H-space Y together with an H-space map X — Y
such that m(Y) is the group completion of (that is, the Grothendieck group
associated to) the monoid my(X) (see 1.2.1), and the homology ring H, (Y, R)
is isomorphic to the localization mo(X) ' H.(X, R) of H.(X, R).

Definition 5.3.1 Define S™'S as follows:
ob(S§71S) = {(S,T)|5,T € 0bS}.

equivalence classes of composites

(f.9)

-1 S aT ’ S/aTl/ = ’ ’
mors 1s((S1. 1), (51, T1) {(Shﬂ)%(swhﬂﬂ) 19 (s 7).

(i) The composite

f.9) ,
(51,1) % (5 L 51,5 LT 7 ((5),79)
is said to be equivalent to

ror

S, 1) (LS, L)Y (s, 1))

if there exists is an isomorphism o : S =T in S such that composition
with o L S1, a LTy send [’ and ¢’ to f.

(i1) Since we have assumed that every translation is an injection in 5.5.2, it
means that S™'S determines its objects up to unique isomorphism.

(iii) 8718 is a symmetric monoidal category with (S,T) L (S',T") = (S L
S'.T 1L T, and the functor S — S71S : S — (0,9) is monoidal.
Hence, B(S™18) is an H-space (see [62]).

(iv) BS — B(S71S8) is an H-space map and mo(S) — w0 (S™1S) is a map
of Abelian monoids.

(v) T0(S71S) is an Abelian group.

Examples 5.3.2 (i) If S = [[GL,(R) = IsoF(R), then B(S71S) is a
group completion of BS and B(S~1S) is homotopy equivalent to Z x
BGL(R)*. See [62] for a proof. See theorem 5.3.1 for a more general
formulation of this.

(i) For 8 = IsoFSet, BS™1S is homotopy equivalent to Z x B Z+ where
Y is the infinite symmetric group (see [62]).

Definition 5.3.2 Let S be a symmetric monoidal category in which every
morphism is an isomorphism. Define K-(S) = m,(B(S~1S)). Note that
Ky as defined above coincides with Kg-(S) as defined in 1.3.1. This is be-
cause Kg-(S) = mo(B(S™LS)) is the group completion of the Abelian monoid
70(S) = S*°. For a proof, see [62].
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Remarks 5.3.1 Suppose that S is a symmetric monoidal category, which
has a countable sequence of objects S1, Se, ..., such that S,,4; = S, L T}, for
some T, € § and satisfying the cofinality condition; that is, for every S € S,
there exists an S’ and an n such that S 1 S’ = G,. If this situation arises,
then we can form Aut(S) = colim, o Auts(Sp).

Theorem 5.3.1 [62] Suppose that S = Iso(S) is a symmetric monoidal cat-
egory whose translations are injections, and that the conditions of Remarks
5.3.1 are satisfied so that the group Aut(S) exists. Then the commutator sub-
group E of Aut(S) is a perfect normal subgroup; Ki(S) = Aut(S)/E, and
B Aut(S)* is the connected component of the identity in the group completion
of B(§71S). Hence, B(S71S) = K(S)x BAut(S)*.

Example 5.3.1 Let R be a commutative ring with identity. We saw in
1.3.4(viii) that (S = Pic(R),®) is a symmetric monoidal category. S-
ince mo(S) is a group, S and S!S are homotopy equivalent (see [62]).
Hence, we get KoPic(R) = Pic(R), K1(Pic(R)) = U(R), units of R, and
K, (Pic(R)) = 0 for all n > 2 (see [240]).

5.4 Higher K-theory of Waldhausen categories — defini-
tions and examples

Definition 5.4.1 A category with cofibrations is a category C with zero ob-
ject together with a subcategory co(C) whose morphisms are called cofibrations
written A — B and satisfying axioms

(C1) Ewery isomorphism in C is a cofibration.

(C2) If A — B is a cofibration, and A — C' a C-map, then the pushout BUoC

exists in C.
A— B
! !
C— BuUyC

e Hence, coproducts exist in C, and each cofibration A ~— B has a

cokernel C = B/A.
e Call A— B — B/A a cofibration sequence.

(C3) For any object A, the unique map 0 — A is a cofibration.
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Definition 5.4.2 A Waldhausen category (or W-category for short) C is a
category with coftbrations together with a subcategory w(C) of weak equiva-
lences (w.e. for short) containing all isomorphisms and satisfying the Gluing
axiom for weak equivalences: For any commutative diagram

C — A — B
(RS P A
C/ — A/ — B/

in which the vertical maps are weak equivalences and the two right horizontal
maps are cofibrations, the induced map B Uy C — B’ Uy C' is also a weak
equivalence.

We shall sometimes denote C by (C,w).

Definition 5.4.3 A Waldhausen subcategory A of a W -category C is a sub-
category which is also W -category such that

(a) The inclusion A C C is an exact functor.

(b) The cofibrations in A are the maps in A which are cofibrations in C and
whose kernel lies in A.

(¢) The weak equivalences in A are the weak equivalences of C that lie in A.

Definition 5.4.4 A W-category C is said to be saturated if whenever (f,g)
are composable maps and fg is a w.e. Then f is a w.e. if and only if g is

e The cofibrations sequences in a W-category C form a category £. Note
that ob(€) consists of cofibrations sequences £ : A — B — C'in C. A
morphism F — E': A’ — B’ — C’ in € is a commutative diagram (I)

A— B —»C

! ! !
A — B — C'

To make £ a W-category, we define a morphism £ — E’ in £ to be a
cofibration if A — A’, C — C’, and A’ Uy B — B’ are cofibrations in C, while
E — FE’is a w.e. if its component maps A — A’, B — B’, and C — C’ are
w.e. in C.

5.4.1 Extension axiom A W-category C is said to satisfy extension axiom
if for any morphism f : £ — E’ as in 5.4.4., maps A — A’, C — (', being
w.e. in C, implies that B — B’ is also a w.e.

Examples 5.4.1 (i) Any exact category C is a W-category where cofibra-
tions are the admissible monomorphisms and w.e. are isomorphisms.
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(ii) If C is any exact category, then the category Chy(C) of bounded chain
complexes in C is a W-category where w.e. are quasi-isomorphisms (that
is, isomorphisms on homology), and a chain map A. — B. is a cofibration
if each A; — B; is a cofibration (admissible monomorphisms) in C.

(iii) Let C be the category of finite, based CW-complexes. Then C is a W-
category where cofibrations are cellular inclusion and w.e. are homotopy
equivalences.

(iv) If C is a W-category, define K(C) as the Abelian group generated by
objects of C with relations

(i) A~B = [A]=[B].
(i) A— B C = [B] = [4] +C].

Note that this definition agrees with the earlier K¢(C) given in 1.4.2 for
an exact category.

5.4.2 In order to define the K-theory space K(C) such that 7, (K(C)) =
K, (C) for a W-category C, we construct a simplicial W-category S.C, where
S, C is the category whose objects A. are sequences of n cofibrations in C, that
is,

A :0=Ay— Ay — Ay — ... — A,
together with a choice of every subquotient A; ; = A;/A; in such a way that
we have a commutative diagram

Anfl,n
i
i

A23>—>...>—> Agn
1 1
Apg = Az = ..o Agy

(I f

Ayl — Ay — Az — ... — A,

By convention, put A;; = 0 and Ag; = A;.

A morphism A. — B. is a natural transformation of sequences.

A weak equivalence in S,(C) is a map A. — B. such that each A, — B;
(and hence each A;; — B;j) is a w.e. in C. A map A. — B. is a cofibration if
for every 0 < i < j < k < n, the map of cofibration sequence is a cofibration
in £(C).

Aij — A — Ajk
1 1 1
Bi; — B, — Bjy,

For 0 < i < n, define exact functors é; : S,(C) — Sp+1(C) by omitting
A; from the notations and re-indexing the A;; as needed. Define d : S,,C —
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Sn+1(C) where 6y omits the bottom row. We also define s; : S,,(C) — S, 41(C)
by duplicating A; and re-indexing (see [224]).

We now have a simplicial category n — wS,,C with degreewise realization
n — B(wS,C), and denote the total space by |wS.C| (see [224]).

Definition 5.4.5 The K -theory space of a W-category C is K(C) = QwS.C|.
For each n > 0, the K -groups are defined as K, (C) = m,(KC).

5.4.3 By iterating the S. construction, one can show (see [224]) that the
sequence
(QwS.C|, QwS.5.C), ..., QwS."C|}

forms a connective spectrum K(C) called the K-theory spectrum of C. Hence,
K(C) is an infinite loop space (see 1.2.2).

Examples 5.4.2 (i) Let C be an exact category, Chy(C) the category of
bounded chain complexes over C. It is a theorem of Gillet - Waldhausen
that K(C) & K(Chy(C)), and so, K,(C) = K,(Chy(C)) for every n > 0
(see [216]).

(ii) Perfect Complexes Let R be any ring with identity and M’(R) the
exact category of finitely presented R-modules. (Note that M'(R) =
M(R) if R is Noetherian.) An object M. of Chy(M’(R)) is called a
perfect complex if M. is quasi-isomorphic to a complex in Chy(P(R)).
The perfect complexes form a Waldhausen subcategory Perf(R) of
Chy(M'(R)). So, we have

K(R) = K(Chy(P(R)) = K (Perf(R)).

(iii) Derived Categories Let C be an exact category and H’(C) the
(bounded) homotopy category of C, that is, stable category of Chy(C)
(see [98]). So, ob(H®(C)) = Chy(C) and morphisms are homotopy classes
of bounded complexes. Let A(C) be the full subcategory of H?(C) con-
sisting of acyclic complexes (see [98]). The derived category of D?(C)
of £ is defined by D*(C) = H®(C)/A(C). A morphism of complexes in
Chy(C) is called a quasi-isomorphism if its image in D°(C) is an isomor-
phism. We could also define unbounded derived category D(C) from
unbounded complexes Ch(C). Note that there exists a faithful embed-
ding of C in an Abelian category A such that C C A is closed under
extensions and the exact functor C — A reflects the exact sequences.
So, a complex in Ch(C) is acyclic if and only if its image in Ch(A) is
acyclic. In particular, a morphism in Ch(C) is a quasi-isomorphism if
and only if its image in Ch(A) is a quasi-isomorphism. Hence, the de-
rived category D(C) is the category obtained from Ch(C) by formally
inverting quasi-isomorphisms.
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(iv) Stable derived categories and Waldhausen categories Now let
C = M'(R). A complex M. in M'(R) is said to be compact if the
functor Hom(M., —) commutes with arbitrary set-valued coproducts.
Let Comp(R) denote the full subcategory of D(M’(R)) consisting of
compact objects. Then we have

Comp(R) ¢ D°(M'(R)) ¢ D(M'(R)).

Define the stable derived category of bounded complexes D’(M’(R)) as
the quotient category of D®(M’(R)) with respect to Comp(R). A mor-
phism of complexes in Chy(M’(R)) is called a stable quasi-isomorphism
if its image in D°(M’(R)) is an isomorphism. The family of stable
quasi-isomorphism in A = Chy(M'(R)) is denoted wA.

(v) Theorem [56]

(1) w(Chy(M'(R))) forms a set of weak equivalences and satisfies the
saturation and extension axioms.

(2) Chy(M'(R)), together with the family of stable quasi-isomorphisms,
is a Waldhausen category.

Exercises

5.1 Let X,Y be connected CW-complexes, N, N’ perfect normal subgroups
of m(X), and 71 (Y), respectively. Show that

(a) (X xY)T — Xt x Y7 is a homotopy equivalence.

(b) If X is the universal covering space of X, which corresponds to the
subgroup N, show that X is up to homotopy the universal covering
space of X .

5.2 Let A be a ring with identity. Show that
(a) K3(A) ~ Hs(St(A)).
(b) K,(R) ~ m,(BSt(R)") for all n > 3.

5.3 Show that the functors K*~v : Ring — Z-Mod is homotopy invariant,
i.e., for any ring R with identity K*~V(R) & K*=V(R[t]) for all n > 1.
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5.4

(a) Let A be a small category. Show that the classifying space BA of A
is a CW-complex whose n-cells are in one-one correspondence with the
diagrams A,, in definition 5.2.4.

(b) IfC is a category with initial or final object, show that BC is contractible.

5.5 Let S = [[GL,(R) = IsoF(R) where F(R) is the category of finitely
generated free R-modules (R a ring with identity). Show that B(S™S) is
a group completion of BS, and B(S~!S) is homotopy equivalent to Z x

BGL(R)™.

5.6 Let R be a ring with identity, M'(R) the exact category of finitely p-
resented R-modules, and Chy(M’(R)) the category of bounded chain com-
plexes over C. Show that Chy(M'(R)) together with the family of stable
quasi-isomorphisms in Chy(M’(R)) is a Waldhausen category.






Chapter 6

Some fundamental results and exact
sequences in higher K-theory

6.1

Some fundamental theorems

(6.1)* Resolution theorem

Let P C 'H be full exact subcategories of an Abelian category A, both
closed under extensions and inheriting their exact structure from 4. Suppose

that
(i)
(ii)

Every object M of H has a finite P-resolution.

P is closed under kernels in H, that is, if L — M — N is an exact
sequence in ‘H with M, N € P, then L is also in P. Then K,P = K, H
for all n > 0.

(See [165] for the proof of this result.)

Remarks and Examples 6.1.1 (i) Let R be a regular Noetherian ring.

(i)

(iii)

Then by taking H = M(R), P = P(R) in (6.1)", we have K, (R) =
Gn(R) for all n > 0.

Let R be any ring with identity and H(R) the category of all R-modules
having finite homological dimension (that is, having finite resolution
by finitely generated projective R-modules), Hs(R) the subcategory of
modules in H(R) having resolutions of length less than or equal to s.
Then by (6.1)4, applied to P(R) C Hs C H(R), we have

Ky (R) = K, (H(R)) = Ky (Hs(R))
for all s > 1.

Let T = {T;} be an exact connected sequence of functors from an exact
category C to an Abelian category (that is, given an exact sequence
0 —- M — M — M" — 0 in C, there exists a long exact sequence

107
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= ToM" — TyM' — T1M"” —). Let P be the full subcategory of T-
acyclic objects (that is, objects M such that T,,(M) = 0 for all n > 1)
and assume that for each M € C, there is a map P — M such that
P € P and that T,, M = 0 for n sufficiently large. Then K,P = K,C
for all n > 0 (see [165]).

(iv) As an example of (iii), let A, B be Noetherian rings, f : A — B a
homomorphism, B a flat A-module. Then we have homomorphism of
K-groups. (B®a?)s : Gn(A) — Gp(B) (since (B®4?). is exact.) Let
B be of finite tor-dimension as a right A-module. Then, by applying
(iii) above to C = M(A), Ti(M) = Tor{(B, M), and taking P as the
full subcategory of M(A) consisting of M such that T;M = 0 for ¢ > 0,
we have K, (P) ~ G, (4).

(v) Let C be an exact category and Nil(C) the category, whose objects are
pairs (M, v) whose M € C and v is a nilpotent endomorphism of M. Let
Co C C be an exact subcategory of C such that every object of C has
a finite Co-resolution. Then every object of Nil(C) has a finite Nil(Co)
resolution, and so, by (6.1)%4,

K, (Nil(Co)) = Kn(Nil(C)).

(6.1)% Additivity theorem (for exact and Waldhausen
categories)

6.1.1 Let A, B be exact categories. A sequence of functors F/ — F — F”
from A to B is called an exact sequence of exact functors if

0— F'(A) —» F(A) — F"(A) -0
is an exact sequence in B for every A € A.

Let A, B be Waldhausen categories. If F'(4) — F(A) —» F"(A) is a
cofibration sequence in B, and for every cofibration A — A’ in A,
F(A) Upr(ay F'(A") — F(A’) is a cofibration in B, say that I’ — F — F" a
short exact sequence or a cofibration sequence of exact functors.

Additivity theorem 6.1.1 Let F' — F — F” be a short exact sequence of
exact functors from A to B where both A and B are either exact categories or
Waldhausen categories. Then Fy, ~ F. + F' : K,(A) — K, (B).

Remarks and Examples 6.1.2 (i) It follows from theorem 6.1.1 that if
0— F, — F, —» .-+ — Fy — 0 is an exact sequence of functors A — B,
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then
> (1)FF =0: Ky (A) — K, (B)
k=0

for all n > 0 (see [165]).

(ii) Let X be ascheme, E € P(X) (see example 5.2.2(iii)). Then we have an
exact functor (E®?) : P(X) — P(X), which induces a homomorphism
K, (X) — K,(X). Hence, we obtain the homomorphism

Ko(X) © Kn(X) = Kn(X) : (B) @y — (E®7).y, y € Kn(X)
making each K, (X) a Ky(X)-module.

(iii) Flasque categories An exact (or Waldhausen) category is called
Flasque if there is an exact functor co : A — A and a natural isomor-
phism 0o(A4) =2 AJJoo(A), that is, co = 1]] oo where 1 is the identity
functor. By theorem 6.1.1, 0o, = 1, ][] co. and hence the identity map
1. : K(A) — K(A) is null homotopic. Hence K (A) is contractible, and
0, T (K (A)) = K,,(A) = 0 for all n.

(6.1)¢ Devissage

Devissage theorem 6.1.1 [165] Let A be an Abelian category, B a non-
empty full subcategory closed under sub-objects and finite products in A. Sup-
pose that every object M of A has a finite filtration

O=MyCcM,C..CcM,=M

such that M;/M;_1 € B for each i, then the inclusion QB — QA is a homotopy
equivalence. Hence, K;(B) = K;(A).

Corollary 6.1.1 [165] Let a be a nilpotent two-sided ideal of a Noetherian
ring R. Then for all n > 0, G,(R/a) = G,(R).

Examples 6.1.1 (i) Let R be an Artinian ring with maximal ideal m such
that m" = 0 for some 7. Let k = R/m (for example, R=Z/p", k =F,).
In Devissage theorem 6.1.1, put B = category of finite-dimensional k-
vector spaces and A = M(R). Then we have a filtration 0 = m"M C
m" 1M C ..mM C M for any M € M(R). Hence by Devissage theorem
6.1.1, Gp(R) = K, (k).

(ii) Let X be a Noetherian scheme, i : Z C X the inclusion of a closed
subscheme. Then Z is an Abelian subcategory of M(X) via the direct
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image i : M(Z) C M(X). Let Mz(X) be the Abelian category of Ox-
modules supported on Z, a an ideal sheaf in Ox such that Ox/a = Oy.
Then every M € Mz(X) has a finite filtration M > Ma D Md?... and
so, by Devissage, K,,(Mz(X)) = K,,(M(Z)) = G (2).

6.2 Localization

(6.2)“4 Localization sequence plus examples

6.2.1 A full subcategory B of an Abelian category A is called a Serre sub-
category if whenever
0O—-M —-M-—-M'—0

is an exact sequence in A; then M € B if and only if M’', M" € B. Given such
a B, we can construct a quotient Abelian category .A/B as follows:

ob(A/B) = ob(A).

Then, A/B(M,N) is defined as follows: If M’ C M, N’ C N are sub-objects
such that M /M’ € ob(B), N' € ob(B), then there exists a natural isomorphism
A(M,N) — A(M', N/N).

As M’, N’ range over such pairs of objects, the group A(M’, N/N’) forms
a direct system of Abelian groups and we define

A/B(M,N) = lim A(M',N/N’).
(M',N')

Note: Let T': A — A/B be the quotient functor: M — T(M). Then
(i) T: A— A/B is an additive functor.

(i) If p € A(M,N), then T () is null if and only if Ker(u) € ob(B), and
T(p) is an epimorphism if and only if Coker(u) € ob(B).

(iii) \A/B is an additive category such that T : A — A/B is an additive
functor

Localization theorem 6.2.1 [165] If B is a Serre subcategory of an Abelian
category A, then there exists a long exact sequence

-+ — Kp(B) = Kp(A) — K, (A/B) —» K,,_1(B) — ...
-+ = Ko(B) — Ko(A) — Ko(B) — 0. ()
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Examples 6.2.1 (i) Let A be a Noetherian ring, S C A a central mul-

(iii)

tiplicative system; A = M(A),B = Mg(A), the category of finitely
generated S-torsion A-modules; A/B ~ M(Ag) = category of finitely
generated Ag-modules.

Let T be the quotient functor M(A) — M(A)/ Mg(A);

u: M(A)/Mg(A) — M(Ag) is an equivalence of categories such that
w.T ~ L, where L : M(A) — M(Ag). We thus have an exact sequence
Fair(M(Ag)) — Ko(Ms(4) — Kn(M(4)) — Kn(M(Ag)) —
K,—1(Mg(A)), that is,

= Kn(Ms(4)) = Gn(A) = Gn(As) = Kn1(Ms(4)) — ...

Let A = R in (i) be a Dedekind domain with quotient field F, S = R—0.
Then, one can show that

Ms(R) = JM(R/m")

as m runs through all maximal ideals of R. So,
K,(Mgs(R)) ~ @mklim Gn(R/m")

So, using theorem 6.2.1, we have an exact sequence

= K1 (F) = &nKn(R/m) — Kn(R) — Kn(F)
— O K1 (R/m). ..
— OmKo(R/m) — K3(R) — K»(F)
— &K1 (R/m) — K1(R) — K1(F)
— OmKo(R/m) — Ko(R) — Ko(F),

that is,
v = .= BK3(R/m) — Ka(R) — Ka(F) — &(R/m)*
—R*"—>F*"—-®Z—->Z&®CIlR)—Z— 0.

Let R in (i) be a discrete valuation ring (for example, ring of integers
in a p-adic ring) with unique maximal ideal m = sR. Let F' = quotient
field of R. Then F = R[1], residue field = R/m = k. Hence, we obtain
the following exact sequence

— Kn(k) = Ky(R) = Kp(F) = Kp_1(k) ...

— Ks(k) = K2(R) — Ko(F) — Kq(k)--- — Ko(F) — 0. (IT)
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Gersten’s Conjecture says that the above sequence breaks up into
split short exact sequences

0 — Kn(R) 2% K (F) 2% K 1(k) — 0.

For this to happen, one must have that, for all n > 1, K,,(k) — K,(R)

is a zero map, and that there exists a map K,_1(k) K, F) such
that K, (F) ~ K,(R) ® K,_1(k), that is, 8,0, = 1k, _, (k)-

True for n = 0:

True for n = 1:
Ki(F)~F*, Ki(R)=R"*, F*=R" x {s"}.
True for n = 2:
0 — K5(R) 22 Ko(F) 22 Ky (k) — 0.

Here, (35 is the tame symbol. If the characteristic of F is equal to the
characteristic of k, then Gersten’s conjecture is also known to be true.
When £ is algebraic over F,, then Gersten’s conjecture is also true. It
is not known (whether the conjecture is true) in the case when Char(F)
= 0 or Char(k) = p.

Let R be a Noetherian ring, S = {s"} a central multiplicative system

B=Mg(R), A= M(R).
A/B = M(Rg).
Then theorem 6.2.1 gives
= Gnia1(Rs) = Kn(Ms(R)) = Gn(R) — Gn(Rs) — Kn-1(Ms(R)).
Note that
K(Ms(R) = (| M(R/S"R)).

n=1

Now, by Devissage,
Gn(R/s"R) ~ G, (R/sR).

Hence,
U (R/s"R)) = lim G,(R/s"R) = Gn(R/sR).

So, we have

—_

e <R(—)> . Go(R/sR) — Gu(R) — G <R(§)) Gy 1(R/SR) —

»
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(v) Let R be the ring of integers in a p-adic field F, I' a maximal R-order
in a semi-simple F-algebra . If S = R — 0, then F' = Rg,

B=MgT), A=M(T), A/B=M(X).
Then sequence (6.2.1) yields an exact sequence
o= K () = Kn(8) = Kpe1(Ms(1)) — K1 (I') — Kpo1(2).

One can see from (iv) that if m = 7R is the unique maximal ideal of R,
then

K,(Mg()) = lim G,(I'/x"T) = G,(I'/aT) ~ K,(T'/radl)
(see theorem 7.1.1). Here, ¥ = I's where S = {r?}. We have also used

above the Corollary to Devissage, which says that if ¢ is a nilpotent
ideal in a Noetherian ring R, then G,(R) ~ G,(R/a).

(vi) Let R be the ring of integers in an algebraic number field F, A any
R-order in a semi-simple F-algebra Y. Let S = R = 0. Then we have
the following exact sequence

= Kp(Mg(A) = Gu(A) = Gr(X) = K1 (Mg(A)) — ..

One can show that K,,(Mg(A)) ~ &G, (A/pA) where p runs through all
the prime ideals of R. For further details about how to use this sequence
to obtain finite generation of Gy, (A), and the fact that SG,(A) is finite
(see 7.1.13 on page 137).

(vii) Let X be a Noetherian scheme, U an open subscheme of X, Z = X —
U, the closed complement of U in X. Put A = M(X) = category of
coherent Ox-modules, B, the category of coherent Ox-modules whose
restriction to U is zero (that is, category of coherent modules supported
on Z). A/B is the category of coherent Oy-modules. Then we have the
following exact sequence

wGn(Z) = Gr(X) = Go(U) = Gn-1(Z)... = Go(Z) — Go(X) — Go(U) — 0.

So far, our localization results have involved mainly the G, -theory,
which translates into K,-theory when the rings involved are regular.
We now obtain localization for the K, -theory.

Theorem 6.2.1 Let S be a central multiplicative system for a ring R, Hg(R)
the category of S-torsion finitely generated R-modules of finite projective di-
mension. If S consists of nonzero divisors, then there exits an exact sequence

.. —» Kn11(Rs) — Kn(Hs(R)) 5 Kn(R) S Kn(Rg) — ...
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For the proof, see [60].

Remarks 6.2.1 It is still an open problem to understand K, (Hs(R)) for
various rings R.

If R is regular (for example, R = Z, ring of integers in a number field,
Dedekind domains, maximal orders), the Mg(R) = Hg(R), and

Kn(Hs(R)) = Kn(Ms(R)); Gn(R) = Kn(R).

So, we recover the G-theory. If R is not regular, then K,(Hs(R)) is not
known in general.

Definition 6.2.1 Let o : A — B be a homomorphism of rings A, B. Suppose
that s is a central non-zero divisor in B. Call a an analytic isomorphism

along s if A/sA ~ B/a(s)B.

Theorem 6.2.2 Ifa: A — B is an analytic isomorphism along s € S = {s'}
where s is a central non-zero divisor, then Hg(A) = Hg(DB).

PF follows by comparing localization sequences for A — A[%] and B —
BI2] (see [240]).

(6.2)% Fundamental theorem for higher K-theory

6.2.2 Let C be an exact category, Nil(C) the category of nilpotent endomor-
phism in C, i.e., Nil(C) = {(M,v)|M € C, v being a nilpotent endomorphism
of M}. Then we have two functors: Z : C — Nil(C)Z(M) = (M,0) (where
‘0’ = zero endomorphism) and F : Nil(C) — C : F(M,v) = M satisfying
FZ = 1¢. Hence we have a split exact sequence 0 — K, (C) Z K,(Nil(C) —
Nil,,(C) — 0, which defines Nil,, (C) as the cokernel of Z.

Hence, K, (Nil(C)) ~ K, (C) ® Nil, (C).

6.2.3 Let R be a ring with identity, H(R) the category of R-modules of fi-
nite homological dimension, Hg(R) the category of S-torsion objects of H(R).
Mg (R) is the category of finitely generated S-torsion R-modules. One can
show (see [88, 165]) that if S = Ty = {t'}, a free Abelian monoid on one gener-
ator ¢, then there exist isomorphisms My, (R[t]) ~ Nil(M(R)), Hr, (R[t]) ~
Nil(H(R)) and K,,(Hr, (R[t]) ~ K,(R)® Nil, (R) where we write Nil, (R) for
Nil,, (P(R)).

Moreover, the localization sequence (theorem 6.2.1) breaks up into short
exact sequences

0 — Kn(R[t]) — Kn(R[t,t7 )% K, 1(Nil(R)) — 0
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(see [88] for a proof).

Theorem 6.2.3 Fundamental theorem of higher K-theory Let R be a
ring with identity. Define for all

n > 0, NK,(R) := Ker(K,(R[t]) X Ko(R)) where iy is induced by the aug-
mentation t = 1.
Then there are canonical decompositions for all n > 0

(i) Kn(R[t]) ~ K,(R) ® NK,(R).
(ii) Kn(R[t,t7']) 2 K,(R)® NK,(R)® NK,(R)® K,_1(R).
(iii) K,(Ni(R)) 2 K,(R)® NK,1(R).
The above decompositions are compatible with a split exact sequence
0 — K,(R) — K,(R[t]) ® K,(R[t™"]) —» K,(R[t,t"']) = K,,_1(R) — 0.

We close this subsection with fundamental theorem for G-theory.

Theorem 6.2.4 Let R be a Noetherian ring. Then
(1) Gn(R[t]) ~ Gn(R).
(ii) Gn(R[t,t7']) ~ Gn(R) & Gr-1(R).
(See [88, 165] for proof of the above results.)

6.3 Some exact sequences in the K-theory of Waldhausen
categories

6.3.1 Cylinder functors

A Waldhausen category has a cylinder functor if there exists a functor
T : ArA — A together with three natural transformations p, j1, jo such that,
to each morphism f: A — B, T assigns an object Tf of A, and j; : A = Tf,
jo:B—=Tf, p:Tf — B, satisfying certain properties (see [56, 224]).

Cylinder Axiom. For all f, p: Tf — B is in w(A).

6.3.1 Let A be a Waldhausen category. Suppose that A has two classes of
weak equivalences v(A),w(A) such that v(A) C w(A). Assume that w(A)
satisfies the saturation and extension axioms and has a cylinder functor T
that satisfies the cylinder axiom. Let A“ be the full subcategory of A whose
objects are those A € A such that 0 — A is in w(A). Then A“ becomes a
Waldhausen category with co(A*) = co(A) N AY and v(A¥) = v(A) N AY.
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Theorem 6.3.1 Waldhausen fibration sequence [224]. With the nota-
tions and hypothesis of 6.4.1, suppose that A has a cylinder functor T that is
a cylinder functor for both v(A) and w(A). Then the exact inclusion functors
(A¥,v) — (A,w) induce a homotopy fiber sequence of spectra

K(A* v) = K(A,v) —» K(A,w)
and hence a long exact sequence
Kpt1(AY) = Kn(A) = Kp(Av) — Kn(Aw) —

The next result is a long exact sequence realizing the cofiber of the Cartan
map as K-theory of a Waldhausen category (see [56]).

Theorem 6.3.2 [56] Let R be a commutative ring with identity. The nat-
ural map K(P(R)) — K(M'(R)) induced by P(R) — M'(R) fits into a
cofiber sequence of spectra K(R) — K(M'(R)) — K(A,w) where (A w) is
the Waldhausen category of bounded chain complexed over M'(R) with weak
equivalences being quasi-isomorphisms. In particular, we have a long exact
sequence

o= Kpe(Ayw) — Ku(R) — GL(R) — Ky 1(A,w) — ...
where
G (R) = Kn(M'(R))
(see chapter 13 for applications to orders).
We close this subsection with a generalization of the localization sequence

(theorem 6.2.1). In theorem 6.4.3 below, the requirement that S contains no
zero divisors is removed.

Theorem 6.3.3 [216] Let S be a central multiplicatively closed subset of a
ring R with identity, Perf(R,S) the Waldhausen subcategory of Perf(R) con-
sisting of perfect complexes M such that S~ M is an exact complex. The
K(Perf(R,S)) — K(R) — K(S™IR) is a homotopy fibration. Hence there is

a long exact sequence

o Kni1(STIR) S K, (Perf(R,S)) — Kn(R) — Kn(S™'R) — ...

6.4 Exact sequence associated to an ideal; excision; and
Mayer - Vietoris sequences

6.4.1 Let A be a ring with identity, a a 2-sided ideal of A. Define Fj 4
as the homotopy fiber of BGL(A)T — BGL(A/a)t where GL(A/a =
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image (GL(A) — GL(A/a)). Then Fj, depends not only on a but also
on A.

If we denote m,(Fa o) by K,(A,a), then we have a long exact sequence
— Kn(A @) = Kn(A) — Kn(Aa) = Kna(Aa) — ()

from the fibration Fp , — BGL(A)* — BGL(A/a)".

Definition 6.4.1 Let B be any ring without unit and B the ring with unit
obtained by formally adjoining a unit to B, i.e., B = set of all (b,s) € BXZ
with multiplication defined by (b, s)(b',s") = (bb' + sb’ + s'b, ss').

Define K,,(B) as K, (B, B). If A is an arbitrary ring with identity containing
B as a two-sided ideal, then B is said to satisfy excision for K, if the canonical
map K,(B) := K,(B,B) — K,(A,B) is an isomorphism for any ring A
containing B. Hence, if in 6.5.1 @ satisfies excision, then we can replace

K,(A, a) by K,(a) in the long exact sequence (I). We denote F o by Fj.

6.4.2 We now present another way to understand F, (see [33]). Let I'y(a) :=
Ker(GL,(a ® Z) — GL,(Z) and write I'(a) = lim T',,(a). Let X,, denote the

n x n permutation matrix. Then ¥,, can be identified with the n'" symmetric
group. Put ¥ =1lim ¥,,. Then ¥ acts on I', by conjugation, and so, we can

form I'(a) = I'(a) x £. One could think of I'(a) as the group of matrices in
GL,(a® Z) whose image in GL,(Z) is a permutation matrix. Consider the
fibration Bl'a — BI'(a) — B(X). Note that B(X), B['(a) has associated +—
construction that are infinite loop spaces. Define F|, as the homotopy fiber

F, — BI'(a)t — Bx*,

Then, for any ring A (with identity) containing a as a two-sided ideal, we have
a map of fibrations

F, s Ry,

|

Definition 6.4.2 Let a be a ring without unit, S C Z a multiplicative subset.
Say that a is an S-excision ideal if for any ring A with unit containing a
as a two-sided ideal, then fy . induces an isomorphism m.(Fy) ® S™1Z ~
T (Faa) ® STIZ).
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Theorem 6.4.1 [33] Let a be a ring without unit and S C Z a multiplicative
set such that a® S™1Z =0 or a® S™'Z has a unit. Then a is an S-excision
ideal and

H.(F,,S7'Z) = H,(T'(a); S™'7Z).

Examples and applications 6.4.1 (i) If a is a two-sided ideal in a ring

(i)

(iii)

A with identity such that A/g is annihilated by some s € Z, then the
hypothesis of 4.7.5 is satisfied by S = {5} and a is an S-excision ideal.

Let R be the ring of integers in a number field F', A an R-order in a
semi-simple F-algebra, I' a maximal R-order containing A. Then there
exists s € Z, s > 0 such that sI" C A, and so, a = sI" is a 2-sided ideal
in both A and I'. Since s annihilates A/a (also I'/a), a is an S-excision
ideal, and so, we have a long exact Mayer - Vietoris sequence

— Kp(0/a) (3) = ) (1)

S

— Ko(A/a) (%) ® Ko (T) (é) K, (T/a) (é) R

where we have written A(2) for A®Z(2) for any Abelian group A. Also
see [237].

Let A be a ring with unit and K, (A,Z/r) K-theory with mod-r coef-
ficients (see examples 5.2.2(viii)). Let S = {s € Z|(r,s) = 1}. Then
multiplication by s € S is invertible on K, (A,Z/r). Hence, for an S-
excision ideal @ C A, mi(Fp,q) ® S7'Z ~ m,(F,) ® S™'Z implies that
Ta(Fa,a; Z)1) = 7y (Fo, Z)7).

If we write Z(, for S™'Z in this situation, we have that K, (A,Z/r)
satisfies excision on the class of ideals a such that a ® Ziy = 0 or
a ® Z(yy has a unit.

Exercises

6.1 Prove Additivity theorem 6.1.1.

Let F/ — F — F" be a short exact sequence of exact functors from A to
B where both A and B are either exact categories or Waldhausen categories.
Show that F, ~ F. + F!' : K,,(A) — K,(B).

6.2 Let A, B be rings, S = {s'} where s is a central non-zero divisor in B. Let
«: A — B be an analytic isomorphism along s. Show that Hg(A) = Hg(B).
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6.3 Let C be an exact category, £(C) the category of all sequences F : A —
B - B/A = C. Show that the functors s,t,q : £(C) — C given by s(F) =
A,t(E) = B,q(F) = C are exact. Show that the exact functor (s, q) : £(C) —
C x C induces a homotopy equivalence K(£) — K(C) x K(C).






Chapter 7

Some results on higher K-theory of
orders, grouprings, and modules
over ‘EI’ categories

7.1 Some finiteness results on k,, G,, SK,, SG, of orders
and groupings

Recall that if R is a Dedekind domain with quotient field F', and A is
any R-order in a semi-simple F-algebra X, then SK,,(A) := Ker (K, (A)) —
K, (X) and SG,(A) := Ker (G, (A)) — Gp(X). Also, any R-order in a semi-
simple F-algebra 3 can be embedded in a maximal R-order I', which has
well-understood arithmetic properties relative to ¥X. More precisely, if ¥ =
[I;_; M,,(D;), then T' is Morita equivalent to []._; M,,(I;) where I'; are
maximal orders in the division algebra D;, and so, K, (') ~ &K, (I';) while
K,(X) = _ﬁl K, (D;). So, the study of K-theory of maximal orders in a

semi-simple algebras can be reduced to the K-theory of maximal orders in
division algebras.

Note also that the study of SK,(A) facilitates the understanding of K,,(A)
apart from the various topological applications known for n = 0,1,2 where
A = ZG for some groups G that are usually fundamental groups of some spaces
(see (2.3)7, (3.2)B). Also SK,(A) is involved in the definition of higher class
groups, which generalizes to higher K-groups the notion of class groups of
orders and grouprings (see 7.4).

In this section, we shall prove several finiteness results on higher K-theory
of R-orders where R is the ring of integers in a number field or p-adic field.
We shall focus first on results on maximal orders in semi-simple algebras in
the following subsection (7.1)4.

121
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(7.1)#* Higher K-theory of maximal orders

7.1.1 Let L be a p-adic field, R the integers of L, I' the maximal order in
a semi-simple L-algebra 3, 7R the radical of R, and S = {7} i < 0; then,
¥ = S7IT. Let M(T') and M(X) be the categories of finitely generated I'-
modules and Y-modules, respectively. Since I' and X are regular, we have

Now, suppose Mg(T") is the category of finitely generated S-torsion TI'-
modules. Then Quillen’s location sequence (theorem 6.2.1) yields

= Ko (B) = Kn(Mg(D)) = Kn(D) = Kn(E) = K1 (Mg(T) — -+
We now prove the following.

Theorem 7.1.1 Let R, L, be as in 7.1.1 above and m the radical of T'.
Then

(1) Kn(Ms(I))

~ Ko
(i) (a) K,(T) — K, (X) has finite kernel and co-kernel for all n > 1.
(b)) 0 — Kpp(l') — Kon(¥) — Kopa(I'/m) — Kona(I) —
Kon—1(X) — 0 is exact for all n > 2.
()0 — Faol) — Ka(S) — KyT/m) — Ky(T) — Ky(%) —
Ko(T/m) — Ko(T') — Ko(X) is exact.

K, (T'/m) for allm > 0.

PROOF

(i) Note that M(T'/7T") C Mg(T'), and every object M of Mg(T") has a
finite filtration 0 = 7"M C 7" 'M C --- C #°M = M with quo-
tients in M(I'/#T"). So, by theorem 6.1.1 (Devissage), K; (Mg(I")) ~
K; (M(T'/#T)). Now, rad(T'/nT) is nilpotent in I'/xT; so, by corollary
6.1.1, we have

K (M(T/7T)) = K (M ((T/7T) /rad(T'/7T))) .
However, (I'/nT") /rad(I"/T") ~ T'/radl’, and I"/radl is regular. So

K; Mg(T)) ~ K;(T'/m).

(ii) By (i), Quillen’s localization sequence theorem 6.1.1 becomes

= Kpp1(2) = Kp(I'/m) — K, (T) = Kp(¥) = Kyt (I'/m) — -+
(7.1)
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Now, for any ring R, K;(M:(R)) ~ K;(R), where M;(R) is the ring of
t x t matrices over R. (This is because the Morita equivalence of P(R)
and P(M(R)) yields

Ki(P(R)) ~ K (P(M(R))) .

Now, I'/m is a finite direct product of matrix algebras over finite field-

s. So, by example 5.1.1(v), we have K,(I'/m) = 0 if n is even > 2,
and K, (I'/m) is finite if n is odd > 1. So (a), (b), (c¢) follow from
sequence 7.1 above.

[

Corollary 7.1.1 Suppose X is a direct product of matrix algebras over fields;
then
0 — KQTL(F) — KQTL(E) — Kanl(F/m) — 1

is exact for all n < 1.

PROOF Suppose ¥ = IIM,,, (L;), say; then,
[ =M, (R;) and T/m=IM,, (R;/m;),

where R; is the maximal order in the field L;, and m = radical of R;. So,
by Morita duality, the sequence of theorem 7.1.2 ii(b) reduces to the required
form. I

Corollary 7.1.2 Let R,L,I",; ¥, m be as in 7.1.1 above. Then for all n > 1
the transfer map K;(I'/m) — K;(T') is non-zero if ¥ is a product of matrix
algebras over division rings.

PROOF  Suppose K;(I'/m — K;(T') is zero; then, from the sequence in
theorem 7.1.2(ii)(c), the kernel of K;(I') — K;(X) would be zero, contradict-
ing the last statement of theorem 3.2.5(ii).

Remark 7.1.1 It follows from the Ky — K7 localization exact sequence in
theorem 7.1.1(c) that a non-commutative analogue of Dennis - Stein Ky — K;
short exact sequence for a discrete valuation ring does not hold for a maximal
order I in a semi-simple algebra 3 that is a product of matrix algebras over
division rings.

Remarks/notations 7.1.1 Our next aim is to obtain explicit computation
of the transfer map K, (I'/m) — K,(T') when ¥ is a product of matrix al-
gebras over division rings. It suffices to do this for a maximal order I" in a
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central division algebra over a p-adic field K. Let T be the residue field of T
and k the residue field of K.
We shall prove the following result, due to M. Keating (see [99]).

Theorem 7.1.2 For all n > 1, there are exact sequences
(a) 0 — Ks5,(T') = Ko, (D) — Kap—1(k) — 0.
(b) 0= Koy 1(D)/Kon-1(k) = Kan_1(I') = Kan_1(D) — 0.

The proof of theorem 7.1.2 will be in several steps.

Lemma 7.1.1 Every inner automorphism of a ring R induces the identity
on Kn(R) for alln > 1.

PROOF  See [99]. I

Lemma 7.1.2 For all n > 1, the reduction map K, (I') — K, (') is surjec-
tive.

PROOF The proof makes use of the fact that Quillen K-theory K, and
Karoubi - Vilamayor K coincide for the regular rings I' and T’ (see theorem
5.1.3(ii)). Hence it suffices to prove the result for K": Also, for any ring
R, KI'R) ~ KIMQ"'R) where Q" 'R, the iterated loop ring of R is the
polynomial ring Q" 'R = t;...t,_1(1 — t,_1)R[t1...t,]). Also, K}(R) =
GL(R)/Uni(R) where Uni(R) is the subgroup ofGL(R) generated by the
unipotent matrices. Moreover, there exists a natural splitting K'(R+Q" "' R)
= KMNR) ® KMOQ"1R).

Now, since (f—i— Q"‘lf) is a local ring, GL (f—i— Q"‘lf) is generated by
units of I' and the elementary matrices E (T + Q"~'T).
Since T is complete in the p-adic topology, units of I' can be lifted to I'. Hence
GL (I'+Q"'T") maps onto GL (T 4+ Q"~'T); hence the lemma.

Proof of theorem 7.1.2 Let ¢, be the natural map (reduction map)
Kon 1(T) — Ko, _1(T) and 7, the transfer map Ko, 1(T') — Kan_1(T') to
be defined below. Then it suffices to prove that Im7, = Ko, 1(T)/K2,_1(k).

Let |k| = q, |T| = ¢, say. There is a primitive (¢* — 1)-th root w of unity
in ' such that T = k(@).

Let R be a maximal order of K and 7 a uniformizing parameter in R. Then,
I" can be expressed as a twisted group-ring I' = R[w, 7], where fwr ! = w9,
and 7' = m(r,t) = 1 where 7 is the uniformizing parameter of R.

Now, K, 1(T) is a cyclic group of order ¢/ — 1. Let « be a generator of

Ks,—1(T). Since by lemma 7.1.2; the natural map Ka,_1(I') — Ka,—1(T) is
surjective, there exists an element 7 in Ka,_1(I") that maps onto 7. Let «
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be an automorphism of K, _1(T") induced by conjugation by 7. Define 7,, as
a mapping of sets from Ky, 1(T) to Ko, 1(T) by 7,(77) = ()7 (a7)~! for
j=0,1,...,¢" — 2 and extend to the whole of Ky, 1(T') by “linearity”.

Let F be the Frobenius automorphism of I. Then conjugation by 7 induces
F7" on T, and so, the composition of 7, with §, is 1 — F” where F, is the
map induced on the K, (T) by Frobenius automorphism. Since F™ generates
Gal(T'/k), and we can identify K2, _1(k) with the fixed subgroup of Ka,_1(T),
we now have that d,(Im7,) = Ko, 1(T')/K2,_1(k). Also it follows from
lemma 7.1.1 and the definition of 7,, that Im7,, is contained in SKs,,_1(T).

Recall from example 6.2.1(v) and 7.1.1 that we have a localization sequence

o Kon1(D) = Kn(M5s(T')) = Ky (L) — Kn(D) = Knoa(Mg(T) — -
(IT)
and that K,(Mg(T)) > K,(I'/m) = K, (T) where m is the maximal ideal of
I" and the isomorphism « is induced by the functor F' from Mg(I") to Mg(T),
which associates a module M to the direct sum of its composition factors.
Note that in IT above S = R — 0.
Now, let L be a maximum subfield of D, R’ the maximal order in L,
with residue class field ®. The inclusion of L in D induces a commu-
Ko, (D) — Kan1(I')

tative diagram T Tw where 1 is induced by the functor

/

Kon(L) = Kana (R)
U(V) = F(D e V), V an R-module, and R = R'/m' where m’ is the
maximal ideal in R'. )

Suppose that m'T’ = T'z°. Then W(R) = ['/T7 & --- & 7! /T7¢, and
we have an isomorphism of I'-modules I'z? /T7t! & [F"] ¢l (7 'a#t) where
cf(—) means residue class, F' is the Frobenius automorphism of I'/k, and
[F] is the functor P(T') — P(T) given by [F"'] P = P as additive group
but r ([F™])p = [F"] (F”')f1 rp for r € T, p € P. Since ¥ is additive, we

see that cf(—) = (1+ [F"] +--- + [Fr(e=D]) <f§>, ) Hence ¥ = 14+ F" +
R/

o+ FICY Since (r,t) = 1, e = (R ; k) divides t = (R ; k), F” generates
Gal(ﬁl/k:), and so, Im(¥) = Ks,_1(k). Since § is surjective, we see that
Kop—1(k) C Im (KQH(D) — K2n,1(F)), and so, the proof of theorem 7.1.2 is
complete. I

Remark 7.1.2 In the notation of the proof of theorem 7.1.2, it follows that
|SK2n—1(D)] = (¢™ — 1)/ (¢" = 1).
Our next result is a K-theoretic characterization of p-adic semi-simple al-

gebras due to A. Kuku (see [107]). In what follows (theorem 7.1.3), L is a
p-adic field with ring of integers R.
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Theorem 7.1.3 Let T' be the maximal R-order in a semi-simple L-algebra 3.
Then the following are equivalent:

(i) ¥ is unramified over its center.
(i) For alln > 1, SKy,_1(T') =0.
(iii) There exists n > 1 such that SKa,—1(T') = 0.

Remark Since I' is Morita equivalent to [[ M, (I';) and ¥ = [[ M,,,(D;), say,
where I'; is a maximal order in some division algebra D; over L, it suffices to
prove the following in order to prove theorem 7.1.3.

Lemma 7.1.3 Let ' be the maximal order in a central division algebra D
over a p-adic field F'.
Then the following are equivalent:

(i) D=F.
(ii) For alln >1, SKs,_1(I") = 0.
(iii) There exists n > 1 such that SKan,_1(T') = 0.

PROOF  (i)=(ii): Suppose that D = F, and R is the ring of integers of
F, then I' = R, and Quillen’s localization sequence yields an exact sequence

> Kgn(R) — Kgn_l(R/I‘adR) — SKQn_l(R) — 0

and so, the result follows from [105] 1.3. (Also see examples 6.2.1(iii).)
(ii)=(iii) is trivial. (iii)=(i): Suppose (D : F) = t2, say. Let I = I'/radl,
R = R/radR.

Then (T : R) = ¢t Now, by theorem 7.1.2 |SKa, 1(T)] =
|K2n,1(F)|/|K2n,1(F)| 1AISO7 Kanl(f) has order plnt — 1 if |§| = pl
and K3, 1(R) has order p'® — 1. So, SKy, 1(I) = 0 if and only if
(p't —1)/(p!" —1)=1if and only if t = 1 iff 2 =1 iff D = F. I

Remark 7.1.3 If L is a p-adic field with integers R, G a finite group of
order prime to p, and LG splits, then RG is a maximal order, and so,
SKo,—1(RG) =0 for all n > 1 by 7.1.3.

7.1.2 We now observe that the global version of theorem 7.1.2 holds under
suitable hypothesis (see [99]). So, let K be a global field with integers R, L
a finite extension of K. For each finite prime ¢ of L, let I(¢) be the residue
field at ¢. We assume the following hypothesis, which is known to hold for
function fields and also for number fields (see [196, 99]) by Soule’s work.

The homomorphisms

Kon(L) = [T Kon-a(ll@)  n>0 (T)
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are surjective where ¢ runs through all finite primes of L.

7.1.3 In the notation of 7.1.2, let D be a central simple K-algebra, I' a
maximal order in D. For each prime p of K, I' has a unique two-sided maximal

ideal m above p. There is a local division algebra D(p) such that ﬁg =

M, (D(p)) for some s = s(p) and I'/m = M(d(p)) where d(p) is the residue
field of D(p). Also, the Quillen localization sequence (see 6.2.3) yields

7 A = HKn(d(ﬂ)) — Kp(I') = Kn(D) — -+

where K, (Ms(T")) = [[ Ky (d(p)) and S = R — 0.

We now state the global version of theorem 7.1.2; also due to M.E. Keat-
ing [99].

Theorem 7.1.4 Assume hypothesis T. Then there exist exact sequences

0 — K3,(T') — Ka,(D) — HKzn—l(k(Q)) —0

and

0= [ (Kan-1(d(p))/ Kan-1(k(p))) — Kan—1(I') = Kan_1(D) — 0

P
for allm > 1.

The proof of 7.1.4 uses the following lemma.

Lemma 7.1.4 Let L be a mazimal subfield of D. Then for each prime q in
L above p, the natural transformation of localization sequences induces a map

® = D(q,p) : Kan-1(1(g)) = K2n-1(d(p))

where 1(q) is the residue field of L at q. Suppose that one of the following two
conditions hold:

~ N2
(i) For each prime q of L above p, (Lg : KE) = (D(B),Kp>.

(i) D splits at p and L is unramified with (Eq : I?p) constant at the primes
q above p. Then im® = Ky, (k(]g))

PROOF Left as an exercise. I
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Sketch of proof of theorem 7.1.4. Condition (ii) of lemma 7.1.4 is sat-

isfied almost always by any maximal cyclic subfield of D. Now, by [9], we

can find such a subfield that satisfies condition (i) at any given finite set of

primes of K. Here we can find by hypothesis T a pair of subfields L and L’

of D so that [[ Kan—1(k(p)) C n(imKs, (L) + imKa, (L)) where the images
P

are computed in Kon(D).
On the other hand, local consideration show that SKs,_1(I") maps surjec-
tively onto [] K2n—1 (d(p)/K2n—1(k(p)). Hence the result.

p
Note. In view of Soule’s proof that hypothesis T also holds for number fields
(see [196)), it follows that T holds for global fields since it was earlier known
to hold for function fields.
Next, we record for later use the following results of A.A. Suslin and A.V.
Yufryakov (see [204]).

Theorem 7.1.5 [204] Let F be a local field of char p (i.e., a complete dis-
cretely valued field with finite residue field of char p (e.g., a p-adic field). Let
R be the ring of integers of F', I' a mazximal order in a central division algebra
D of degree d* over F. Then for alln > 0, K,(I') ® Zy,, and K,(D) ® Z,
decompose into a direct sum of a torsion group and a uniquely divisible sub-
group. R R

Moreover K,(I') @ Zg ~ K,(T') ® Zy, ¢ # p for all n > 1 where T is the
residue class field of T'.

PROOF  See [204]. I

The next result due to X. Guo and A. Kuku (see [72]) shows that the kernel
of the reduction map of a maximal order in a central division algebra over
number fields is finite.

Theorem 7.1.6 Let F' be a number field and D a central division algebra of
dimension m? over F. Let R be the ring of integers of F, and I a mazimal
R-order in D. For any place v of F, let k, be the residue ring of R at v.
Then, the residue ring of Ty, is a matriz ring over d,,, where d, is a finite field
extension of k, and the kernel of the reduction map

Kanl(F) (E) H K2n71(dv)
finite v

is finite. Hence the kernel of

Ko ()5 ] Kon-1(Ty)
finite v
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is finite.

PROOF It is well known that the residue ring of T, is a matrix ring over
d,, where d, is a finite field extension of k, (see [99]).

By theorem 7.1.11 Ky, 1 (T") is finitely generated. So, it suffices to prove
that the kernel of the reduction map is a torsion group in order to show that
it is finite.

Let

i: Kop_1(R) = Kop_1(T")

be the homomorphism induced by inclusion, and let
tr: Kop—1(T) — Kop—1(R)
be the transfer homomorphism. Then
iotr(z) =™

for any € Ka,—1(T") by lemma 7.2.2(b).
So, if there is a torsion-free element 2 € Ker(m, ), then tr(x) is a torsion-free
element in K, _1(R). Consider the following commutative diagram

(ﬂ—;) H K2n71(kv)
Kon—1(R) — finite v

| o

N H K2n—1(dv)
K2n_1(r) (7o) finite v

By Theorem 1 of [8], the kernel of () is finite. So ()0 (7)) otr(zx) is torsion-
free. But x € Ker(m,), and so, (1) o (7)) o tr(z) must be 0 since, from the
above diagram,

(1) o () o tr(z) = () (@™ ) = 0.

This is a contradiction. Hence Ker(m,) is finite.
The last statement follows from the following commutative diagram

Kan (1) I K
x /
H K2n71 (dv)
finite v

and the fact that Ker(m,) is finite (as proved above).
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We close this subsection with a brief discussion on Wild kernels for higher
K-theory of division and semi-simple algebras. First, we define these notions
that generalize the notion of Wild kernels for number fields and use 7.1.6 to
prove that Wild kernels are finite Abelian groups.

Definition 7.1.1 Recall that if F is a number field and R the ring of integers
of F, then the wild kernel WK, (F) is defined by

WK (F) = Ker | Ko(F) - [ Ka (ﬁv)

where v runs through all the finite places v of F, and 131, is the completion
of F at v (see [12]). Tt is proved in [12] that WK, (F) is finite, and in [12],
Banaszak et al. conjectured that for all number fields F' and all n > 0 we
should have WK, (F); = div(K,(F));.

Now, suppose D is a central division algebra over F and I' a mazimal R-

order in D. Following X. Guo and A. Kuku (see [72]) we define wild kernel

WK, (D) of D by WK, (D) := Ker (Kn(D) - I K (Bv> and show
finite v

that WK, (D) is finite for alln > 0 (see theorem 7.1.7 and proposition 7.1.1).

We also define pseudo-wild kernel W' K,,(D) of D by

WK, (D) = Ker | K,(D) — 11 K, (ﬁv)
non complex v
with the observation that W' K, (D) is a subgroup of W K,,(D). Note that these
definitions extend to WK, (X), W/ K,,(X) where X is a semi-simple F-algebra.

These results and some others connected to this topic are due to X. Guo and
A. Kuku (see [12]).

Theorem 7.1.7 Let F' be a number field, D a central division algebra over
F. Then the wild kernel W Ko, _1(D) is finite.
PROOF By theorem 7.1.4, the following sequence is exact

0 — @gpite o Kon—1(dv)/Kon—1(ky) — Kop1(T') = Kopn_1(D) — 0 (I)

where I' is a maximal order in D, k, is the residue ring of the ring of integers
R of F at v, and the residue ring of I';, is a matrix ring over d,, and d, is a
finite field extension of k,.

Since Kop,—1(dy)/Kan—1(ky) is trivial for almost all v, it follows that

@ﬁnite vK2n_1 (dU)/K2n—1 (kv)
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is a finite group. Also, it follows from theorem 7.1.11 that Ko, 1(T) is
finitely generated. So, Ks,_1(D) is finitely generated, which implies that
W K3,—1(D) is finitely generated. So it suffices to prove that WKy, _1(D) is
a torsion group.

If £ € WKo,-1(D) C Ka,-1(D) is torsion free, then from I above, we
can find an element z7; € Ko, 1(T") such that the image of z; under the
homomorphism

i Kop1(I') = Kop—1(D)

is x, and x; is also torsion free. By theorem 7.1.6, the kernel of the composite
of the following maps

Kop1(T) — H Kop1(Tw) — H Kon—1(dy)
finite v finite v

is finite. If x5 is the image of 1 in  [[ Ka2n—1(T), then x4 is torsion free.
finite v
Consider the following commutative diagram II with the maps of elements

illustrated in diagram III:

Kop 1 (1) —= 1T Kzna(T'0) (11)

finite v

| |

Kon1(D) — 11 Kon1(Dy)

finite v

Tl —— T2 (IIT)

|

r——— I3,

where x3 is the image of zoin  [[ Kap—1(D,). Since D is ramified at finitely
finite v

many places of F, k, = d,, for almost all v. So, Ko,,—1(T"y) =~ Kap_1(D,) for
almost all v by theorem 7.1.3. Hence the kernel of the right vertical arrow in
diagram IT is finite. So, x3 is torsion free. However x € W K»,,_1(D), and so,
23 = 0. This is a contradiction. Hence W Ky,,_1(D) is finite.

Proposition 7.1.1 Let F' be a number field and D a central division algebra
over F. Then, for all n > 0, the wild kernel W K, (D) is contained in the
image of K9, (T') — Ky, (D). In particular, W K, (D) is finite.
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PROOF Consider the following commutative diagram

0 — WK, (D) — Ko, (D) [1, K2n(Dy)

y s

O%K2H<F)%K2R(D)7 HUK2n—1<dv)7

where the middle vertical arrow is an identity. By this commutative diagram,
g=T1of

which implies Ker f C Kerg. So, W K, (D) C Ko, (T).
Let
tr: Kop(I') — Koy (R)

be the transfer homomorphism, and let
i . Kgn(R) — Kgn(r)

be the homomorphism induced by the inclusion. Then for any z € Ko, (A),

m2

totr(z) =a™,
where m? is the dimension of D over F. Since Ka,(R) is a torsion group,
K5, (T) is also a torsion group. So, it must be finite, which implies WKQn(DEl
is finite.

Theorem 7.1.8 Let X be a semi-simple algebra over a number field F'. Then
the wild kernel WK, (%) is contained in the torsion part of the image of the
homomorphism

K,[) — K,(%),

where T is a mazimal order of ¥. In particular, WK, (%) is finite.

PROOF Assume ¥ = H M,,,(D;), where D; is a finite dimensional F-
division algebra with center E Let I' be a maximal order of . We know that

T is Morita equivalent to H M,,,(T;), where T'; is maximal order of D;. So

=1

k k
WEK,(2) = [ WK,(D;)) and K,(I') = [] Kn(T;). This theorem follows
i i=1

i=1

from theorems 7.1.7 and 7.1.1. I

Remark 7.1.4 It was also proved in [72] by Guo/Kuku that

(i) WK, (2)/W'K,(X) is a finite 2-group with 8-rank 0 if n = 0,4, 6 (mod
8) (see [72], theorem 3.1).
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(ii) div(K2(D)) € WK»(D), and that when the index of D is square free,
then
(a) divKs(D) ~ divKy(F).
(b) WK3(D) ~ WKy(F) and |WK>(D)/div(K2(D))| < 2 (see [72],
theorem 3.2).
(iii) If (D : F) = m?, then

(a) div(K,(D)); = WK, (D), for all odd primes [ and n < 2.
(b) If I does not divide m, then divK3(D); = WK3(D); =0

(¢) If F = @ and [ does not divide m, then divK, (D); C WK, (D),
for all n (see [72], theorem 3.4).

(7.1)% K,,G,,SK,,SG, of arbitrary orders

In this subsection, we obtain some finiteness results on K,,,G,, SK,,SG,
of arbitrary orders. These results are all due to A.O. Kuku up to theorem
7.1.14 (see [108, 110, 112, 113]). Thereafter, we focus on some vanishing
results on SG,,(A) due to R. Laubenbacher and D. Webb (see [131]).

Let R be the ring of integers in an algebraic number field F', A any R-order in
a semi-simple F-algebra X. Then, the inclusion map A — A, induces a group

homomorphism K,,(A) 2, K, (KB) and hence a map SK,A @ [1SK, ([A\£>.
Note that a similar situation holds with SK,, replaced by SG,,.

Theorem 7.1.9 SK, (/A\E) =0 for almost all p and () is surjective.

PROOF It is well known that [\E is maximal for almost all p. It is also
well known that X has only finitely many non-split completions, i.e., ig splits

for almost all p. In any case, f\p is maximal in a split semi-simple algebra f)p

for almost all p. So, for almost all p, SK;, (/A\B> = 0 by theorem 7.1.3 and

corollary 7.1.1. So, [[SK, (/A\p) =[] SK, (/A\p) for some finite number m
- i=1 -

of Ei’s. I

7.1.4 We now show that ($) is surjective. Let S = R — 0, §B = RE - 0.
Then Quillen’s localization sequence for K, (A) and K, (KB) and the above
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result yield the following diagram:

6n+1

0— Coker(Knt1(A) - Knp1(%)) —  Kn(Hs(A)  —  SKa.(A) —0

I- I Jow
0 — I Coker(Kni1(Ry) — Kns1(S,)) — [T Kn (HS.B (7\1_,)) - f[l SK, (7\&) ~0

We now show that 3, maps K, (Hs(A)) isomorphically onto & K, (H 3, (/A\Z,)) .

If MeHg (Kp), then M ~ @& M), where p runs through the prime ideals of
P s » P =
R and M,, = 0 except for a finite number of summands.

Moreover, M, € Hg (Kp). So, Hs ~ ®Hg (Kp). Now,
P p \P. p S 'R

%HSQ (ZA\£> = lim @ Hg (/A\p‘) .

m—0o0 =1 =t

So, by Quillen’s results (see [165]).

K (Hs(A) = 1im & (g, (R,)) =@,k (1, () -

m—oo =1
So, B, really maps onto @Kanp (Kp), and by diagram chasing, it is clear
v » \"'P

that p, also maps into Coker(KnH(/A\E) — n+1(§:£)). The surjectivity of
(p) will follow from the following.

Theorem 7.1.10 For all n > 1, there exists an exact sequence

0 — Cokerp, — SK,(A) 12, & SK, (Kg> —0.

=1

PROOF The result follows by applying the Snake Lemma to the commu-
tative diagram

0— Coker(Knp1(A) — Knpi(%) — Ky (Hs(A)) —  SKn(A) —0

o Jo. o

0— % Coker(Kn41(Ap) — Kni1(Sp)) — ? Kn (Hég (AB» - EB S ( B> -0

i=1

Remark 7.1.5 It should be noted that theorem 7.1.10 holds with SK,, re-
placed by SG,,, where p,, is now a map from Coker (Gp4+1(A) — Gr11(X)) to

@pCoker (Gnﬂ(?\g} — Gn+1(§g)). Note that the proof is similar where 3,
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is now isomorphism K, (Ms(A)) ~ @,Gn, (KE/}_)/A\B>. Details are left to the
reader.

Theorem 7.1.11 Let R be the ring of integers in a number field F', A an
R-order in a semi-simple F-algebra 3. Then for alln > 1

(i) K,(A) is a finitely generated Abelian group.
(i) SKn(A) is a finite group.

o~

(iii) SKn(Ap) is finite (or zero) for any prime ideal p of R.

PROOF

(i) Note that K,,(A) = lim,— o0 Kpnm(A) where Ky, 1, (A) = 7, (BGL} (A)) ~

mn(BE (A)) since BE! (A) is the universal covering space of BGL,! (A)
(see [25, 220]).
Now, by the stability result of Suslin [202], K, m(A) = Ky my1(A) if
m < max(2n + 1,n + 3) since A satisfies SR3. Now E,,,(A) is an Arith-
metic group since SL,,(A)/En,(A) is finite (see [189]). So, by a result
of Borel ([27], theorem 11.4.4), H, (E,,(A)) is finitely generated. Now
H,(E.(A)) 2 Hy(BE,,(A)) = H,(BE},(A)), and moreover, BE, (A)
is simply connected H-space for m > 3. Moreover, by ([197], 9.6.16),
T (BE;} (A)) is finitely generated iff H,,(BE;}(A)) is finitely generated.
So K,(A) = m,(BE;} (A)) is finitely generated. The proof for n = 1 is
well known (see [20]).

(ii) Tt follows from (i) that SK,(A) is finitely generated as a subgroup of
K, (A), and so, we only have to show that SK,,(A) is torsion.

If I' is a maximal R-order containing A, then, since any R-order is a
Z-order, there exists s € Z such that sI' ¢ A. If we put ¢ = sI', then
q is a two-sided ideal of A and I' such that s annihilates A/q and T'/q,
and so, we obtain a Cartesian square B B

which by [33, 237] leads to an exact Mayer - Vietoris sequence:

- Kn+1 (F/g)l/s - Kn(A)l/s - K’II(F)l/S 2] K’ﬂ(A(g)

- K”(F/Q)l/s - nfl(A)l/S — e <I)

where, for any Abelian group A we write A;/, for A ® Z[1/s].
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If we write A = A, & Ay & Ay where s, ¢, f denote, respectively, s-
torsion, s'-torsion, and free parts of A, we have A;/, ~ Ay @ (Af)s.

Now, A/q, T'/q are finite rings, and so, K,,(A/q)1/s and K,(I'/q),/s are
isomorphic, respectively, to K, ((A/g)/raud([x/g))l/S and K, ((I'/q)/
rad(F/g))l/S. Now, since (A/q)/rad(A/q) and (I'/q)/rad(I'/q)) are fi-
nite semi-simple rings, computing their K-groups reduces to computing

K-groups of finite fields. Hence K2,(A/q)1/s and K2, (I'/q)1/s = 0 for
all n > 1, and the sequence I reduces to

t 'K2n+1<r/g)1/s - K2n(A)1/s - KZn(F)l/s —0 (II)

and

0= K2n—1<A)1/s i’ K2n—1(F)l/s@K?n—l(A/g)l/s - K2n—1<r/g)1/s
I

It follows from the sequence IT above that the canonical map Koy, (A
K, (T) is a monomorphism mod s-torsion. Now, SKs,(I') = 0 since T is
regular. So, SKs,(A) ~ Kerfs, is torsion. But SKa,(A) is also finitely
generated as a subgroup of Ks,(A) by (i) above. Hence SKy,(A) is
finite.

Now, let n : Kzn,l(l“)l/s D K2n71(A/g)1/s — Kzn,l(F)l/s be the
projection onto the first factor Ko, 1(I');/s. Then, Ker(Kap_1(A)q/s
2 Ky, -1(I')1/5) is contained in Ker 7 since we have a commutative
diagram

)

Kanl(A) K2n71(r)1/s®K2n71( /g)l/s

x/

Kon 1(I)1/s

and so, p = nd, whence the sequence 0 — Kerd — Kerp — Kern
is exact where Kerd = 0. Now Kern ~ Ky, 1(A/q)i/s is torsion s-
ince Ko,—1(A) — Ka,-1(T") is a monomorphism mod torsion. But
SKanl(F) is finite since SKanl(F) >~ SGanl(A) and Ganl(F/q)
is finite (see theorem 7.1.12(ii)). Hence SK5, 1(A) is torsion. But
SKa,—1(A) is also finitely generated by (i) above. Hence SKa,—1(A) is
finite.

It is well known that /A\p is maximal for almost all p. It is also well
known that 3 has only finitely many non-split extension, i.e., f)p splits
for almost all p. In other words, Kp is maximal in a split semi-simple

flg for almost all - So, for almost all D, SKon_1 (ZA\£> = 0 (see theorem
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7.1.3) and SK», (Kp) = 0 (see corollary 7.1.1). Also, it was shown in

theorem 7.1.13 that there exists a surjection
SK,(A) — @™ SK, (Kg) .

Hence the result.

[

Remarks 7.1.1 Let R be the ring of integers in a number field F, Ep the
completion of R at a prime ideal p of R, G a finite group. It follows from
theorem 7.1.11 that, for all n > 1, K,,(RG) is finitely generated; SK,(RG)
and SKn(]??pG) are finite groups.

To facilitate other computations, we now show that if A is any finite ring,
then K, (A), G,(A) are finite Abelian groups.

Theorem 7.1.12 Let A be any finite ring with identity. Then for all n > 1,

(i) Kn(A) is a finite group.

(1) Gn(A) is a finite group, and Ga,(A) = 0.

PROOF

(i)

(i)

First note that for m > 1, E,,(R) is a finite group, and so, for al-
ln > 1, Hy(En,(R)) is finite. (Homology of a finite group is finite.)
Now, put K, m(R) = m, (BGL} (R)). Then, by the stability result of
Suslin [202], K, m(R) ~ Kpm+1(R) if m > max(2n + 1,s.r.R + 1),
where s.r.R + 1 is the stable range of R (see [20]). Also for n > 2,
7 (BGL} (R)) ~ m, (BE],(R)) since BE;} (R) is the universal cov-
ering space of BGL} (R) (see [220], proof of 4.12, or [136]). Now,
H,(BE,,(R)) ~ H,(BE,,(R)") by the property of the plus construc-
tion since BE,,(R) — BE} (R) is acyclic. Moreover, BE (R) is simply
connected. So K,(R) = 7, (BE}.(R)) is finite since, by [197], 9.6.16,
7 (BE (R)) is finite if and only if H, (BE}(R)) is finite.

Note that A = A/radA is a semi-simple ring and hence regular. Also
A is a finite direct product of matrix algebras over finite fields. So, by
Devissage, G, (A) ~ G (A) ~ K,,(A), which reduces to computing K,
of finite fields. Hence the result.

[

We next prove some finiteness results for G, and SG,, of orders (see theorem
7.1.13 below). These results are analogues to theorem 7.1.11 for K,,, SK,, of
orders.



138 A.0. Kuku

Theorem 7.1.13 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra X3, I a maximal order in % containing A,
a, : G (') = Gr(A) the map induced by the functor M(T') — M(A) given by

restriction of scalars. Then, for allmn > 1,
(i) aon-1: Gapn—1(T) — Gan—1(A) has finite kernel and cokernel.
(1) aopn : Gon(T') — G2, (A) is injective with finite cokernel.

(iii) Gn(A) is finitely generated.

(iv) SGan—1(A) is finite and SGan(A) = 0.

(v) SG2n-1(Ap), Sng_l(KE) are finite of order relatively prime to the ra-
tional prime p lying below p and SGa2,(Ay) = SGQn(Xp) =0.

PROOF

(i) Since A is also a Z-order, there exists a non-zero integer s such that
ACT C LA (see[171]). If S ={1,s,5% ...}, wehave Ag = R[] ® A =
R[i]®T =Ts.

Now, since G2, (I'/sT") = G2, (A/sA) = 0 (see theorem 7.1.12), we have
the following commutative diagram where the top and bottom sequences
are exact and p is an isomorphism:

Y2n—1 d2n—1

G 1 (T'/sT) —— Gop_1(I') ——= G2pn_1(I's) —=0
T
e Gt (A/SA) 2 Gy (A) 225 G () — 0
From the right-hand commutative square, we have an exact sequence
0 — keravg,—1 — kerdg,_; — kerd’s,_1 — Cokeravgp,—1 — 0.

Now, Kerda,—1 = Im~ys,_1 is finite since Ga,,—1(I'/sI") is a finite group
by theorem 7.1.12. Hence Keras,,_1 is finite as a subgroup of Kerda,,_1.
Also Kerd'y,—1 = Imy/,,,_; is finite since Ga,—1(I'/sI') is finite. So,
Cokerag,—1 is finite.

(ii) We also have the following commutative diagram where the rows are
exact:

. b2n V2n
0 Gon(T) —= G2, (Ts) —= Gap—1(T'/sT) —— - -

N

6/2" V/2n
0 > Gop(A) — > Gap(Ag) —= Gop—1(A/sA) —— - -
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The result follows from the following exact sequence associated with the
left-hand commutative square:

0 — Keraws,, — Kerds, — Kerd’s,, — Cokeras,, — Cokerdy, — - -

where Keras,, = 0 since Kerds,, = 0 and Cokerds,, ~ Imuvsy, is finite as
a subgroup of the finite group Ga,—1(I'/sT).

Since Vn > 1, K, (T') is finitely generated; then, Ima, has a finite index
in G,(A), and so, G,,(A) is finitely generated.

Let X be the set of prime ideals of R. Then Vn > 1 and we have the
following exact sequences (see example 6.2.1(v)):

= @geXGr(A/QA) — SGr(A) — 0. (1)
= Gr(Ap/pAp) = SGr(Ap) — 0. (if)
- — Gr(Ay/pRy) — SGL(R,) — 0. (iii)

Note that G (A/pA) ~ G, (A,/pA,) ~ K, (A, /radA,) is a finite group

since A,/pA, ~ _A/QA is a finite ring and (A,/radA,) ~ (Ap/pAp)/

rad(A,/pA,). Furthermore, if r = 2n, G2, (A/pAy) ~ GQn(K/po) =0

by theorem 7.1.12(ii). If r = 2n — 1, then @; G,(A/pA) is a torsion
pe -

group, and so, from (i), SGa,,—1(A) is torsion. But SGapn—1(A) is finitely
generated by (iii). Hence SGa,—1(A) is finite.

. . k
Now, Ap/radA, ~ Agli/radAg ~ il;[l M, (F,,) where F,, is a finite
field of order ¢; = p*, say for the rational prime p lying below p. So,

Kon—1(Ap/radAy) ~ [[ Kan—1(Fy,) ~ [] (cyclic groups of order (¢} —1))
(see example 5.1.1(v)). So, |K2n,—1(Ap/radA,)| = —1 mod p, and so, it

~

follows from (ii) and (iii) above that SGan,—1(Ap) and SGa,—1(A,) are
finite groups of order relatively prime to p. B B

[

Remarks 7.1.2 (i) Note that theorem 7.1.13 holds for A = RG, A, =

(i)

(iii)

R,G, ZA\p = ﬁpG where G is a finite group, R, is localization of R at p,
and RE = completion of R at p.

One can also prove easily that for all n > 1, G,,(A,) is a finitely gener-
ated Abelian group. Hence G,,(R,G) is finitely generated.

One important consequence of theorem 7.1.13(iii) is the following result,
which says that G,, of arbitrary finite algebras (i.e., R-algebra finitely
generated as R-modules) are finitely generated (see theorem 7.1.14 be-
low).
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(iv) We shall also prove in 7.5 that G, (RV) is finitely generated if V is a
virtually infinite cyclic group.

Theorem 7.1.14 Let R be the ring of integers in a number field, A any finite
algebra (i.e., A an R-algebra finitely generated as an R-module). Then G, (A)
is finitely generated.

PROOF It is well known (see [20] III 8.10) that there exists a nilpotent
ideal N in A such that A/N = T x A where T is a semi-simple ring and
A is an R-order in a semi-simple F-algebra. Hence G, (A4) ~ G,(A/N) ~
Gn(T) x Gp(A). Now, G,(A) is finitely generated by theorem 7.1.13(iii).
Note that T is a finite ring since 7T is torsion and finitely generated. Moreover,
G, (T) is finite by theorem 7.1.12(ii). Hence the result. I

7.1.5 Our next aim is to prove the following result on the vanishing of
SGp(A) under suitable hypothesis on A. This result due to R. Lauberbacher
and D. Webb (see [131]) has the interesting consequence that if R is the ring
of integers in a number field F, and G a finite group, the SG,(RG) = 0
for all n > 1. We also have some other consequences due to A. Kuku, i.e.,
SGp(Ap) = 0 and SG,(R,G) = 0, for any prime ideal p of R (see [117] or
chapter 8). -

Theorem 7.1.15 [131] Let R be a Dedekind domain with quotient field F,
A any R-order in a semi-simple F-algebra. Assume that

(i) SG1(A) = 0.
(i1) Gn(A) is finitely generated for allm > 1.
(iii) R/p is finite for all primes p of R.
(i) If € is an £°-th root of unity for any rational prime £ and positive integer
s, R the integral closure of R in F((), then SG1(R®pr A) =0.
Then SGp(A) =0 for alln > 1.

The proof of theorem 7.1.15 will depend on the next two results — lemma
7.1.5 and theorem 7.1.16 below.

7.1.6 In the notation of theorem 7.1.15, let S = R —0, Mg(A) the category
of finitely generated S-torsion A-modules, m a maximal two-sided ideal of A,
k(m) a finite field extension of R/R N m such that A/m is a full matrix ring
over k(m). Recall that for any exact category C, K,,(C,Z/s) is the mod-s K-
theory of C as defined in example 5.2.2(viii). These groups are also discussed
further in chapter 8.

We now prove the following.
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Lemma 7.1.5 In the notation of 7.1.6, there is an isomorphism

[T Ealk(m).2/e) = Ka(Ms(A): Z/€).

mcAmax ideal

PROOF  Using Devissage argument, one has that K,(Mg(A)) ~ &K,
(End(T')) where T runs through all isomorphism classes of simple A-modules.
Now, let T be a simple A-module. Then, anny(T) is a two-sided ideal of A,
which contains a product m, -m, - - - m,, = m; Nmy,N- - -Nm,. of maximal two-
sided ideals my,my, - ,m, of A. Hence T is a simple module over A/m, -
my---m, = A/m; x A/my x ---A/m,. Hence T is a simple module over
A/m; for some i. If m is a maximal two-sided ideal of A, then A/m is a
simple finite-dimensional algebra over R/(RNm).

Since the residue fields of R are finite, it follows that A/m is a full matrix
ring over a finite field extension k(m) of R/RNm, and the result follows from
the fact that K-theory is Morita-invariant.

Theorem 7.1.16 In the notation of theorem 7.1.1, we have that for all odd
n > 1 and rational primes £

SGn(N,Z/0°) = Ker(Gn (A, Z]0Y) — Gn(Z,Z/¢°)) =0

where v > 2 if £ = 2.

PROOF Recall that Quillen’s localization sequence
Gra () = Ga(Ms(8)) = Ga(A) = Gu(8) = -
is induced by the sequence of exact categories
Ms(A) = M(A) — M(X). (D

Since R is contained in the centre of A, we obtain a commutative diagram of
exact functors and exact categories

Mg(A) x P(R) ——= M(A) x P(R) —— M(A) x P(R) (IT)

| l J

Ms(A) M(A) M(X)

where the vertical functors are given by —® g — and are biexact. Since £ # 2,
the vertical functors induce pairing on K-groups with or without coefficients.
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From [131] corollary 7.14, we now have a commutative diagram

Go(2,Z/0") x Kn_1(R,Z/) Gni1 (S, Z/7) (111)

Jagxid 6n+ll

l;[AKl (k(m); Z(0") x Kn1(R,Z/07) TCIAKn (k(m); Z/£")

So, in order to prove theorem 7.1.16, it suffices to show that 0,41 is surjective.
Now, consider the following commutative diagram of exact functors

[TM(A/m) x P(R) __, [IM(A/m) (IV)

l l

Ms(A) x P(R) Ms(A)

where the top arrow is given by (& M;, P) — & M ®@pr P) and the vertical

functors induce isomorphisms in K-theory (by Devissage); then the bottom
horizontal map in III is induced by the top horizontal map in IV.

If char(F) = ¢, then char(k(m)) = ¢ for all m C A. Since k(m) is finite,
then K, (k(m)) contains no ¢-torsion for n odd, and so, it follows from the
Bockstein sequence (see chapter 8)

Ko(k(m) 5 Ko (k(m) — K (k(m), Z/0) — Koo (k(m) — -

that K, (k(m),Z/¢") = 0 for all odd n. Hence, in this case, 9,11 is trivially
surjective.

Now, suppose char(F) # ¢. We shall prove the theorem under the as-
sumption that R contains a primitive ¢“-th root of unity (. Let p C R be a
prime ideal such that char(R/p) # £. It was shown in [30] theorem 2.6 that

E>BO; K, (R/p;Z/") is a graded Z/¢*-algebra isomorphic to A(ay,) ®z,/¢ P(Bp)

where A(a,) is the exterior algebra generated over Z/¢” by a generator a,, of
the cyclic group K (R/p;Z/€") = (R/p)*/¢*(R/p)* and P(8,) is the polyno-
mial algebra generated over Z/¢” by an element 3, € K»(R/p;Z/¢") mapped
by the Bockstein to the image of ¢ € R* = K (R) in K1(R/p) (see [30]).
In the case where char(R/p) = ¢, we have that K,,(R/p;Z/¢") = 0 for all odd
n (see [30]). B B

If k is a finite field extension of R/p, then, if char(R/p) # ¢,

Gn>0 Ky (K Z/07) = /\(O/) ®z,/0v P(Bp)

where o is a generator of Ky (k;Z/¢") = k* /¢¥k* [131]. Squares in an exterior
algebra are zero, and so, for odd n, K,(R/p;Z/t"), resp. K,(k;Z/¢"), is a
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cyclic Z/¢”-module, generated by «, - ﬁ,(,nfl)m, resp. o - ﬁzgnfl)ﬂ. As shown
above, ©p<oKn(m); Z/0") = N(am) @z P(B), where a,, is a generator of
K1(k(m);Z/1"), and 3, is the image of the Bott element 3 € Ko(R;Z/1")
(see [131]) under the map

Ko (R, ZJ1Y) — Kao(R/p; Z/1") — K (k(m); Z/1”).

Our aim is to show that 0,41 in square III is onto. So, let Emyﬂ(ﬁ)gn_"_l)/2

be a typical element of [[ K,(k(m);Z/l"). From diagram (IV) we see that
this element is the image of (0ym)(3)"~Y/2) in [, Ki(k(m);Z/t") x
K,_1(R;Z/¢") under the bottom horizontal map in square III, which, there-
fore, is onto. By assumption, do is onto, hence so is d» X id. It follows that
On+1 1s onto. This proves the theorem under the assumption that R contains
a primitive ¢“th root of unity.

In the general case, let ¢ be a primitive £”th root of unity in an algebraic
closure of R, and let F' = F(¢) and R be the integral closure of R in A =
R®g A, and $ = F@r Y. Restriction of scalars induces a map of localization
sequences

Gri1(Z;Z/07) Bery ﬁIc_[M Kn(k(m); Z/¢")

Gry1 (5 2/07) — pyM Ko (k(m); Z/0")

It follows from the ideal theory of orders (see [38]) that for given m and m,
the corresponding component of f is zero unless m lies over m.
In this case, it is the transfer map K,, (k(m); Z/¢") — K, (k(m);Z/¢") induced
by the field extension k(m/k.

Since n is odd, the map K, (k(m); Z/¢") — K, (k(m);Z/¢") is onto ([196],

Lemma 9). Therefore, f is onto. Since 0,1 is also onto, this completes the
proof.

Proof of theorem 7.1.15. If n is even, then it follows from lemma that
K,(Mg(A)) = 0. Therefore SG,,(A) = 0 also.

So, assume that n is odd. By hypothesis, G,,(A) is finitely generated, and
so, SG,(A) is finite by hypothesis (iii). Let x € SGy,(A). We shall show that
the ¢-primary component x; of x is zero for all primes ¢. Let v be an integer
large enough so that ¢” annihilates the ¢-primary component of G, (A). (If
¢ = 2, also choose v > 2.) Since the Bockstein sequence for K-theory with
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7/ ¢¥-coefficients is functorial, we obtain a commutative diagram

Gn(2)

T

Gn(A) — 2 = G (D)

n ]

WA Z) ) s G (7))

Write G,,(A) = B&C & D, where B is the torsion-free part of G, (A), C is the
prime-to-£¢ torsion, and D is the {-primary part. Then the kernel of f equals
(r-B)yaC.

Write ¢ = y + ; with 2; € D, and y € C. Then, since g(x) = 0, we have

0=nhf(z)=hf(ri+y) =hf(z)+hfly) = hf(z:).

But h is one-to-one by theorem 7.1.16, and hence f(x;) = 0. Since x; € D,
this implies that x; = 0.
This completes the proof of Theorem 7.1.15.

Corollary 7.1.3 Let R be the ring of integers in a number field F', G a finite
group. Then SG,(RG) =0 for all n > 0.

PROOF It was proved in [100] that SGi(RG) = 0. Also, by theo-
rem 7.1.13, G, (RG) is finitely generated for all n > 1. So, the hypothesis
of 7.1.15 are satisfied for A = RG and the result follows.

Remarks 7.1.3 (i) In [117] A.O Kuku showed that in the notation
of 7.1.1, SGn(AE) = 0 for any prime ideal p of R if A satisfies the

hypothesis of 7.1.15. Hence SGn(EEG) =0 (see chapter 8).

(ii) Recall that 7.1.16 was proved for odd n. In [117] A. Kuku showed that
for all even n, SGy,(A,Z/¢") = 0 in the notation of 7.1.16 if A satisfies
the hypothesis of 7.1.15 (see chapter 8). Hence SG,,(RG,Z/¢") = 0 for

all even n.

(iii) In [117] A. Kuku showed also that if A satisfies the hypothesis of 7.1.15,
then for all n > 1 SK,(A) =2 Ker(K,(A) — Gn(A)), ie, SK,(A) is
isomorphic to the kernel of the Cartan map (see chapter 8).

Before we close the section, we present the following computation (theo-
rem 7.1.17) due to A. Kuku that, if G is a finite p-group, then SKs,_1(ZG),
SKgn,l(ng) are finite p-groups for all n > 1 (see [121]). Recall that we
showed already in 7.1.8 (ii) that SK, (ZG) is finite for all n > 1, and for any
finite group G.
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Theorem 7.1.17 Let G be a finite p-group. Then
(a) SKon—1(ZG) is a finite p-group.
(b) For any rational prime ¢, SKQn,l(ng) is a finite p-group (or zero) for
allm>1.
PROOF

(a) Let I' be a maximal order containing ZG.
If |G| = p® and we write b = p°T’, then the Cartesian square

7G——7T

Lo

ZG/b ——=T/b
yields a long Mayer - Vietoris sequence

= Kpp1(I'/b) (%) — K, (ZG) (%) — K,(T) (%) @ K, (ZG/b) (%)
s Ko (T/b) (11_7) — Ko 1(ZG)

(see [33, 237)).

Since p* annihilates (ZG)/b and I'/b then (ZG)/b and T'/b are Z/p°-
algebras. Moreover, I = rad((ZG)/b), J = rad(A/b) are nilpotent in
the finite rings (ZG)/b and T'/b, respectively, and so, by [236] 5.4, we
have for all n > 1 that K,,(ZG)/b,I) and K, (I'/b, J) are p-groups. By

tensoring the exact sequences II and III below by Z %

= Ko ((2G)/b) /1) — Kn((2G) /b, 1) — Kn((2G)/b) —  (IT)

= Koy (T/b)/J) — Ky (D) /b, J) — K, ((I)/b) — -+ (I1I)
we have K,(I'/b) (117) >~ K,((T/b)/J) (117) and K, ((ZG/b) (%) =~
K. (ZG/o)/1) (£).

Now, (ZG/b)/I and (I'/b)/J are finite semi-simple rings and hence di-
rect products of matrix algebras over finite fields. So, by Quillen’s result-

o () = Ko () = et ) =
Ko ((T/1)/J) (%) = 0. So, the exact sequence I above becomes

0 — Koy1(ZG) (%) s Koy (T) (%) & Kay1(ZG/b) (%) -
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which shows that Ks,_1(ZG) — Ka,-1(T') is a monomorphism mod p-
torsion: i.e., Ker(Ka—1(ZG) — Ka.—1(T)) is a p-torsion group. It is
also finite since it is finitely generated as a subgroup of Ks,._1(ZG),
which is finitely generated (see theorem 7.1.13). Hence Ker(Ka,_1(ZQG)
LA Ks,—1(T")) is a finite p-group.

Now, the exact sequence associated to composite & = /3 in the com-
mutative diagram

KQTfl(ZG) - K2r71(QG)

T

Ko 1 (T)

is
0— K@Tﬁ — SKQT_l(ZG) — SKQT_l(F) —
where Kerf is a finite p-group.

Now, I' =Z & (®!_; My, (Z|w;]). But it is a result of Soule [196] that if
F' is a number field and Op the ring of integers of F', then SK,,(Op) =
0 Vn > 1. Hence SK,,(I') =0Vn > 1. So, SK3,._1(ZG) ~ Kerf is a
finite p-group.

Let S=7Z -0, §g = Z — 0. Then by applying the Snake lemma to the
following commutative diagram

0 — ol Kon_1(Hs(ZG) SKon 1(ZG) — 0

| H |

0— ? Imliigg(fier()})) ?Kgn_l(HSi (Z@G) R —— EESKQn_l(ZgG) — 0

where Ka,—1(Hs(ZG)) = %?KZn—1<H§i (Z4G)) is an isomorphism, we
obtain a surjective map

SKon_1(ZG) — elJ;(S*KQn,l(ZG). (1)

Now, it is well known that for £ # p, /Z\gG is a maximal order in a
split semi-simple algebra QgG Now, when ZgG is a maximal order in
Q¢G, we have from theorem 7.1.3 that SKo,_ 1(Z¢G) =0iff QZG splits.

Hence @ SKay_1(Z¢G) in I reduces to only SKgn_l(ZpG).
¢

But by (a), SK2,-1(ZG) is a finite p-group. Hence so is SKQn,l(sz).

[
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Remarks 7.1.4 Even though we do not have finite generation results for
K, (A), Gn(A), of p-adic orders A, the following results, theorem 7.1.18 con-
cerning finite kernel and cokernel, are quite interesting.

Theorem 7.1.18 Let R be the ring of integers in a p-adic field F', A any
R-order in a semi-simple F-algebra 3, T' a maximal R-order containing A.
Then, for alln > 2,

(i) The canonical map K, (T') — K, (X) has finite kernel and cokernel.
(i) The canonical map Gn(A) — Gy (X) has finite kernel and cokernel.

(7)o Gp(I') — Gr(A) has finite kernel and cokernel where ., is the map
induced by the functor M(T') — M(A) given by restriction of scalars.

PROOF Left as an exercise. (

7.2 Ranks of K,(A), G,(A) of orders and grouprings plus
some consequences

(7.2)4 Ranks of K, and G, of orders A

7.2.1 Let R be the ring of integers in a number field ', A any R-order in a
semi-simple F-algebra X. We proved in theorem 7.1.11(i) that for all n > 1,
K, (A) is a finitely generated Abelian group, and in 7.1.13(iii) that G, (A) is
also finitely generated.

The aim of this section is to obtain information about the ranks of these
groups. More precisely, we show in theorem 7.2.1 that if I' is a maxi-
mal R-order containing A, then for all n > 2,rankK, (A) = rankG,(A) =
rank(K,,(I")) = rank(K,(X)). It follows that if A = RG (G a finite group),
then rankK, (RG) = rankG,, (RG) = rankK,(I") = rankK, (FG). These re-
sults are due to A.O. Kuku (see [115]).

We also prove an important consequence of the results above, namely that
for alln > 1, Ko, (A), G2, (A) are finite groups. This is also due to A.O. Kuku
(see [121]).

Theorem 7.2.1 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra X, I' a mazimal R-order containing A.

Then for all n > 2 rankK,(A) = rankK,,(T') = rankG,(A) = rankK,(%).

The proof of theorem 7.2.1 will be in several steps.
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Theorem 7.2.2 Let R be the ring of integers in a number field F', and T’
a maximal R-order in a semi-simple F-algebra . Then the canonical map
K,(T) — K,(X) has finite kernel and torsion cokernel for all n > 2. Hence,
rankK,, (L) =rankK,(X).

PROOF Since I', ¥ are regular, we have K,(T') ~ G,,(T") and K, (%) ~
Gn(X). So, we show that G,(I') — G,(X) has finite kernel and torsion
cokernel. Now, SG,(T') = SK,(T') is finite for all n > 1 (being finitely
generated and torsion, see theorem 7.1.11). Also the localization sequence of
Quillen yields

T Gn+1(F) - Gn+1(2) - ?Gn(r/ﬂr) D

where p runs through the prime ideals of R. Now, for alln > 1, each G, (I'/pI)
is finite since I'/pl is finite (see theorem 7.1.12(ii)). So, ®pGn(I'/pl) is tor-
sion. Hence, G, +1(2)/Im(G,+1(T) is torsion, as required. I

Lemma 7.2.1 (Serre) Let A— B® K — C @& L — D be an exact sequence
of Abelian groups. If A, B,C and D are finite (resp. torsion), then the kernel
and cokernel of K — L are both finite (resp. torsion).

Theorem 7.2.3 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra, I' a mazximal order containing A. Then,
for all n > 1, the map Gp(T') — Gn(A) induced by the functor M(T) —
M(A) given by restriction of scalars has finite kernel and cokernel. Hence,

rankGp (') = rankK, (') = rankGy (A).

PROOF There exists a non-zero element s € R such that A C T" C A(1/s).
Let S = {s°},i > 0. Then As = A®r Rs ~ ' ®r Rs = I's. We show that
for all n > 1, ay : G (T') — G (A) has finite kernel and cokernel.

Consider the following commutative diagram of exact sequences:

Bn

= Go(I'/sT) G,() Gn(Ts) —=G,1(T/sT) — -+ (1)

S P l

<+ = Gp(A/sA) —= G, (A) Gn(Asg) Grn-1(A/sA)
where § is an isomorphism.
From I we extract the Mayer - Vietoris sequence
Gn(T/sT) = Gp(A/sN) & Go(T) — Gn(A) — G,—1(T'/sT). (IT)

Now, since I'/sT" and A/sA are finite and n > 1, all the groups in II above
are finite (see theorem 7.1.12(ii)) except G, (T") and G, (A). The result now
follows from Lemma 7.2.1.
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Theorem 7.2.4 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra, I' a mazximal order containing A. Then,
for all n > 1 the map K,(A) — K,(T') has finite kernel and cokernel. Hence
rankK,, (A) =rankK, (T).

To be able to prove theorem 7.2.4, we first prove the following.

Theorem 7.2.5 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra, I' a maximal order containing A. Then,
for alln > 1, the map K,,(A) — K, (T') (induced by the inclusion map A — T')
s an isomorphism mod torsion.

PROOF First note that since every R-order is a Z-order, there exists a
non-zero integer s such that A C I' C A(1/s). Put ¢ = sI". Then we have a
Cartesian square B

A——>T (D)

.

Aqg——=T/q

Now, by tensoring I with Z(1/s), if we write A(1/s) for A ® Z(1/s) for any
Abelian group A, we have long exact Mayer - Vietoris sequence (see [33, 237])

o K (T/q) <§> 2 K (A) (1) - K, (T) G) & Kn(A/q) <§>

S

o 1 1
= w0/ (1) = o) (3) = m
= \s s

Now, A/q and I'/q are finite rings, and so, K,(A/q) and K,(I'/q) are
finite groups (see theorem 7.1.12). The result is now immediate from
Lemma 7.2.1.

Proof of theorem 7.2.4. Let «, : K,(A) — K,(T') denote the map. By
Theorem 7.2.5, the kernel and cokernel of «,, are torsion. Also, for all n > 1,
K, (A) are finitely generated (see theorem 7.1.11). Hence, the kernel and
cokernel of «,, are finitely generated and hence finite. So, rankK,(I") =
rank K, (A).

As a fallout from the above, we now have the following result, which also
proves that SK, (A) is finite for any R-order A.

Theorem 7.2.6 Let R be the ring of integers in a number field F', A any R-
order in a semi-simple F-algebra ¥. Then the canonical map K, (A) — K, (%)
has finite kernel and torsion cokernel.
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PROOF From the commutative diagram

we have an exact sequence
K, (T
0 — ker « —» SK,(A) — SK,(T) — Tmfc, ()
K (S Ko (2
— —
ImK,(A)  Im(K,(T))

Now, by theorem 7.2.4, kera is finite, and by theorem 7.1.13, SK,(T') =
SG,(T) is finite for all n > 1. Hence, from the exact sequence I above,
SKp(A) is finite.

Also, by theorem 7.2.4, K, (T')/ImK,,(A) is finite, and by Theorem 7.2.2,
K, (2)/Im(K,,(T)) is torsion. Hence the result.

— 0.

Remarks 7.2.1 (i) The above results hold for A = RG where G is any
finite group.

(ii) The ranks of K,(R) and K, (F) are well known and are due to Borel
(see [26, 27]). More precisely, let r; be the number of embeddings of F
in R and ro the number of distinct conjugate pairs of emebeddings of F'
in C with image not contained in R. Then

1 ifn=0,
0 ifn=1,
rankK,(F) =4 0 iftn=2kk>0,

ri+roifn=4k+1,
79 if n=4k+ 3,

1 ifn=0,
r+ro—1ifn=1,
rank K, (R) = < r1 + 179 ifn=4k+1,

r9 ifn=4k+3,

0 ifn=2kk>0,
It means that if ¥ is a direct product of matrix algebras over fields and
I is a maximal order in ¥, then rankK,(T') = rankK,,(X2) is completely
determined since ¥ = [[ My, (F;) and T' = [[ My, (R;) where R; is the
ring of integers in F;. Also, by theorem 7.2.1, this is equal to rank G, (A)
as well as rank K,,(A) if A is any R-order contained in T'.
However, if ¥ does not split, there exists a Galois extension E of F' that

splits 3, in which case we can reduce the problem to that of computation
of ranks of K, of fields.
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(7.2)% Ky, (A), Gon(A) are finite for all n > 1 and for all
R-orders A

Theorem 7.2.7 Let R be the ring of integers in a number field F', A any R-
order in a semi-simple F-algebra ¥. Then Ko, (), Gan(A) are finite groups
for alln > 1. Hence, Ko, (RG), Ga,(RG) are finite groups for alln > 1.

To prove 7.2.7 we shall first prove the following.

Theorem 7.2.8 Let R be the ring of integers in a number field F', ' a maxi-
mal R-order in a semi-simple F-algebra . Then K,(T) is a finite group for
allm>1.

T

T
Remarks 7.2.2 Since I' is Morita equivalent to [] M,,(I';), and ¥ = ]
i=1 i=1
M,,(D;), say, where I'; is a maximal R-order in a division algebra D;, it
suffices to prove that Ko, (T') is finite if ' is a maximal order in a central
division algebra D over a number field F. To accomplish this, we first prove

the following result 7.2.2.

2

Lemma 7.2.2 (a) Let D be a division algebra of dimension m?* over its

center F'. Forn >0, let
in : Kp(F) — K, (D)

be the homomorphism induced by the inclusion map i : F — D; and
try, : Kn(D) — K, (F)

the transfer map. Then for all n > 0, each of i, o tr, and try o i, is
multiplication by m?2.

(b) Let R be the ring of integers in a number field F and D a central di-
vision algebra over F of dimension m?, T' a mazimal R-order in D,
il : K,(R) — K,(T) the homomorphism induced by the inclusion

i':R—T, and trl : K,(T) — K,(R) the transfer map. Then, for all

n >0, il otrl and trl oil are multiplication by m?.

PROOF

(a) Every element d of D acts on the vector space D of dimension m? over

F via left multiplication, i.e., there is a natural inclusion
t:D— M,,(F).
This inclusion induces the transfer homomorphism of K-groups

tn s Kn(D) — Kn(My2(F)) =~ K, (F).
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The composition of ¢ with ¢ : F' < D, namely,
F-5 DL M, (F)
is diagonal, i.e.,
toi(z) = diag(x,x,...,x).
So, by Lemma 1 of [65], t,, o i,, is multiplication by m?.

The composition
D % My (F) = Myz2(D)

is not diagonal. But we will prove that it is equivalent to the diagonal
map. By the Noether - Skolem Theorem, there is an inner automorphism
o such that the following diagram commutes.

D L > M2 (F)

Mp2(D) —> My (D),

where diag is the diagonal map. By the Lemma 2 of [65], the induced
homomorphism K, (y) is an identity. So 4, o tr, is multiplication by
m?2, also by Lemma 1 of [65].

(b) Proof of (b) is similar to that of (a) above with appropriate modifica-
tion, which involves the use of a Noether - Skolem theorem for maximal
orders, which holds since any R-automorphism of a maximal order can
be extended to an F-automorphism of D.

Proof of 7.2.8. As observed in 7.2.2, it suffices to prove the result for I'; a
maximal order in a central division F-algebra D of dimension m?, say. Now,
we know that for all n > 1, K, (T") is finitely generated. So, it suffices to
show that Ks,(T) is torsion. So, let tr : Ko,(I') — Ks,(R) be the transfer
map and ¢ : Kap(R) — K2, (") the map induced by the inclusion R < T'. Let
@ € Kon(T). Then iotr(z) = 2™ (I). Since Ka,(R) is torsion (see [196]),
tr(x) is torsion, and so, from (I), x is torsion. Hence Ko, (T') is torsion. But
Ko, (T) is finitely generated. Hence K5, (") is finite.

Proof of theorem 7.2.7. Let I' be a maximal order in ¥ containing A.
By theorem 7.1.12, Ko, (A) is finite, and so, rank K5, (I') = 0. Also, by 7.2.1,
rank Ko, (A) = rankGa,(A) = rankKs,(I') = 0. Hence Ks,(A), G2, (A) are
finite groups for all n > 1.
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7.3 Decomposition of G,(RG) n > 0, G finite Abelian
group; Extensions to some non-Abelian groups, e.g.,
quaternion and dihedral groups

7.3.1 The aim of this section is, first, to obtain decompositions for G,,(RG)
n > 0, R a left Noetherian ring with identity, G a finite Abelian group as a
generalization of Lenstra’s decomposition theorem 2.4.2; and then to extend
the decomposition to some non-Abelian groups. Note that the results in

(7.3)4, (7.3)8, and (7.3)¢ below are all due to D. Webb (see [231]).

Recall from 2.4 that if C is a finite cyclic group < t >, say, Z(C) =
ZC/(®)cy(t) = Z[¢e] and Z < C >= Z(C) (ﬁ
2.4. If R is an arbitrary ring, R(C) = R®zZ(C),R<C >=RQZ < C >.

If G is a finite Abelian group, QG ~ 11 Q(C),I' = 11 Z(C) is

Cex(@)

) — all in the notation of

Ccex(Q)
a maximal Z-order in QG containing ZG. (Here X(G) is the set of cyclic
quotients of G.) If we write A= II Z < C >, and R is an arbitrary ring,
Ccex(Q)
ReT'= 1 R(C),R®A= TI R<C>.
CcCex (@) CeXx(G)

Note that M € M(ZG) implies that R ® M € M(RG) and that
we have a functor (I)M(R ® T') ™% M(RG) induced by restriction of s-
calars. Also flatness of A over T' yields a functor (extension of scalars)
MR&T) =L M(R® A)(IT).

In this section we shall prove among other results the following.

Theorem 7.3.1 [231] If G is a finite Abelian group and R a Noetherian

ring, then for alln > 0, G,(RG) =~ @ Gr(R < C >), i.e., Go(RG) ~
Ccex(q)

Gh(R® A).

(7.3)# Lenstra functor and the decomposition

7.3.2 Let S = Z — 0. The proof of theorem 7.3.1 above involves the def-
inition of Lenstra functor L : Mg(I') — Mg(T), which is a homotopy e-
quivalence of classifying spaces. The functor res : M(T') — M(ZG) induces
a functor res : Mg(I') - Mg(ZG), and ext : Mg(I') — M(A) induces
ext : Mg(I') — Mg(A), and we shall see that L carries the homotopy fiber
of res into the homotopy fiber of ext (a topological analogue of Lenstra’s
observation that L carries the relations R, in the Heller - Reiner presenta-
tion Go(ZG) ~ Go(T')/R1 (see [82]), into the relation Ry in the presentation
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Go(A) 2 Go(T') /Ry arising in the localization sequence I' — A. This enables
one to map the homotopy fiber sequence

QBQM(ZG) — QBQM(QG) — BQMs(ZG)
to the sequence
QBQM(A) — QBQM(QG) — BQMgs(A)

in such away that QBQM(ZG) — QBQM(A) is a weak equivalence and thus
results in the isomorphism G, (ZG) ~ G, (A). We now go into more details.

7.3.3 Let G be a finite group, G(p) its Sylow-p-subgroup. If G is also A-
belian, let G(p') = €@ G(g) so that we have the primary decomposition

q prime

q#p
G ~ G(p) x G(p'). For any set P of primes, let G(P) := T G(p), the
peP
P-torsion part of G.

If C is a cyclic quotient of G, write P(C) for the set of all rational primes
dividing |C]. If P’ C P(C), the inclusion C’(P’)z C induces a map of
grouprings ip/ : BC(P') — BC where B is any ring with identity.

Similarly, the projection oz C(P’') induces 7p: : BC' — BC(P'). Note
that #p/,ip, = identity on BC(P’). The map ips : BC(P') - B(C) induces

BC(P)) 2. BC
a map is : BC(P') — B(C) such that the diagram ) )
B(C(P")) 25 B(O).

commutes.

7.3.4 Note that in 7.3.3, the map 7p, does not descend like %73/. However,
if we put P’ = P(C) — {p}, we see that #p, descends modulo p. Indeed
let i = ipc)—{py : Fp(C(p')) — F,(C). Then there exists a left inverse
r:Fp(C) = F,p(C(P")) of i such that Ker(r) = radical J(F,(C)) — a nilpotent
ideal of Fp,((C)).

Now, put R, = R/pR. Then we have induced maps i : R,(C(p’)) — R,(C)
and 7 : Ry(C) — R,(C(p')) such that ri = id and Ker(r) is nilpotent.

Let 1 = IZ'P(C)—{;)} : RPC(p/) — R,C, 7 = 'f’p(c)_{p} : R,C — RPC(p/),
ve @ R,G - R,C — R,(C); vi : M(R,(C) — M(R,G). We now have the
following lemma.

Lemma 7.3.1 In the diagrams below, i* and #* are homotopy inverse. So
also are i* and r*. Moreover, the diagrams

BQM(R,(C)) “&  BQM(R,G)

G B (I)

BQM(R,(C)) " BQM(R,G ()
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«
Vo

BQM(RP(C@/))) - BQM(RPG)

TT* T (IT)
BQM(R,(C(p'))) <2 BQM(R,G('))

commute, the first strictly and the second up to homotopy.

PROOF # is left inverse to i, i.e., #i = id. To show that i* and #* are
homotopy inverses, it suffices to show that either is a homotopy equivalence.
But 7 has a nilpotent kernel, and so, by Devissage, r* is a homotopy equiv-
alence. Similarly, ¢* and r* are homotopy inverses since r has a nilpotent
kernel.

Since the diagram
R,G — R,C — Ry()
Ta Ti Ti
RyG(p) = RpC(p') — Rp(C(p'))

commutes, then homotopy-commutativity of the diagram (II) follows from
strict commutativity of (I).

7.3.5 Note that R, @ '= II  R,(C), and so, we have an identification
ceX(G)

BQM(R, ®T) "> Ceg(c) BQM(R,(C)).

Now define a functor
E: 11 M(R,(C)) — I M(R,(C’
LU M) = T MR(C)
by
(M’ (C)) - (ij;(O)prv (C(pl)))v
here (M, (C)) denotes the vector

(0,...,0,M,0...,00€ T M(R,(C))
CeX(G)

with M in the C** component. The same notation is used for elements of
I M(R,(C")). Note that addition is by direct sum componentwise.
C'eX(G(p")

Lemma 7.3.2 There is a homotopy equivalence

a: BQM(R,G) — el BQM(R,(C"))
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such that the diagram

BQM(R, ®T) ——* BQM(R,G)

| |

I[I BQM(R,(C)) _E_ ]I BQM(R,(C))
cex(0) CeXx(C)

commutes. Hence, res, is given up to a canonical equivalence by (M, (C)) —

(i(cy_p M. (C())).

PROOF Consider the diagram

M(Ry @T)
l TeSp
Q
M M(Ry(C)) I=gwe
cex() P M(BRpG)

i*lzTr* ;*Jz]f,*
! *
=XV,
f Zvo

H M(RP(C(p/))) - - o M(RpG'(p/))

H ZTG_Z Vé/
upey T EET 1 M)
D P 1))
C'eX(n(p’)) CeX(G(p)) C1EX(G(p"))

where ¢* denotes the product of maps i}g(c)_ v} and r* the product of the map-

S Thcy_(py 0 is induced by the isomorphism F,G(p') = crexX i)

Fp(C7)

of [231], (1.9), the equality in the left column is obtained by writing C’ =

C(p'),C1 = C(p), and the map f” is the sum (over C”) of the maps

I  M(R,(C")) — M(R,(C")) given by (M¢,) — >, M¢,. By lemma
Ch

CeX(G(p))

7.3.1, the upper square commutes, while the lower commutes by definition.
Moreover, E is just f” oi*. Define « as the right-hand column: o = 0! 07*.

Then, awores, = " 0 i* = E, as desired.

Next, define F: I  M(R,(C)) — I M(R,(C")) by
ceX(r) C'eX(G(p")
(M, (C)) it piC|
ar©)— {§ i pllC)

[

Lemma 7.3.3 There is a homotopy equivalence 8 : BQM(R, @ A) —
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BQM(R,(C")) such that the diagram

CreX(G()
BOM(R, & T) — " BOM(R, = A)
| )
[I BQM(R,(C) ____ Il BQM(R,(C))
ceX(nw) e CeX(G())

commutes. Thus, ext, may be replaced, up to a canonical homotopy equiva-
lence, by F.

PROOF In the diagram

exty

M(R, ® F)

the equality in the right-hand column is justified by the observation that
F,(C) =F,(C)if pi| C |, ie., if C € X(G(p')) (since | C | is already a unit
in ), while F, < C >=01if p | |C| (since then p is both zero and a unit).
Define 3 as the right-hand column; then we have the required result. I

7.3.6 Identifying M(R ® T') with I M(R(C)) as above, define
cex(m)

the Lenstra functor L : M(R®T) — M(R®T) by L(M,(C)) =

Y>> (i%/M,(C(P"))); as above, (M, (C)) denotes the vector (0,...,0,M,
P'CP(C)

0,...,0) with M in the C*™ component, and the sum is meaningful since one
can add in each factor M(R(C)) by direct sum. The same formula defines
Lenstra functors

L: Msg(R®T) > Mg(R®T) and L: M(R®QG) > M(R® QG)

Lemma 7.3.4 The Lenstra functors are homotopy equivalences.

PROOF  We show this for M(R®T), the proofs in the other cases being
identical. Since BQM(R ®T') is a CW-complex, it suffices to show that L
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is a weak equivalence, i.e., that it induces an automorphism of G,(R®T) =
Tn41(BQM(R®T)) for alln 2 0. On G,(R®T) 2 &G, (R(C)), L, is given

by L.[z,(C)] = > [ip(x),(C(P’))], where [z,(C)] denotes the vector
P'CSP(C)
(0,...,0,2,0,...,0) with = in the Cth component. Define an endomorphism
Lof @ Gr(R(C)) by
pEX(C)

Lz, (C)] = > (=P Pip (@), (C(P))].

P'CP(C)

A purely formal Mébius inversion argument (see [92] or [241] for details)
establishes that L and L, are inverse isomorphisms. So, L is a homotopy
equivalence.

Lemma 7.3.5 There is a homotopy equivalence A : Mg(RG) — Mg(R® A)
such that

Ms(R®T) L. Ms(R®T)

lrestor lexttor

Ms(RG) —2> Ms(R® A)

commutes.

PROOF It suffices, by Devissage, to define equivalences A, : M(R,G) —
M(R, ® A) such that

M(R, ®T) —2> M(R, ®T)

lTESp lemtp

A
M(R,G) —= M(R, ® A)
commutes, for each prime p. Consider the canonical homotopy equivalences

o M(R,G) ~ 11 M(R,(C"))
C'eX(G(p")

and (O: M(R,®A) — Cexg:(p’)) M(R,(C"))

of lemma 7.3.2 and lemma 7.3.3, relative to which res, and ext, can be de-
scribed by res, (M, (C)) = (ipcy_ gy M. (C(P)),

ext, (M, <c>>{(M’(§C)) i ﬁﬂg{



Decomposition of Gy, (RG), G a Finite Group, n > 0 159

Define a section s of res, by s(M, (C')) = (M, (C')) and A\, = ext,oLos. We
easily check that the diagram commutes, viz.,

Ap oresp(M, (C)) = exty o Lo sores,(M, (C))
= exty, o L(ipe_ g,y (M, (C)))

—ext, [ (@M (C(P))

P'CP(C)—{p}

= Y (GM(OP)

PCP(C)—{pr}

By the above description of ext,, p{| C(P’) | when P’ C P(C) — {p}. On the
other hand,

ext, o L(M,(C)) =ext, | Y (ip M, (C(P"))
PICP(C)

= exty Z (ip M, (C(P")))

P'CP(C)peP’

+ Y (i M (C(P)

P'CP(C)—{p}

= Y, (pM(CP)

P'CP(C)—{p}

since all terms in the first summation vanish under ext,, as p € P’ =
p||C(P")||. Thus, A\, ores, = ext, o L, as desired. The same Mobius in-
version argument as in the proof of lemma 7.3.4 shows that A, induces an

isomorphism on homotopy and hence is a homotopy equivalence. I

Theorem 7.3.2 There is a weak equivalence

QBQM(RG) — QBQM(R®T).
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PROOF In the diagram

Mg(R®T) M(R®T) M(R® QG)
L L L
restor MS(R ® F) —>M(R ® F)7—>M(R ® QG)
Ms(RG) » M(RG) » M(R & QG) id
exttor S
Ms(R® A) M(R® A) M(R® QG)

the rows are homotopy fiber sequences by Quillen’s localization theorem (see
6.2.1 or [165]). So, one obtains a diagram

QBOQM(R®T) ———» QBQM(R ® QG) BQMg(R®T)

IR A

QBQM(R®T) ——— +» QBQMs(R®QG) — > BQMg(R®T)

Qext l id l

—+ QBQM(R®QG) —— | ——> BQMg(RG) cxttor

o \

QBQM(R® QG) —— > BQMgs(R® A)

QBQM(RG)

QBQM(R® A)

in which the rows are homotopy fiber sequences, all squares not involving A
obviously commute, and the maps L, L, A are homotopy equivalences. But
the right face commutes, by lemma 7.3.5; so the bottom face also commutes.
Thus there is an induced map p : QBQM(RG) — QBQM (R ® A) on the
fiber, which is a weak equivalence, by the five lemma.

Theorem 7.3.1 now follows since p induces an isomorphism on homotopy
groups G4 (RG) —> G (R® A) 2 I G.(R<C >).
peC ()

(7.3)% G,.(RH), H dihedral group or non-Abelian group of
order Pq

Recall that we defined in 2.4 G-rings, twisted-grouprings, and crossed-
product rings, and we discussed some of their properties. We shall copiously
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use some of these properties for the rest of this section.

We now prove the following result, which is a higher-dimensional analogue
of theorem 2.4.6. Recall that a subgroup G* of G is cocyclic if G/G! is cyclic.

Theorem 7.3.3 Let H = G x (1 be the semi-direct product of G and Gy,
where G is a finite Abelian group and G1 any finite group such that the action
of G1 on G stabilizes every cocyclic subgroup of G, so that G acts on each
cyclic quotient C of G. Let R be a Noetherian ring.

Then for alln >0, G,(RH)~ @ Gn(R<C > #G,).
CeX(G)

PROOF By 2.4.7(v), QH = QG#G,, which by 2.4.2 and 2.4.7(iii) is

I QEO)#G. LetI'= TI Z(C)#G1, a Z-order containing ZH, and
CcCex (@) CeXx(G)
let A= 11 Z < C > #G,. The maps ip,rp,i}p, and 15 defined in 7.34
pEX ()

are all G1-equivariant, and so, one has induced maps
ip: RG(P)#G1 — RG#G1 = RH, 7p: RG#G, — RG(P)#G1,

etc., having the same properties as in lemma 7.3.1. For example, given a cyclic
quotient C' € X (G) and prime p,

rp0)—(p}y * Bp(C)#EG1 — Ry(C(p')#G1

has a nilpotent kernel, by lemma 2.4.7(ii). Hence, one can define the Lenstra
functor as before, and the proof from this stage is identical to that of theo-
rem 7.3.1. [

Proposition 7.3.1 Let H be a non-Abelian group of order pq, p | ¢ — 1. Let
G1 denote the unique subgroup of order p of Gal(Q(¢,;)/Q). Then

G.(ZH) =~ G.(Z) & G. (Z {g,,, %D &G, (Z {gq, $]G> .

PROOF H is a semi-direct product G x G; where G is cyclic of order
g and G; is cyclic of order p. By theorem 7.3.3, G.(ZH) ~ G.(Z#G1) &

G (Z [Cq, ﬂ #G1>. In the first summand, G acts trivially, and so, this is an
ordinary groupring, and G.(Z#G1) = G.(Z)®G. ([Cp, %D by theorem 7.3.1.
In Z [Cq, ﬂ #G1, Gy acts faithfully, hence, as the unique p-element subgroup

of the Galois group. But Z [Cq, ﬂ is unramified over Z [ﬂ, and hence over
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G1
its invariant subring 7Z [Cq, ﬂ . Now, by 2.4.6(vi)

o ]

G1

which is Morita equivalent to Z {an ﬂ . Hence
1 174
o.(efoso) e (fa ")

Proposition 7.3.2 For the dihedral group Ds, of order 2n,

G.(ZDy, ~ PG, (Z [gd, ﬂ +> YR (Z [%D ® G.(Z),

d|2
a>2

where

2 if n is even,

{1 if n is odd,
E =

and Z [(d, %] is the complex conjugation-invariant subring of Z [Cd, é]

PROOF Dy, ~ G x Gy where G is cyclic of order n and G is of order 2.
So, theorem 7.3.3 yields

Gu(ZD2n) = @) G.(Z < C > #Gy).
CeX(G)

Now, let C' be a cyclic quotient of order d > 2. Then Z < C > #G; ~

Z [Cd, é] #G1 where Gy acts by complex conjugation. Again, Z [Cd, é] is un-
ramified over its invariant subring Z [Cd» é] 4 Hence

Z [cd, é] £Gy 2 My (Z [cd, ﬂ +>

by 2.4.6(v) yielding G.(Z < C > #G1) ~ G. (Z [Cas %]+>, as above. For
n even, there is a cyclic quotient C' of order 2 on which G; acts trivially.
So, Z < C > #G, = Z [%] G, ~7 [%] x 7 [%], yielding a contribution of
G. (Z [%])2 Finally, for the trivial cyclic quotient C, Z < C > #G, = ZGh,
so that G.(Z < C > #G1) ~ G.(Z) ® G, (Z[3]), by theorem 7.3.1. This
completes the proof of proposition 7.3.2. (1
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Example 7.3.1 For the symmetric group Ss3, G5(ZSs) = Z /487 & 7./487.

PROOF By proposition 7.3.1, G5(ZS3) = Gs(Z) @ Gs (Z [¢s, 4] +) -

Gs(Z) ® G3 (Z [1]). By the calculation of Lee and Szczarba [132], G3(Z) =
Z/48Z. By Soule’s theorem [196], SG3(Z) = SG2(Z) = 0, and it follows easily
that the localization sequence for Z — Z [l] breaks up, yielding 0 — G3(Z) —

G3 (Z[1]) — Ga(F3) — 0. But Go(F3) = 0, and so, G5 (Z [1]) 2 z/48z. [l

(7.3)¢ G, (RH), H the generalized quaternion group of order
4.2°

7.3.7 Let H be the generalized quaternion of order 4.2°, i.e., the subgroup
of the units H* of the Hamilton quaternion algebra generated by x = e™/2",
y = j. Equivalently, G has a presentation: < z,y | 2% =y?,9y* = 1,yzy~! =

“1>. Forn =0, let G; = {1,7} be a two-element group acting on (@[@n] by
complex conjugation, with fixed field Q[(2y]+, the maximal real subfield. Let
¢:G1 X Gy — Q[¢os+1]* be the normalized 2-cocycle given by ¢(v,vy) = —1,
and let ¥ = Q[(os+1]#.G1 the crossed-product algebra usually denoted by

(QCo:+1]/Q[¢as+1]+, ).

Let I' be a maximal Z-order in X.

Proposition 7.3.3

e (oo 3] )@ (e @ (o)

PROOF Let G =< z >, a cyclic subgroup of index 2, and let G; =
H/G = {1,~}, where ~ is the image of y. Using the normalized transversal
G1 — H given by lifting v € G to y € H, one can see that the extension 1 —
G — H — (G1 — 1is determined by the normalized 2-cocycle z : G1 xG1 — G
defined by z(v,7v) = v, where v = 22° = 92 is the element of G of order 2.

s+1
By 2.4.7(v) and 7.3.1, QH =~ QG#,G, =~ (ﬁ Q[gy]) #.G,. Since the
=0

~ s+1
identification QG — II Q[(2s] is given by x + ((21);, the image of z(vy,7) =
Jj=0

~ s+1

vis(1,...,1,—1), so by 2.4.7(iii), QH — TI Q[(si]#.G1, where all cocycles
J=0

but the last are trivial. For j =0 or 1, Q[¢i] = Q, and G is acting trivially.
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S0, Qi [#G1 = Q61 = @ x Q. Thus QH Q@ x @ x 11 Qo ]#G1 x 3

is the Wedderburn decomposition of QH, where the first factor corresponds
to the trivial representation.

Let B = ZXZ3% 11 Z[Cos|#G1, X Z[Coos1]#.G1, a Z-order in QH containing
j=2
ZH, and let

171° s 1 1
A - Z X Z |:§:| X JI;I2Z |:C2j, 2_]:| #Gl X Z |:C25+1, F] #cGl.

Then we have restriction-of-scalars and extension-of-scalars maps res :
M(B) - M(ZH), ext : M(B) — M(A). Let B = By X -+ X Bgya,
A=Ay x---x Agyyq. For each factor B of B, there is a unique ring map Z =

By -5 Bj. Let i; denote also the mod-2 reduction Fy = By/2By — B;/2B;.

Next, note that each B;/2B; admits a map r; : B;j/2B; — Fa, which is
left-inverse to ¢; and has a nilpotent kernel. For the Z-factors By,..., By,
this is obvious. For the factors Z[(yi]#G1 with 2 £ j < s, this follows

from the fact that 2 is totally ramified in Z[(y] ([241], proposition 7.4.1),

so that 2Z[(s;] = p*~1, where p is the unique prime over 2, and the residue
extension Fy — @ is trivial. Then there is map QZZ[[%]'J_]] #G1 — @#Gl ~
"

F2G1 with nilpotent kernel. By decomposing this map with the augmentation

. Ty
FyGy — Fa, we have the desired map QZZ[[Cng]] #T = Fy. It is clear that r; is
"
left-inverse to i; since ¢; is just the structure map of Fy-algebra #&j]_] #G.
27

Note that the same argument works for the last factor Bsiq = Z[(os+1]#:G1
since the cocycle ¢ becomes trivial modulo 2.

Let 7 : Fy — F2H denote the structure map, 7 : Fo H — Fy the augmenta-
tion, so that 77 = id; # has nilpotent kernel by [230] 1.6.
The following lemma is analogous to lemma 7.3.1.

Lemma 7.3.6 Fiz a factor B; of B; then i; and r} are homotopy inverses,

as are ©* and 7*. Moreover, the diagrams

BQM(B;/2B;) — BQM(F:H) BQM(B;/2B;j) — BQM(F:H)

g S

id id

BQM(Fy) — BQM(Fs) BQM(Fy) — BQM(Fs)
commute, the first strictly, the second up to homotopy.
PROOF Identical to that of lemma 7.3.1; the left diagram is obviously

strictly commutative, since both vertical maps are the Fs-algebra structure
maps. I
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s+4

Now, identify M(B/2B) with II M(B,;/2Bj) in the obvious way. Define a
j=1

functor F : H M(B;/2B;j) — M(Fz) by (M, j) — (i; M, 1), where, as usual,
(M, 3) denotes the vector (0,...,0,M,0,...,0) with M the jth entry.

Lemma 7.3.7 The diagram

ress

BQM(B/2B) BQM(FyH)

| !
s+4

H BQM(B;/2B;) —=— BQM(F>)

Jj=

commutes; thus ress is given up to canonical homotopy equivalences by
(M, j) = (i5M,1).

PROOF Consider the diagram

M(B/2B)

ress
AR

T M(B,/28)) — (£:1)

i* lg \\\;E\\\\\\\\\ |3
s+4

IT M(Fs) ZT>M(F2).

e
J J

where i* is the product of the maps i} : M(B;/2B;) — M(F3). The square
commutes, by (4.3), and the lower triangle commutes by definition of E. Thus
i* oresy = E oy, as claimed. I

s+1
7.3.8 Define F : ﬁ BQM(B;/2B;) — M(Fs,j) by
j=1

(M, j) — (M.j) if j=1
' 0 if j>1.
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Lemma 7.3.8 The diagram

BQM(B/2B) 2 BQM(B/2B)

| |

' BQM(B,/2B;) &> BQM(F»)

Jj=1

commutes.

PROOF The identification 5 comes from the fact that for j > 1, 4;/2A, =
0, since 2 is a unit; the assertion is then obvious.

7.3.9 Define the Lenstra functor L : M(B) — M(B) (via the identification
s+4
M(B) = I M(B,) ). by

(M,j) + (i3M,1)  for j>1

LM j) = {(M,j) for j=1.

The same formula defines functors L : Mg(B) — Mg(B), L : M(QH) —
M(QH). These functors are homotopy equivalences by the Whitehead the-
orem since the induced maps on homotopy groups are isomorphisms; for ex-

s+4
ample, the induced map 7, (BQM(B)) = él G+«—1(Bj) has matrix
=

[0y if .. ity
10... 0
1
0 k&
L 1 -

and hence is an isomorphism.

Lemma 7.3.9 There is a homotopy equivalence \ : Ms(ZH) — Mg(A) such
that

Ms(B) —== Ms(B)

Testorl l6$ttor

Ms(ZH) -2 Mg(A)

commutes.
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PROOF By Devissage, it suffices to define equivalences A\, : M(F,H) —
M(A/pA) such that the diagram

M(B/pB) —~ M(B/pB)

respl le;ﬂtp

M(F,H) —2= M(A/pA)

commutes, for each prime p. For odd p, this is trivial, since both res, and
ext, are then isomorphisms. So, it suffices to treat the case p = 2. By
7.3.7 and 7.3.8, the above diagram can be replaced up to canonical homotopy
equivalences by

s+4 s+4
ﬂlM(Bj/QBj) L ﬂlM(Bj/QBj)
J= J=

M(Fy) > M(Fy)

For j > 0, F o L(M,j) = F(M,j) + F(itM, 1) = M = E(M, j), while for
j = 0, manifestly F o L(M,0) = (M,0) = E(M,0). Thus one can simply take
Ay =1d.

We conclude the proof of theorem 7.3.3 with the same formal argument as
that of theorem 7.3.2. One obtains the diagram

QBQM(B) QBQM(QH) »BQMgs(B)
QL id QL restor L
Qres QBQM(B) »QBQM(QH) L . BQMgs(B)
Qext id
QBQM(ZG) L ~QBQM(QG) » BQM 3 (ZG) cattor
QL N
QBQM(A) »QBQM(QH) BQMs(A)

in which the rows are homotopy fiber sequences and the right face com-
mutes; hence the bottom face commutes, inducing a weak equivalence :
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QBQM(ZH) — QBQM(A) on the fiber. It follows that

Gx (ZH) = G.(4) = G.(Z) ® G (Z EDS

® (;2 a. (Z {ggj, %] #G1)> er (Z [g25+1, 2%] #Gl) .

But by remarks 2.4.6(vi), Z [Cy, & ] #£G1 ~ My (Z [Gorr 2] +), which is Mori-

ta equivalent to Z [CQj, 2%] Similarly, since Z[(os+:1|#.G1 C T, 2.4.7(iv)
shows that

e

1 1
Z |:<25+1, ZST] #CGl == F |:2ST:| .

Hence,

= (ofo3] ) oo ([l oo ()

and the proof of theorem 7.3.3 is complete.

(7.3)? G,(RH), (H a nilpotent group) plus a conjecture of
Hambleton, Taylor, and Williams

7.3.10 The aim of this subsection is to discuss a formula, due to Hambleton,
Taylor, and Williams, henceforth abbreviated as HTW. In [76], HTW proved
that this formula for G, (RH) holds for H any finite nilpotent group, and
then conjectured that the formula should hold for any finite group H. This
conjecture is seen from [231, 233, 234] to hold for dihedral groups, non-Abelian
groups of order pq, and groups of square-free order.

However, D. Webb and D. Yao proved in [235] that this conjecture fails for
the symmetric group Ss. This means that the conjecture must be revised. D.
Webb and D. Yao think that it is reasonable to conjecture that 7.3.12 holds
for solvable groups.

7.3.11 The HTW formula for any finite group H has the form 7.3.12 below.
Let H be a finite group. We first obtain a decomposition of QH a follows:
Let p: H — GL(V,) be a rational irreducible representation of H. Then,
we can associate to p a division algebra D, = Endgg(V,), and the rational
group algebra of H has a decomposition

QH =11 Endp,(V,) =11 M,,(D,) @
P P
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where p ranges over the set X (H) of irreducible rational representations of H.

For such a p, let r be the order of the kernel of p and s the degree of any
of the irreducible complex constituents of C ®¢g V,. Put w, =| H | /rs. Let
', be a maximal Z(1/w,)-order in D, (or equivalently in M, (D,) since both
are Morita equivalent).

Jacobinski theorem [171] 41.3 provides some useful information about w,.
Firstly, both Z [1/w,]| H and Z[1/w,] ®z T’ (where I' is a maximal Z-order in
QH containing ZH ) are subrings of QH, and their projections into the factor
Endp,(V,) of QH are equal. More generally, suppose that for p1, ..., p;, each
w,, divides r (where r is a fixed integer). Then the projections of Z [%] H and

Z[1/r] ®z T into i Endp, (V,,) are equal.
i=1 i
We now state the HT'W conjecture.

7.3.12 HTW Conjecture. In the notation of 7.3.11, suppose that R is a

Noetherian ring. Then for alln >0, G,(RH)= & G,(R®zT),) for any
peEX(H)
finite group H.

The following theorem 7.3.4, due to HTW, shows that conjecture 7.3.12 is
true for finite p-groups.

Theorem 7.3.4 [76] Let R be a Noetherian ring and H a finite p-group,

(p any prime). Then, in the notation of 7.3.11, we have for all n > 0 that
pEX(H)

Sketch of Proof. The proof uses the result that if H is a finite p-group and

R is a Noetherian ring, then we have a split exact sequence

0 — Go(RH) — G, (R (%)) H) & Go(R) — G, <R <%>) S0

(see [76] for the proof of (I)).

Now for any p-group H, Z(+)H is a maximal Z(%)—order in QH (see [171]
41.1) and hence is a product of maximal Z(%)-orders in the factors in the
decomposition of QH. But each of this is Morita equivalent to a maximal

Z(%)—order in D, (see [171] 21.7). If p is non-trivial, let I', denote a maximal

Z(%)-order in D,. It is Morita equivalent to a maximal order in M, (D,). If
p is trivial put ', = Z.

Since G, preserves products and Morita equivalences yields isomorphisms
of G,-groups, we have the required result by applying (I).

Remarks 7.3.1 (i) HTW observe in [76] that the Lenstra - Webb theorem
for G,,(RH), H Abelian, can be derived from theorem 7.3.5 as follows:
Let H = H' @ H(p) where H(p) is the Sylow-p-subgroup of H. Then
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Gn(RH) =® G,(RH') ®7 T, where the sum runs over the irreducible
p

rational representations of H (p). Moreover G,,((RH)®zI',) = Gn((R®z
I';))H, and so, we can proceed by induction on the order of H.

(ii) The following generalization of the above discussion is also due to HTW.
So, let P be a p-group that is normal in H. Then, one can obtain a Mayer
- Vietoris sequence

- Gn(R[H/P]) = Gn (R(1/p) [H/P]® Gn(RH) — Gn(R(1/p)H) —(> %
II
One could write Z(1/p)G = Z(1/p)[H/P] — Z[1/p]G. This map sends

ge H/Ptol/| P| Y. hwheren:H — H/P is the projection.
her—1(g)
From this splitting and the M — V sequence (II), we have

Gn(RH) = G, (R[H/P) & Gn(R ©7 A).

Now, the quotient H/P acts on the irreducible complex representation
of P. Suppose that the isotropy group of each non-trivial irreducible
representation is a p-group. Then Clifford’s theorem shows that w, is
a power of p for each irreducible rational representation that does not
factor through H/P. We can then identify A above with a piece of
the maximal Z(1/p)-order of QH. Hence the conjecture holds for QH
if it holds for Q[H/P]. HTW claim that this situation holds for the
alternating and symmetric group on four letters and certain metacyclic
groups H (e.g., H having a cyclic normal subgroup P of order p", say,
such that the composite H/P — Aut(P) — Aut(Z/pZ) has p-torsion
kernel.

(iii) HTW also observes that conjecture 7.3.12 holds for all finite nilpotent
groups. This is because if the conjecture holds for two groups H, H’
whose orders are relatively prime, then the conjecture holds for H & H'

(see [76]).

(iv) In [234], D. Webb proves that conjecture 7.3.12 holds for finite groups
of square-free order by methods already discussed in (7.3)4. For details,
see [234].

(v) However, D. Webb and D. Yao proves that the conjecture fails for the
symmetric group Ss. We close this section with a brief discussion of the
counterexample.

7.3.13 First observe that if R = Z, conjecture 7.3.12 becomes
Gn(ZH) = aG,(T,).

Also note that w, =| imp |/s (in the notation of 7.3.11).
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The group S5 provides a counterexample because the rank of G, (ZSs)
predicted by the HTW conjecture is different from the rank of G1(ZS5) (based
on the the formula of rank G1(ZG) for any finite group G by M.E. Keating,
see [100]).

7.3.14 Counterexample to HBT conjecture Now consider the case of
G = S,. Tt is well known ([90], theorem (4.12)) that the irreducible rational
representations of S, are in bijective correspondence with the partitions of n.
As X ranges over the partitions of n, the Specht modules S* furnish a complete
set of irreducible rational representations. Moreover, the Specht modules are
absolutely irreducible. The dimensions of the Specht modules are given by
the Hook length formula ([90] theorem (20.1)):

dim(S?) = n!/TI(hook lengths).

The meaning of this is the following: given a partition A of n, consider the
associated Young diagram. The hook length of an entry in the diagram is the
number of entries in the hook consisting of all entries below and to the right of
the given entry (in the same row or column as the given entry) in the diagram.
For example, in the Young diagram

O X %
O x

associated to the partition (3.2) of 5, the hook length of the entry labeled X
is 3, its hook consisting of the X and the asterisks. The Specht modules S(3-2)
has dimension 5!/3 -4 -2 = 5. From the hook length formula, it is easy to
determine the degrees of the irreducible rational representations of S5; they
are tabulated below:

Partition A : (5) (4,1) (3,2) (3,1%) (22,1) (2,13) (1)
dim(S$*): 1 4 5 6 5 4 1
Thus, the rational group algebra decomposes as

QS5 = @ x My(Q) x M5(Q) x Ms(Q) x M5(Q) x My(Q) x Q;

the first factor (associated to the partition (5)) corresponds to the one-dimen-
sional trivial representation, and the last factor (associated to (1°)) corre-
sponds to one-dimensional parity representation. Since each representation
except the trivial representation S(® and the parity representation S (1°) is
faithful, each of the integers | impy |, except for these two, is just 5!, while
| imps |[= 1 and | imp(15) |= 2. Since each irreducible representation is ab-
solutely irreducible, each integer g, defined above coincides with dim(S?*).
From this, one easily tabulates the integers w) appearing in the conjecture;
for example, w4 1) = 5!/ dim(S™*1V) = 5!1/4 = 2-3-5. The result is:

A (5) (4,1) (3,2) (3,12) (22,1) (2,13) (1°).
wy: 1 235 233 225 233 235 2
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Since G1(Z[1/w,,]) is the group of units of Z[1/w,, ], its rank is the number
of prime divisors of w,,. Thus, the conjecture 7.3.12 predicts that the rank
of G1(ZSs) should be 13.

7.3.15 Keating’s computation In [100], Keating computated G1(ZG) for
any finite group G. His formula for the rank of G1(ZG) is the following. If
the decomposition of the rational group algebra is QG = 31 x -+ x X, let
@; be the maximal Z-order in the center of ;. Let r; be the rank of the
group of units of p;, and let v; be the number of primes of p; that divide |G/.
Finally, let £ denote the number of isomorphism classes of simple ZG modules
annihilated by | G |. Then Keating’s rank formula is:

rank(G1(ZG)) =r+---+r+vi+ -+ vk — €. (1.2)

In the case G = S5, each g, is just Z, so each r; is 0 and each v; = 3.
To determine ¢, it suffices to determine the number of simple F'Ss-modules,
where F' is the finite field of order 2, 3, or 5. For this, recall that for any
field F, there is a natural bilinear form on the permutation module M* over
F arising from the Young subgroup Sy of Ss; the Specht module S* is a
subspace of M*, and one defines D* = S)/(S* N S**). For a prime p, a
partition A = (A1, A2, A3, ...) of n is p-singular if there is some ¢ for which
0 # Aix1 = Aig2 = -+ = Xipp; A s p-regular otherwise. By [90] theorem
(11.5), the simple FSs-modules are precisely the spaces D* as A ranges over
all p-regular partitions of 5, where p is the characteristic of F. Since the 2-
regular partitions of 5 are (5), (4,1), and (3,2), there are precisely three simple
F5S5-modules. Similarly, there are five simple F3S5-modules and six simple
F5S5-modules. Thus € = 14.

Substituting into (2.1), it follows that the rank of G1(ZG5) is 7. Since this
disagrees with the prediction of 7.3.12, the conjecture cannot hold in general.

It may be reasonable to conjecture that 7.3.12 holds for solvable groups.

7.4 Higher dimensional class groups of orders and
grouprings

(7.4)4 Generalities on higher class groups

7.4.1 In 2.3, we introduced class groups of Dedekind domains, orders, and
grouprings and reviewed some of their properties.

Now, if R is a Dedekind domain with quotient field F' and A any R-order in

a semi-simple F-algebra X, the higher class group C?,(A) n > 0 are defined
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Cl,(A) := Ker(SK,(A) — @& SK,(A,)) (I)

where p runs through all the prime ideals of R and C?¢,(A) coincides with
the usual class group C?(A) at zero-dimensional level. Our attention in this
section is focused on C¢,(A) for R-orders A when R is the ring of integers in
a number field, and we assume in the ensuing discussion that our R-orders
are of this form.

The groups C¥¢1(A), C4;(RG), which are intimately connected with White-
head groups and Whitehead torsion, have been extensively studied by R. Oliv-
er (see [159]). It is classical that C¢y(A), C¢1(A) are finite groups. However,
it follows from some results of this author that C¢,,(A) is finite for all n > 1
(see theorem 7.1.11(ii)). If T is maximal R-order, it follows that C¢,(T") =0
for all n > 1. This result is due to M.E. Keating (see [99]).

7.4.2 A lot of work has been done, notably by R. Oliver, on C¥¢;(A) and
C?1(ZG) where G is a finite group, in connection with his intensive study of
SKi(A) and SK1(ZG), SK1(Z,G), etc. (see [159]). We note in particular the
following properties of C/;(A), where R is the ring of integers in a number
field and A any R-order in a semi-simple F' algebra.

(i) C¥i(A) is finite.

(ii) If G is any Abelian group, C4;(RG) = SK;1(RG).
(iii) Cl(ZG) # 0 if G is a non-Abelian p-group.
(iv) C¢(ZG) = 0 if G is Dihedral or quaternion 2-group.

For further information on computations of C¢1(ZG), see [159).

We now endeavor to obtain information on C¢,(A) for all n > 1.

We first see that for all n > 1, C¢;(A) is a finite group. This follows from
some earlier results of the author. We state this result formally.

Theorem 7.4.1 Let R be the ring of integers in a number field F', A any
R-order in a semi-simple F-algebra ¥.. Then Ct,(A) is a finite group for all
n>1.

PROOF It suffices to show that SK,(A) is finite (see theorem
7.1.11(ii)).

We next present a fundamental sequence involving C¢,,(A) in the following.

Theorem 7.4.2 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra . If p is any prime = mazimal ideal of
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R, write A, = R, ® A, %, = F, ® ¥ where R,, F, are completions of R and
F, respectively, at p. Then we have the following exact sequence:

0= Kny1(3)/Im(Knia(A)) —

@ (Kn-i-l(i:g)/lm(Kn-i-l(Ag)) — Clp(A) — 0 @
pEmaz(R)
PROOF  See theorem 7.1.10. I

Lemma 7.4.1 In the exact sequence

0 — Cly(A) — SK,(A) — & SK,(A,) — 0,
p

SKn(fxp) =0 for almost all p, i.e., ® SKn(Ap) s a finite direct sum.
= P

PROOF See theorem 7.1.9. I

Remarks 7.4.1 (i) Inview of theorem 7.1.10, there exists a finite set P(A)
of prime ideals of R such that, for p € P(A), AB is maximal and Eg splits,

in which case SKn(Ap) = 0 for all n > 1. We shall often write P for

P(A) when the context is clear, as well as P = P(A) for the set of
rational primes lying below the prime ideals in P = P(A).

(ii) If A = RG where G is the finite group, then the prime ideals p € P lies

above the prime divisors of |G|. In particular, if R = Z, then P consists
of the prime divisors of |G|.

(iii) If I' is a maximal order containing A such that p does not divide [I" :
A] := the index of A in T, then p € P (see [159]).

Theorem 7.4.3 Let R be the ring of integers in a number field F', A any R-
order in a semi-simple F-algebra, I' a mazimal R-order containing A. Then
for all n > 1, there exists an exact sequence

Kn+1(F) — Kn+1(rg)

0 —_— =— — Cl,(A) — 0.
ImKn-‘rl(A) pEP ImKn+1 Ap) ( )
Moreover, hi((”gi;(j)[\) and p?P % are finite groups.
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PROOF From theorem 7.4.2 we have a commutative diagram of exact
sequences.

Kn+1(2) Kn+1(ﬁ;£)

00— 7ImKn+1(A) — % 7]mK”+1(A£) — Cén(A) — 0
Kni1(X) Kn+l(ig)

0= mwry % mrgaay Y

where p ranges over all ideals of R. Taking kernels of vertical arrows, we have
the required sequence.

KD K1 ()
Im(Kn41(4))

To be able to replace the middle term of (I) by & T (A 1t suffices
QGP n+1

to show that @ Kni1(l'p)

iy > 1.
op TmEor1(Ag) 0foralln>1

Recall from remarks 7.4.1 that for p € P, /A\g is maximal, and flg splits.

Now, suppose that n = 2r(even). Then by theorem 7.1.1, SK2n<AB) =0, and
0

)

Ko (3
L(EA) —0 (IT)
ImK2T+1(FB)
from the localization sequence

T K2r+1(fg) - K2r+1(i}g) - SK2T([\£) =

Now suppose that n = 2r — 1(odd); then by theorem 7.1.3 we also have
SKo._1(T )7 0 since E splits. So,

Ky, (217)

from the localization sequence
— Kap(Ap) — Kop(E,) — SKar_1(Ay) =
Hence, from (IT) and (III), we have that for all n > 1

Kns1 (2
@ # —0. (IV)
p¢P ImKy11(Ap))
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Now, from the commutative diagram

2 B

Kn(Ap) K, (Tp)
Kn(3))
we have an exact sequence
Ky (fg) Ko (%)) Ka(5)
NN SK"(FE) ([\ ) ImK (A ) K. (f ) — 0

Now, for all n > 1, SKn(f‘E) = 0 (see theorems 7.1.1 and 7.1.3). Also from

Kng1(5p)
_— = > 1.
(IV) above, (K (Ag) O0foraln>1

Hence, from (V), Kntalp)

_Kan@) - |
Im(Knt1(Ap)) Oforalln>1andpeP

Kn+1(fp) Kni41(I) .
That pg? ImK, 1( A—) nd =S KAy are finite groups follows from theo-
rem 7.2.4 and the exact sequence in the statement of theorem 7.4.3. I

(7.4)% Torsion in odd dimensional higher class groups

7.4.3 There have been considerable research efforts in recent years to under-
stand torsion in higher class groups of orders. Theorem 7.4.11, due to Kolster
and Laubenbacher [102] provides information on torsion in odd-dimensional
class groups Cla,—1(A)(n > 1) of arbitrary orders A in semi-simple algebras
over number fields. One important consequence of this result is that the only
p-torsion possible in Cls,, 1 (RG) (G-finite group) are for those primes p divid-
ing the order of G. These considerations lead to computations of Cls,,_1(ZS,)
when S, is the symmetric group of degree r and Clay,_1(ZDs3,), where Da,
is the dihedral group of order 2r. We also express Cla,_1(A) as a homomor-

T
phic image of [ H°(E;,Q,/Z,(n)) under the assumption that local Quillen
- Lichtenbauml clonjecture holds. Finally, we indicate some connections of
higher class groups to homogeneous functions.

The results in this subsection are all due to M. Kolster and R. Laubenbacher
(see [102]).

Definition 7.4.1 For any ring A, we shall write KS(A) for the quotient of
K, (A) modulo its maximal divisible subgroups.
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Now, let F be a number field with ring of integers R, D a division algebra
over F, and I' a mazimal R-order in D. If P is a set of prime ideals in R,
we define Cl,(T,P) b

Ct, (T, P) = Coker (K 1(D) — pEGBP Kﬁﬂ(Dg)@p?p K5y (Dp)/im(K5,1(Tp))).

We shall write P for the set of rational primes lying below the prime ideals in
P.

If A is an R-order in a semi-simple F'-algebra X3, we shall write 77( ) for
the set of prime ideals p of R such that Ap s not a maximal order in E Note

that P(A) is a_finite set, with r elements, say. We shall sometimes write P
for P(A) and P for P(A) when the context is clear.

Lemma 7.4.2 For all n > 1 there is an isomorphism

Clo(A) = Coker | @ Ki(A —>€Bcz (T, P(A))
pEP (A)

PROOF  See [102]. = The proof makes use of the fact that
Cly(A) =~ Coker(Kpp1(A) & Kny1(X) — Knq1(X)) where the ter-
m Knp1(A) & Kpi(8) —  Knp(X) is part of the long exact

Mayer - Vietoris sequence associated with the arithmetic sequence

A— X

l I where A = TIA, and ¥ = TII (X,,A,) are the adele
P 3 P tp.

A—3
rings of A and X, respectively. Details are left to the reader (see
[102]).

Theorem 7.4.4 Let F be a number field with ring of integers R, A any
R-order in a semi-simple F-algebra 3. Then, for all n > 1, p-torsion in
Clan_1(A) can only occur for primes p in P(A), ie., Clay_1(A)(q) = 0 for
q ¢ P(A).

PROOF In view of lemma 7.4.2, it suffices to show that in the situ-
ation of general P in the definition of C¥,(T',P) in 7.4.1, if ¢ & P, then
Clan—1(I',P)(q) = 0. If p is a prime ideal of R, let fg denote the residue
class field of f‘g. For any prime q # char(_ ), Suslin’s rigidity theorem
yields an isomorphism K§, (I p) ® Zy = Kon(T p) ® Z (see [204], lemma 2).
This is true in particular if p € P(A) and ¢ ¢ P(A). Hence the ¢ tor-

sion in C¥la, 1 (T, P)A coincidesj with the g-torsion in the cokernel of the map
K5,(D) — & KS5,(Dp)/Ks,(T'y). It is therefore sufficient to show that this
P P P

cokernel is zero.



178 A.0. Kuku

Consider the following commutative diagram of localization sequences:

0

|

KSn(D) I @Kanl(Fg) — SKanl(F) — 0

l

®SKan_1(Tp)

|

0

It follows from a result of Keating (see 7.1.16) that SKa,_1(T)
~ @ SKo,-1(T'p), under the hypothesis that certain transfer maps in the
» P

localization sequence of a number ring are zero. This fact was proved later by
Soulé [196] (see [102] for the correction of an error in [196]). The result now
follows from the Snake lemma.

Corollary 7.4.1 Let G be any finite group. Then for all n >, the only
possible p-torsion in Cls,—1(OpG) is for those p dividing the order of G.

7.4.4 Local Quillen - Lichtenbaum (Q - L) conjecture Let R be
the ring of integers in a number field E. This conjecture states that for

p = char(kq) where kq = R/q, there is an isomorphism Ks,(Rq)(p) =

H(Eq,Qp/Z,(n))*. Here, for any Abelian group A, A* denotes the dual

Hom(A,Q/Z). Also, q is non-zero. )
Note. Local (Q - L) conjecture has been proved for p odd if Eq/Q), is

unramified.

Theorem 7.4.5 [102] Let R be the ring of integers in a number field F, A

any R-order in a semi-simple F-algebra 2 =2 ﬁ M., (D;), D; skew fields with

i=1

center E;. Then, for each odd prime p € 75, there is a surjection
il;ll HO(Ei» Qp/zp(n)) — Clan—1(A)(p)

in the following case where | P |=r.

(i) All the skewfields D; = E; are commutative, and the local Q) - L congjec-
ture holds for all local fields E;q where q lies above p.

(ii) For all q € P and all i, the local degree deg(Diq) is not divisible by the
residue characteristic, and the local Q - L conjecture holds for all local
fields E;q, q above p.
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We now discuss some applications of the above results on odd-dimensional
class groups to some grouprings.

Remarks 7.4.2 Let G be a finite group, R the ring of integers in a number
field F. Let Cr be a set of irreducible F-characters. Under the assumptions
of theorem 7.4.5, we obtain a surjection
11 HO(FX7QP/ZP(”)) — Clan—1(RG)(p)
x€CFr
for each odd prime p dividing G.

Now, observe that for a skew field D occurring in the decomposition of F'G,
the local degrees are prime to the residue characteristic except in the case of
dyadic prime where the local degree may be 2 (see [159]). For example, if the
Sylow-2-subgroups of G is elementary Abelian, then the latter case does not
oceur.

Theorem 7.4.6 [102] Let S, be the symmetric group on r letters, and let
n > 0. Then Clyy11(ZS,) is a finite 2-torsion group, and the only possible
odd torsion in Cly,_1(ZS,) that can occur are for odd primes p such that %
divides n.

PROOF  Follows from theorem 7.4.5 (2) since the simple factors of Q.S,
are matrix rings over @ (see [39] theorem 75.19).

Theorem 7.4.7 [102] Let Da, be the Dihedral group of order 2r. If the local
Q - L conjecture is true, then Clyn11(ZD2,) is a finite 2-torsion group.

PROOF Follows from theorem 7.4.5 (1) since all skew fields appearing as
simple components of ZDs, are commutative (see [38] example 7.3.9)

Remarks 7.4.3 In theorems 7.4.6 and 7.4.7 we can replace Z by the ring of
integers in a number field F' that is unramified at all primes dividing | G |.

Remarks 7.4.4 We now provide an application of odd-dimensional higher

class groups to homogeneous functions. We saw earlier in theorem 7.4.5 that

there exists an epimorphism I H°(F(x),Q,/Zy(n)) — Clan_1(RG)(p).
X€CF

We provide an alternative description of ré HO(F(x),Qp/Z,(d)) where p
xeCr
divides | G | and d > 1. First we have the following.

Theorem 7.4.8 Let G be a finite group and d > 1, F a number field and
Qr = Gal(F/F) the absolute Galois group of F. Then there is an isomor-
phism o o

Home, (RG,Qp/Zy(d)) = 11 H°(F(x), Qp/Zy(d))

X€CF
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PROOF  See [102]. I

Definition 7.4.2 Let G be a finite Abelian group, d a non-negative integer.
A function f : G — Q/Z is homogeneous of degree d if f(nz) = nif(x)
for all z € G and all n € N such that (n,o(z)) = 1. Denote by hmg®(G) the
(finite) Abelian group (under pointwise addition) of all homogeneous functions
of degree d on G.

A subgroup H of G is called cocyclic if the quotient G/H is cyclic. Let
¢: H— Q/Z be a character. Then the induced character

defined by
o) = {¢(w) if reH

0 otherwise,

is homogeneous of degree 1, and is called a cocyclic function. Let Coc(G) de-
note the subgroup of Hmg(G) = Hmg'(G) generated by all cocyclic functions.

Theorem 7.4.9 Let G be an Abelian group of odd order. Then there exists

a surjection from Hmg(G) onto Cl1(ZG) with kernel Coc(G), i.e., we have
an exact sequence

0 — Coc(G) — Hmg(G) — C(ZG) — 0.

PROOF  See [42]. I

For further information, see exercise 7.13 and [102].

(7.4)¢ Torsion in even-dimensional higher class groups
Cfty,.(A) of Orders

7.4.5 In this subsection we now turn our attention to even-dimensional high-
er class groups C'la,(A) with the aim of obtaining information on p-torsion.
Even though an analogue of theorem 7.4.4 for general R-orders is yet to be
proved (if it is true), we do have a result due to Guo and Kuku that provides
an analogue of theorem 7.4.4 for Eichler orders in quaternion algebras and
hereditary orders in semi-simple F-algebras where F' is a number field. Guo
and Kuku proved the result simultaneously for “generalized Eichler orders”
that combine the properties of Eichler orders and hereditary orders (see [74]).
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Definition 7.4.3 Let R be a ring. For each ideal I of R, let (I)™*™ denote
the set of all m x n matrices with entries in I. If {I;; : 1 <4,j <r} is a set
of ideals in R, we write

(I1) (Ir2) ... (Irr)
to indicate that A is the set of all matrices (T55)1<i j<r, where for each pair
(i,7) the matriz T;; ranges over all elements of (I;;)™*™ .

Definition 7.4.4 Let ¥ ~ M, (D), where D is a finite-dimensional division
algebra over a number field F' with integers R. We call an order A in ¥
generalized Eichler order if each Ap has the form

where kp > 1 and A is the unique mazimal order in D ) satisfying DRpF, ~
My (Dpy. If ¥ ~ @ My, (D;) is a semi-simple algebra, then an order A in

Y is called a generalized Eichler order if A ~ @ A;, where A; is a generalized

Fichler order in My,(D;). Note that if all kp = 1, then A is hereditary, and
if 3 is a quaternion algebra, then A is an Eichler order as defined in [222].

Definition 7.4.5 Let R be a Dedekind domain with quotient field F'. An R-
order A is said to be hereditary if every left A-lattice is projective. Note that
a mazximal order is hereditary but not conversely.

7.4.6 Let F' be a number field with ring of integers R, D a division algebra
over F, T' a maximal R-order in D. We shall adopt the notations in (7.4)5.
So, for a set P of prime ideals of R, let C¢,(T",P) be as defined in 7.4.1. We
have the following lemma.

Lemma 7.4.3 Let R be the ring of integers in a number field F, A any R-
order in a semi-simple F-algebra . Then the even-dimensional higher class
group Clan(A) is a homomorphic image of

Coker | €D (K5u41(Ap) — K5,11(5p)
PEP(A)
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PROOF Let I' be a maximal R-order containing A. Then, by lemma
7.4.2,

Clon(A) = Coker | @ K5,,1(Ap) — Clon (I, P)
PEP(A)
By theorem 7.1.1 (ii) (b),
@ K2n+1 /Zm(K2n+1(fp)) =0.

PEP(A)

So,
Clyn (T, P) = Coker | K5,1(2) — P K5, (2
pEP (A)

Hence C¥¢2,(A) is a homomorphic image of
Coker @ K20n+1<AP) - @ K20n+1<i )
pPEP(A) pPEP(A)
[

Proposition 7.4.1 ([101] Theorem A and 2.2) Let R and S be rings,
and U an R — S-bimodule. Then the natural homomorphisms

w((05) = ((55))

are isomorphisms. Let U* = Hom(U, S), where U is considered as a right
S-module. If R is the endomorphism ring End(U) of the right S-module U,
then the natural homomorphisms

a((65)) == ()

Lemma 7.4.4 Let R be a ring

are surjective.

N1yeeey Ny
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and

(R) (R) (R) ... (R)
Then the natural homomorphisms
are surjective.
PROOF We will prove this lemma by induction. If » = 1, then R; = Rs.

This is the trivial case.
Now suppose that the lemma holds for » — 1. Let

(R) (R) ... (R)
and
(R) (R) ... (R)\ ™"
L B
(R) (R) ... (R)

By induction hypothesis, the homomorphisms
Kn(R3) — Kn(R})

are surjective. Let

and )
R4 = <R4 v ) ~ Ril X (R)(’ﬂr)

Since K,(R3) =~ K,(R}) @ K,(R)™)) and K,(Ry) ~ K.(R}) @
K, ((R)(™)), the homomorphisms

are surjective. By proposition 7.4.1, the homomorphisms

KH(R3) - Kn(Rl)
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are surjective. Let

Rs=1] ... ... .o oo ...
(R) (R) ... (R) (0)
(R) (R) ... (R) (R)
By proposition 7.4.1, the homomorphisms
Kn(R4) - Kn(RS)

and

are surjective. Hence the compositions
frs t Kn(R3) — Kn(Ra) — Kn(Rs5) — Kn(R2)
are surjective. Let g,. be the composition
Ky (Rs) — Kn(B1) — Kn(R2).

Although f,,. and g,. are obtained in different ways, they are both induced
by the same natural ring inclusion

R3 —*RQ.

By the functoriality of K-theory, f,,« = gn«. Hence the maps g, are surjective,
which implies that the maps

are surjective. I

7.4.7 Let A ~ M, (D) be a simple algebra and A a generalized Eichler order
in A. The local order AB is either maximal or isomorphic to some

(A) (p*” )(]jk”) . (p*7) (IR
( ) ( ) (Q ) .. (Ekp)

() (&) (A) ... (&)
where k, > 1 and A is the unique maximal order in D,. By the Skolem -

Noether theorem this isomorphism is given by an inner automorphism. Hence
there is an element a, € A, such that

(A) (ka) (]jk”) (ka) N1,y
~ (A) (A) (ka) . (ka)
Ap=ay | (A) (A) (A) ... (p*r) a;
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We now define f‘; = AB’ if Ap is maximal, and

otherwise. By Theorem 5.3 in [171] there is a global maximal T, so that
I‘ = 1"’ for all p.
Let
I =TIp*»

throughout this section, where p runs through all p at which AB is not maxi-
mal, i.e., through p € P(A).

Lemma 7.4.5 For all n > 1, the natural homomorphisms

Ko (Ay/IT,) — K (T, /IT,)

are surjective.

PROOF If A, is maximal, then the lemma obviously holds. So, we suppose
that AE is not maximal. Without loss of the generality, we assume

(A) (E )(Qk ) ... (E’CP) LSRR
) (A) (A) (Ek ) .. (gkp)
AB:()()(A).,(Q

Ead
. 3
~—

and

(8) (8) (8) .. (&)

where A is the unique maximal order in D,,. Then

p)
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and
(R) (R) (R) ... (R)\ ™"
At (R) (R) (R) ... (R)
I,/IT, = | (R) (R) (R) ... (R)
(R) (B) (B)... (R)
where R = A/ka' D

The lemma now follows from lemma 7.4.4.

7.4.8 For any Abelian group G, let G(1) be the group G ® Z[1]. For any
ring homomorphism
f:A— B,

we shall write f, for the induced homomorphism

Ko (A) (é) . K.(B) (é) .

Lemma 7.4.6 For all n > 1, the natural homomorphism

hosKally) (3) — 5l (5)

is surjective, where s is the generator of I NZ.

PROOF The square

has an associated K. *(%) Mayer - Vietoris sequence

i (1) 9 ke (D) ey (1)

s S s
(91,,924) ° S 1
<) () by (L) —

by [33, 237], where

(1., f2.)(@) = (fr.(2), f2. (2))
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for z € K, (Ap)(%) and

(91.,92.)(a,b) = g1.(a) — g2, (D)
for a € K,(T',)(L) and b € K, (I, /IT,)(1).
For any element z € Kn(f‘p)(%), we can find y € Kn([\g/lf‘g)(l) such that

S

(91.,92.)(x,y) = g1, (%) — g2, (y) =0
by lemma 7.4.5. So,

(x,y) € ker(g1.,92.) = im(fi., f2.)-

Hence x € im(f1,), which implies that f;, is surjective. I

Corollary 7.4.2 For all n > 1, the cokernel of
Kn(Ap) — K, (L))

has no non-trivial p-torsion, where p is an arbitrary rational prime that does
not divide s.

PROOF By lemma 7.4.6, the cokernel of
Kn([\g) — Kn(fg)

is s-torsion. Hence the result follows. (

Corollary 7.4.3 For all n > 0, the map
N 1 - 1
i Kanialhy) (3) = Kana ) ()
is surjective, where f, is induced by the inclusion map f : /A\E — XAIE.

PROOF The map

. 1 - 1
[ Kang1(Ap) (g) — Kont1(%y) (;)
is the composition
A 1 1. . 1 . - 1
K2n+1(A£) <g> f—) K2n+1(rg) <g) h—) K2n+1(22) <g>

where h, is induced by the inclusion A : f‘g — 22' By theorem 7.1.2(b), h, is

surjective. Since f1, and h, are both surjective, f is also surjective. I



188 A.0. Kuku

Theorem 7.4.10 Let A be a generalized Eichler order in a semi-simple al-
gebra A over F. For allm > 1, the g-primary part of Cla,(A) is trivial for

q ¢ P(A).

PROOF Since A can be expressed as the direct sum of generalized Eich-
ler order in the semi-simple components of A, we may assume A is simple.
Corollary 7.4.5 implies in this case that

COkeT(KSn-i-l(Ag) - KSn-ﬁ-l(Ag))q =0

for ¢ ¢ P(A). So the g-primary part of Cla,(A) is trivial for ¢ & P(A) by
lemma 7.4.3. I

7.5 Higher K-theory of grouprings of virtually infinite
cyclic groups

7.5.1 F.T. Farrell and L.E. Jones conjectured in [54] that algebraic K-theory
of virtually cyclic subgroups V should constitute “building blocks” for the
algebraic K-theory on an arbitrary group G. In [55] they obtained some
results on lower K-theory of V. In this section we obtain results on higher
K-theory of virtually infinite cyclic groups V in the two cases: (i) when V
admits an epimorphism (with finite kernel) to a finite group (see [183]), and
(ii) when V admits an epimorphism (with finite kernel) to the finite dihedral
group (see [183]). The results in this section are due to A. Kuku and G. Tang
(see [123)]).

We shall discuss the precise form of this conjecture in chapter 14, which
will be devoted to equivariant homology theories. We recall that we briefly
discussed its formulation in 4.5.4.

Definition 7.5.1 A group is called virtually cyclic if it is either finite or
virtually infinite cyclic, i.e., contains a finite index subgroup that is infinite
cyclic. More precisely, virtually infinite cyclic groups V are of two types,
namely,

i) The group V that admits an epimorphism (with finite kernel G) to the
infinite cyclic group T =<t >, i.e., V is the semi-direct product G x4 T,
where a : G — G is an automorphism and the action of T is given by
tgt=t = a(g) for all g € G.

ii) The group V that admits an epimorphism (with finite kernel) to the
infinite dihedral group D, i.e., V. = Gg *xg Gy where the groups G;,
1=0,1, and H are finite and [G; : H] = 2.
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(7.5)4 Some preliminary results

In this subsection, we set the stage by proving theorems 7.5.1 and 7.5.2,
which constitute generalizations of theorems 1.2 and 1.5 of [55]. Here, we
prove the results for an arbitrary R-order A in a semi-simple F-algebra X
(where R is the ring of integers in a number field F') rather than for the
special case A = ZG (G finite group) treated in [55].

7.5.2 Let R the ring of integers in a number field F', A an R-order in a semi-
simple F-algebra ., and o : A — A is an R automorphism. The « extends
to F-automorphism on ¥. Suppose that I' is a maximal element in the set of
all a-invariant R-orders in ¥ containing A. Let max(I") denote the set of all
two-sided maximal ideals in T' and max,(T") the set of all two-sided maximal
a-invariant ideals in I'. Recall that a A-lattice in ¥ is a A-A submodule of
3., which generates ¥ as F-vector space. The aim of this section is to prove
theorems 7.5.1 and 7.5.2 below.

Theorem 7.5.1 The set of all two-sided, a-invariant I'-lattices in ¥ is a free
Abelian group under multiplication and has maz, (L) as a basis.

PROOF Let a be a two-sided, a-invariant I'-lattice in . Then {z € X |
za C a} is an a-invariant R-order containing I'. Hence, it must be equal to T’
by the maximality of I'. Similarly {z € ¥ | ax Ca} =T.

Now, let a C T be a two-sided, a-invariant I-lattice in ¥. Then, B =T'/a
is a finite ring, and hence, Artinian. So, radB is a nilpotent, a-invariant, two-
sided ideal in B, and B/radB is semi-simple ring. Hence B/rad B decomposes
as a direct sum of simple rings B;, i.e.,

B/radB=B, ®B;®---® B, (@
and « : B/radB — B/radB induces a permutation of the factors B, i.e.,
a(Bi) = Ba( (IT)

where & is a permutation of {1,2,...,n}. So, a € max,(T') if and only if both
rad(T'/a) = 0 and & is a cyclic permutation. Hence, a ¢ max, (T") if and only
if there exist a pair of two-sided, a-invariant I'-lattices b and ¢ satisfying three
properties:

(i) Both b and ¢ properly contain a.
(ii) b and ¢ are both contained in T'. (IIT)

(iii) bc Ca.
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Hence, just as in [55], we deduce the following fact:

If a is a two-sided, a-invariant T'-lattice, then a contains a (finite) product
of elements from max, (T'). (Iv)
If a is a two-sided, a-invariant I'-lattice, then we write

a={zeX|zaCT}, (V)
which is also a two-sided, a-invariant I'-lattice. (1
We now prove the following.
Lemma 7.5.1 If p € max,(I'), then

B AT (V1)

PROOF Choose a positive integer s € Z such that sI' C p. Applying (i)
- (iii) with a = sT", we can define elements p; € max,(I') such that

pip2...pn C T

Let us assume that n is the smallest possible integer with this property.
Using the characterization of max, (I") given above (IIT and IV), we see that
some p; must be contained in p since p € max,(I'). And since p; € max,(T),
p = p;. We can therefore write apb C sI" where a = p;...p;—1 and b =
Pit1...pn. Thus, Lapb C T, and further, (1bap)b C b. We have (1bap) C T
Hence %ba C p, by the definition of p. Since ba is a product of n — 1 elements
in max,(T'), the minimality of n implies that ba C sI', so %ba Cc I'. Thus

pAT. I

Lemma 7.5.2 If p € max,(T'), then pp =T = pp.

PROOF  Similar to that in step 4, page 21 of [55]. I

Lemma 7.5.3 If p1, p2 € max,(I'), then p1pa = pap1.

PROOF  Similar to that of step 5, in [55].

Note that the proof in ([20] p.158) is easily adapted to yield the following
conclusion:
A two-sided, a-invariant I'-lattice a C T is uniquely, up to order, a product of
elements of max, ('), and we can finish the proof as in [20], p.158. I

Corollary 7.5.1 If every element of max,(I') is a projective right I'-module,
then every element in max(T") is also a projective right I'-module, and conse-
quently, I" is a hereditary ring.
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PROOF 1t is the same as the proof of Corollary 1.6 in [55]. I

Theorem 7.5.2 Let R be the ring of integers in a number field F', A any
R-order in a semi-simple F-algebra 3. If a : A — A is an R automorphism,
then there exists an R-order I' C X such that

1)ACT.

2) T is a-invariant.

3) T is a (right) regular ring. In fact, T' is a (right) hereditary ring.

PROOF Let S be the set consisting of all a-invariant R-orders M of X,
which contains A. Then S is not empty since A € S. Choose I" to be any
maximal member of §. Such a member exists by Zorn’s Lemma. Note that
this R-order I' satisfies properties (1) and (2) by definition and is clearly a
right Noetherian ring. Hence, it suffices to show that I" is a right hereditary
ring; i.e., that every right I'-module is either projective or has a length 2
resolution by projective right I'-modules. To do this, it suffices to show that
every maximal two-sided ideal in T is a projective right I'-module. Let max(T")
denote the set of all two-sided maximal ideals in T', and max,(T") the set of
all members among the two-sided a-invariant proper ideals in I'. Note that
if a € max,(T'), then I'/a is a finite ring. To see this, first observe that
I'/a is finitely generated as an Abelian group under addition. If it were not
finite, then there would exist a prime p € Z such that the multiples of p in
T'/a would form a proper two-sided a-invariant proper ideals in I'/a. But this
would contradict the maximality of a. Also I'/a is a (right) Artinian ring since
it is a finite ring. But rad(I'/a) is an a-invariant two-sided ideal in I'/a. So
the maximality of a again shows that rad(I"/a) = 0. Hence, I'/a is semi-simple
ring. We finally remark that a is a two-sided I'-lattice in ¥ since a has finite
index in the lattice I'.

By corollary 7.5.1, it suffices to show that every element p € max,(T') is a
projective right I'-module. Let q be the inverse of p given by theorem 7.5.1;
i.e., q is a two-sided I'-lattice in 3, which is o-invariant and satisfies the
equations pq = qp = I'. Consequently, there exist elements a1, as,...,a, € p
and by,b,...,b, € q such that

a1by + agbs + - - -+ apb, = 1.
Now define (right) I'-module homomorphisms f :p — I'™ and g : ™ — p by

f(@) = (byz,baz, . .., byx)
g(y17y2, e ,yn) = a1Y1 —+ a2y2 + -+ nlYn
where z € p and (y1,¥2,...,yn) € I'". Note that the composite g o f = id,.

Consequently, p is a direct summand of ', which shows that p is a right-
projective I'-module.
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(7.5)% K-theory for the first type of virtually infinite cyclic
groups

In this subsection, we prove that if R is the ring of integers in a number
field F, A an R-order in a semi-simple F-algebra 3, and a an automorphism
of A, then for all n > 0, NK,(A,a) is s-torsion for some positive integer s
and that the torsion-free rank of K,,(A,[t]) is equal to the torsion-free rank
of K,,(A), which is finite by theorem 7.1.11. When V = G %, T is a virtually
infinite cyclic group of the first type, we show that for all n > 0,G,,(RV) is a
finitely generated Abelian group and that for all n < —1, K, (RV) = 0. We
also show that for all n > 0, NK,,(RV) is |G|-torsion.

First, we prove the following result for later use

Theorem 7.5.3 Let A be a Noetherian ring and o an automorphism of A,
and A, [t] the twisted polynomial ring. Then,
(i) Gn(Aylt]) = Gr(A) for alln >0

(ii) There exists a long exact sequence

5 GlA) =% Go(A) — Gu(Au[t,t7Y]) — Gpo1(A) — ...

PROOF (i) follows directly from Theorem 2.18 of (cf. [88], p.194). To
prove the long exact sequence in (ii), we denote by A = M(A,[t]) the category
consisting of finitely generated A, [t]-modules. Consider the Serre subcategory
B of A = M(A4[t]), which consists of modules M € objA on which ¢ is
nilpotent, i.e.,

objB={M € objA| thereexists an m >0 such that M¢™ = 0}.

Applying the localization theorem to the pair (A, B), we obtain a long exact
sequence
— K11 (A/B) =% K(B) — Ky (A) — Ko(A/B) —
By definition and (i) K,(A) = G, (A4[t]) = G (A). We will prove that
K,(B) 2 G,(A)
and
Kn(A/B) = Gp(Aa[T]) := Gn(Aalt,t ')

for all m > 0. At first M(A) C M(A,[t]/tAq[t]) € B (Note that although ¢ ¢
center(Aq[t]), we have tA,[t] = Aa[t]t < Ay[t]). Using the Devissage theorem
one gets

Kn(B) = Kn(M(Aat]/tAalt]))



Higher K-theory of Grouprings of Virtually Infinite Cyclic Groups 193

But
0 — tAL[t] — Al[t] =24 —0

is an exact sequence of homomorphisms of rings. So we have
An[t]/tALft] = A
as rings, and so, K, (M(Ay[t]/tAu[t])) = Gn(A). Thus
Kn(B) = Kn(M(Aa[t]/tAalt])) = Gn(A).

Next we prove that

Kn(A/B) = Gn(Aa[T]).

Since A, [T] is a direct limit of free A, [t]-modules A, [t]t™", it is a flat Ay [t]-
module, and this implies that— ® 4, A.[T] is an exact functor from A to
M(A4[T]) and further induces an exact functor

F:A/B— M(AL[T)).

We now prove that F' is an equivalence. For any M € objM(A,[T)), pick a
generating set {1, xa,...,2;} of the finitely generated A,[T]-module M. Let

l
M1 = Z xiAa[t].
i=1

Then M; € Aand M1 ® 4,y Aa[T] = M. The exact sequence of A, [t]-modules
00— My — M — M/M; — 0
induces an exact sequence
0— My ®a,1 AalT] = M @4, Aa[T] — M/Mi @4, Aa[T] — 0.
Since {z1,22,...,x;} is a generating set for the A,[T]-module M, then for

any x € M, there exist f; € A,[T] (1 = 1,...,1) such that z = 2221 5 fi-

Thus, there exists n > 0 such that at™ = Zé:l x; (fit") € My, i.e., M/M; is

t-torsion. Thus M/M; ® 4,5 Aa[T] = 0. It follows that
0— M @4, AalT] — M @415 AalT] — 0
is exact. That is
My ® a0 AalT) = M @ 4,1 AalT]-
For any M, N € A, we have, by definition

HOHlA/B(M, N) = hmHOInAa[t](M/,N/N/)
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where M /M’ and N’ are t-torsion. One gets easily:
Hom 4/5(M, N) = lim Hom 4, (M, N/N') = lim Hom, y(M’, N/N;)

where Ny = {z € N | and there exists an m > 0 such that xt™ = 0}. Define
a map

¢ : Hom4/5(M,N) — Homp(M @4, (1) Aa[T], N ® 4,11 Aa[T]).

For any f € Homp(M ®4,[ AalT], N ®a, 1 Aa[T]), since M is a finitely
generated A,[T]-module, and there exists an m > 0 such that

f(Mt"™ ®1) C N ® 1.

o

We can define Mt™ — N/N, xt™ — n if f(zt™ ® 1) = n® 1. This is well
defined and ¢ maps to f under ¢.

If o € Homy 1(M’, N/Ny) is such that its image in Homp(M ® 4,1y Aa[T]),
N®4,1AalT] is zero, then c®1 = 0 implies that com®1 = (c®1)(m®1) =0
in N/N¢ ®4,14 Aa[T]. Hence o(m) = 0, and so,

HOIn_A/B(M,N) = HOIDB(M ®Aa[t] AQ[T],N@)AQ[t] AQ[T]),

that is,
A/B = M(AL[T)).
Hence K, (A/B) = K,,(M(A4[T])), completing the proof of 2). I

Theorem 7.5.4 Let R be the ring of integers in a number field F, A any
R-order in semi-simple F-algebra 3, o an automorphism of A. Then

For alln > 0.

(i) NK, (A, «) is s-torsion for some positive integer s. Hence the torsion-
free rank of K, (Ay[t]) is the torsion-free rank of K, (A) and is finite.
If n > 2, then the torsion-free rank of K,(A4[t]) is equal to the torsion
free rank of K,(X).

(i) If G is a finite group of order r, then NK,(RG,a) is r-torsion, where
« 1s the automorphism of RG induced by that of G.

PROOF (i) By theorem 7.5.2, we can choose an a-invariant R-order T’
in ¥, which contains A and is regular. First note that since every R-order
is a Z-order, there is a non-zero integer s such that A C T C A(1/s), where
A(1/s) denote A ® Z(1/s) for an Abelian group A. Put ¢ = sI", and then we
have a Cartesian square B

A——T 1)
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Since « induces automorphisms of all the four rings in the square (I) (cf. [55]),
we have another Cartesian square

Ao ft] ————= T, [t] (IT)

| l

(A/Dalt] — (T/g)alt]

Note that both (A/q)q[t] and (I'/q)a[t] are Z/sZ-algebra, and so, it follows
from (II) that we have a long exact Mayer - Vietoris sequence (cf. [33] or [237])

= Kaa(T/0)alf)(1/5) — Ku(Aalt)(1/5)
— Ku(M)alll(1/5) & Kn(Talf)(1/5)
— Ka(U/g)all)(1/5) — Kooa(Aalt)(1/s) — .. (1D
Since we also have a long exact Mayer - Vietoris sequence
w1 (/0)alt)(1/5) — Ka(Ralth(1/5)
— Ka(Ma)alll(1/5) & Kn(Talt)(1/5)

— Kn(l'/@)alt](1/5) — Kn1(Aalt])(1/s) — ... (Iv)

then, by mapping sequence (IIT) to sequence (IV) and taking kernels, we
obtain another long exact Mayer - Vietoris

- NEy1(T/g)alt](1/s) — NEKn(Aa[t])(1/s)
— NE,(A/q)alt)(1/5) ® NKn(La[t])(1/s)
s NEA(0/@)alt)(1/5) — NE(Aalf)(1/5) —
However, by [55], T'y[t] is regular since I' is. So, NK,(I',a) = 0 by theo-
rem 7.5.3 (i) since K, (I'a[t]) = Gn(Talt]) = Gn(I') = K,(I'). Both A/q and
I'/q are finite, and hence quasi-regular. They are also Z/sZ-algebras, and so,
it follows that (A/q)[t] and (I'/q)a[t] are also quasi-regular and Z/sZ-algebra.
We now prove that for a finite Z/sZ-algebra A, NK, (A, a) is a s-torsion. S-

ince A is finite, its Jacobson radical J(A) is nilpotent, and by corollary 5.4
of [236], the relative K-groups K, (A, J(A)) are s-torsion for any n > 0. This

implies that
Kn(A)(1/s) = Kn(A/J(A))(1/s)
from the relative K-theory long exact sequence tensored with Z(%) Similarly,
one gets
Kn(Aa[z])(1/5) = Kn((A/J(A))a[2](1/5).

However, A/J(A) is regular, and so,

Kn(A)J(A))alz])(1/s) = Kn((A/J(A))(1/5)-
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by theorem 7.5.3(i).
Hence, we have

Kn(Aala])(1/s) = K, (A)(1/5).

From the finiteness of A one gets that K, (A) is finite (see theorem 7.1.12).
Hence both K,,(A.[2z])(1/s) and K,,(A)(1/s) have the same cardinality. From
the exact sequence

0 — NK,(A,a) — K,(Ay[z]) = Kp(A) — 0
tensored with Z(1), we obtain the exact sequence
0— NK,(4,a)(1/s) — K,(A.[z])(1/s) — K,(A)(1/s) — 0.

Hence NK,, (A, «)(1/s) is zero since K,,(Aq[z])(1/s) and K, (A)(1/s) are iso-
morphic. Hence, both NK,,1(I'/q,a)(1/s) and NK,(A/q,«)(1/s) are zero,
and so, NK,,(A/q,«) is s-torsion. B

Since K,(Aqft]) = K,(A) & NK,(A,a) and NK(A,a) is torsion, the
torsion-free rank of K, (A,[t]) is the torsion-free rank of K, (A). By theorem
7.1.11 the torsion-free rank of K, (A) is finite, and if n > 2, the torsion-free
rank of K,,(X) is the torsion-free rank of K, (A) (see [115]).

(ii) is a direct consequence of (i) since if | G |= r, and we take A = RG,
then rI' C A.

Theorem 7.5.5 Let V = G x T be the semi-direct product of a finite group
G of order r with an infinite cyclic group T =< t > with respect to the
automorphism o : G — G : g+ tgt=t. Then,

(i) Kn,(RV) =0 for alln < —1.

(ii) The inclusion RG — RV induces an epimorphism K_;(RG) —
K_1(RV). Hence K_1(RV) is a finitely generated Abelian group.

(iii) For alln >0, G,(RV) is a finitely generated Abelian group.

(iv) NK,(RV) is r-torsion for all n > 0.

PROOF

(i) By theorem 7.5.2 there exists an a-invariant regular ring I' in F'G that
contains RG. Then, for the integers s =| G |, RG CT' C RG(1/s). Put
g = sI'. Then we have a Cartesian square

RG——>T (VI)

L
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Since a induces automorphisms of all the four rings in the square (VI),
we have another Cartesian square

RV T[T (VII)

l |

(RG/q)o[T] —— (I'/q)alT]

(see [55]).
Since lower K-theory has excision property, it follows from [20] that we
have lower K-theory exact sequence

Ko(RV) — Ko((RG/q)a[T]) & Ko(Ta[T]) = Ko((T/@)air)) —
(VIII)

— K_1(RV) = K_1((RG/q)a[T)) & K_1(Ta[T]) — ...

However, (I'/q)o[T] and (RG/q)a[T]) are quasi-regular since I'/q and
RG/q are quasi-regular (see [55]). Also, I'q[T] is regular since I' is
regular (see [55]).

Hence
Ki(To[T]) = Ki((RG/q)a[T]) = Ki((T'/@)a[T]) = 0

for all4 < —1. Thus K;(RV) =0 for all i < —1, from the exact sequence
(VIII).

(ii) The proof of (ii) is similar to the proof of a similar statement for ZV
in [55], corollary 1.3, and is omitted.

(iii) Is a direct consequence of theorem 7.5.3 (2) since G, (RG) is finitely
generated for all n > 1 (see theorem 7.1.13).

(iv) By [55] 1.3.2, we have a Cartesian square

RV La[T]

l |

(RG/q)a[T] —— (I'/q)al[T]

where T'o[T] is regular and (RG/q)q[T] are quasi-regular (see [55] 1.1
and 1.41).

Moreover, since r annihilates RG/q and I'/q it also annihilates (RG/q)« [T,
(I'/q)a[T] since for A = RG/q, or T'/q, A,[T] is a direct limit of free A,[t]-
module A,[t]t~™. Hence by [236], corollary 3.3(d), NK,, (A,[T]) is r-torsion.

(Note that [236], corollary 3.3(d), is valid when p is any integer r.)
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We also have by [33, 237] a long exact Mayer-Vietoris sequence

o N (T/0alr] (1) = NE(E) (1) = N /galr] (3
BNK, (1) [T] <%) — NK,(I'/q)a[T] (%) — ... (IX)

But NK,(I'4[T]) = 0 since T',[T] is regular. Hence, we have NKn(RV)(%)
0 from (IX), and also, NK,(RV) is r-torsion.

=

(7.5)¢ Nil-groups for the second type of virtually infinite
cyclic groups

7.5.3 The algebraic structure of the groups in the second class is more
complicated. We recall that a group V in the second class has the for-
m V = Gqg *xg G where the groups G;, ¢ = 0,1, and H are finite, and
[G; : H] = 2. We will show that the nil-groups in this case are torsion, too.
At first we recall the definition of nil-groups in this case.

Let 7 be the category of triples R = (R; B,C), where B and C are R-
bimodules. A morphism in 7 is a triple

(#; f,9): (B B,C) — (S; D, E)

where ¢ : R — S is a ring homomorphism and both f : B — D and
g: C — E are R — S-bimodule homomorphisms. There is a functor p from
the category 7 to Rings defined by

[ Tr(C®rB) C®rTr(BorC)
p(R)_RP<B®§TR(CR®RB) TZ(§®RCI§ )

where TR(B®RrC)(resp.Tr(C® B)) is the tensor algebra of BRgC (resp.C®p
B) and p(R) is the ring with multiplication given as matrix multiplication and
each entry by concatenation. There is a natural augmentation map (cf. [37])

RO
e:Rp—><0R)

The nil-group NK, (R) is defined to be the kernel of the map induced by €
on K,-groups.

We now formulate the nil-groups of interest. Let V' be a group in the second
class of the form V = Gy *y G1 where the groups G;, i = 0,1 and H are finite,
and [G; : H] = 2. Considering G; — H as the right coset of H in G;, which
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is different from H, the free Z-module Z|G; — H| with basis G; — H is a ZH-
bimodule that is isomorphic to ZH as a left ZH-module, but the right action is
twisted by an automorphism of ZH induced by an automorphism of H. Then
the nil-groups are defined to be NK,,(ZH;Z|Gy — H],Z|G1 — H]) using the
triple (ZG;Z[|Go — H],Z|G1 — H]). This inspires us to consider the following
general case. Let R, a ring with identity o : R — R, be a ring automorphism.
We denote by R® the R— R-bimodule, which is R as a left R-module but with
right multiplication given by a - r = aa(r). For any automorphism a and
of R, we consider the triple R = (R; R*, R?). We will prove that p(R) is in
fact a twisted polynomial ring, and this is important for later use.

Theorem 7.5.6 Suppose that o and 3 are automorphisms of R. For the
triple R = (R; R*, RP), let R, be the ring p(R), and let v be a ring automor-

phism of (1;{ 10%> defined by

7 (58) = (0 alo)

Denote by 1, (resp. 13) the generator of R (resp. RP) corresponding to 1.
Then, there is a Ting isomorphism

o (18) b

defined by mapping an element

S (5 a) (5 o)

i>0

a; 0 0 15 ® (1, ® 15)°
+;(0a2—) <1a®(1g®1a)i 0
to an element ,
a; 0\ o a; 0\ 2411
S (5a) 2 (V)

i>0 i>0

PROOF By definition, each element of R, can be written uniquely as

S (o) (75 . dy)

a; 0 0 1@ (1o ® 1)
(5 a) (oo 7% )



200 A.0. Kuku

It is easy to see that u is an isomorphism from the additive group of R, to

(“g ?{) [z]. To complete the proof, we only need to check that u preserves

any product of two elements such as

(a0 [((p®1a) 0 .
““(0@-)( 0 1a®1g)i) 120

a; 0 0 (1@ (14 ® 15)7 .
- J . > 0.
o (0 b&) (1a®(15®1a)J 0 720

We check these case by case. Note that for any a, b € R, 1, -a = a(a)ls, and
15 b= ﬁ(b) . 15. Thus,

("5 ) ()

_ ((m){;@» (aﬁo)ibj) ((1;3@5 W' ®01ﬁ)i) |

Note that the following equations hold in R,:

and

(15 ® 1a)i+j-
(1a ® 1ﬁ)i+j-
15 ® (Lo ® 15)™.
1o ® (15 ®14)1.

(1@ 14)' (15 © 1a)’
(1o ®15)" (1o ® 15)’
(150 1a) (1@ (1o @ 15)
(la ® 1B)i(1a Y (15 Y 1a)J

—_ —

This implies that p(uuj) = plu)p(u,), and p(u;v;) = wlu;)p(v;). Similarly,

we have _
0 15@(1a®15)1 a;- 0
1o ® (15 ® 14) 0 0 b

_ ((ﬂa)i(bg) o )( 0 i15®(1a®15)i)_
0 (aB) a(a)) 1la®(1g® 14) 0
We have also equations in R,:
(15® (1a®1p))(la ® 1) =15 ® (la ® 15)"™
1a® (12 1))@ 1a) =1, ® (15 ® 14)
(15 ® (La ® 15)")(la ® (15 ® 1a)’) = 15 @ (1) FF!
(1o ® (15 @ 1a)") (1 ® (1o ® 15)’) = 1o ® (15)"7H!

It follows that wu(vju;) = p(vj)p(us), and p(v;v;) = p(v;)u(v;). Hence p is an
isomorphism. I

From Theorem 3.1 above, we obtain the following important result.
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Theorem 7.5.7 If R is regular, then NK,,(R; R, R%) = 0 for alln € Z. If
R is quasi-reqular, then NK,(R; R*, R%) =0 for all n < 0.

PROOF Since R is regular, then (13 %) is regular too. By theorem

7.5.6, R, is a twisted polynomial ring over , and so, it is regu-

0R
lar [57]. By the fundamental theorem of algebraic K-theory, it follows that
NK,(R;R*,RP) =0 for all n € Z (see 6.3). If R is quasi-regular, then R,
is quasi-regular also [55]. By the fundamental theorem of algebraic K-theory
for lower K-theory, NK, (R; R*, R®) = 0 for all n < 0.

Remark 7.5.1 When n < 1, the result above is proved in [36] using isomor-
phism between NK,,(R; R*, R%) and Waldhausen’s groups N\;lnw_l (R; R*, R®)
and the fact that ﬁlf::l(R; R®, RP) vanishes for regular rings R [224]. We
have given here another proof of the vanishing of lower Waldhausen’s groups
ﬁlzv_l(R; R®, RP) based on the isomorphism of NK,,(R; R*, R®) and
Nil (R; R*, RP) for n < 1.

7.5.4 Now, we specialize to the case that R = ZH, the groupring of a
finite group H of order h. Let o and 8 be automorphisms of R induced by
automorphisms of H. Choose a hereditary order I' as in Theorem 1.6. Then
we can define triples in 7.

R = (R; R%, R").

= (I;re,17°).
R/hD' = (R/hL; (R/RD)*(R/hT")P).
['/hT = (T'/hT; (T/hT)*(T'/hT)P).

The triples determine twisted polynomials rings

R, corresponding to R,

r corresponding to T, (1)
(R/hT"), corresponding to R/AT,
(I'/hT),  corresponding to I'/AT.

B

Hence there is a Cartesian square

RG ——>T (2)

L
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which implies that the square
RO ro
0R or

R/RT 0 . r/rl 0
0 R/hl 0 T/al
is a Cartesian square. By theorem 7.5.6, we have the following Cartesian

square
R,——>T, (4)

Lo

(R/hr)p - (F/hr)p

Theorem 7.5.8 Let V' be a virtually infinite cyclic group in the second class
having the form V = Go*g G, where the group G;, i = 0,1, and H are finite,
and [G; : H) = 2. Then the nil-groups

defined by the triple ZH; Z|Go — H|, Z|G1 — H| are | H |-torsion when n >0

and 0 when n < —1.

PROOF The proof is similar to that of theorem 7.5.4(i) using the Carte-
sian squares (2) and (3) above instead of (I) and (IT) used in proof of theo-
rem 7.5.4(i). Details are left to the reader.

7.6 Higher K-theory of modules over ‘EI’ categories

7.6.1 In this section, we study higher K- and G-theory of modules over ‘EI’
categories. Modules over ‘EI’ categories constitute natural generalizations for
the notion of modules over grouprings, and K-theory of such categories are
known to house topological and geometric invariants and are replete with ap-
plications in the theory of transformation groups (see [137]). For example,
if G is a finite group, and or(G) the orbit category of G (an ‘EI’ catego-
ry; see 7.6.2 below), X a G-CW-complex with round structure (see [137]),
then the equivariant Riedemester torsion takes values in Wh(Qor(G)) where
(Wh(Qor(G)) is the quotient of K1(Qor(G)) by subgroups of “trivial units”
(see [137]). We shall obtain several finiteness results, which are extensions
of results earlier obtained for K-theory of grouprings of finite groups. For
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example, if C is a finite ‘EI’ category, and R the ring of integers in a number
field F', we show that K, (RC), G, (RC) are finitely generated Abelian groups,
SK,(RC) are finite groups for all n > 0, and SG,(RC) =0 for all n > 1.

(7.6)4 Generalities on modules over ‘EI’ categories C

Definition 7.6.1 An ‘EI’ category C is a small category in which every en-
domorphism is an isomorphism. C is said to be finite if the set Is(C) of
isomorphism classes of C-objects is finite and for any two C-objects X, Y, the

set C(X,Y) of C-morphism from X toY is finite.

Examples 7.6.1 (i) Let G be a finite group. Let obC = {G/H|H < G}
and morphisms be G-maps. Then C is a finite EI category called
the orbit category of G and denoted or(G). Here C(G/H,G/H) ~
Aut(G/H) ~ Ng(H)/H where Ng(H) is the normalizer of H in G
(see [137]). We shall denote the group Ng(H)/H by Ng(H).

(ii) Suppose that G is a Lie group, obC = {G/H|H compact subgroup of
G} is also called the orbit category of G and denoted orb(G). Here,
morphisms are also G-maps.

(iii) Let G be a Lie group. Let obC = {G/H|H compact subgroup of G},
and for G/H,G/H' € obC, let C(G/H,G/H’) be the set of homotopy
classes of G-maps. Then, C is an EI category called the discrete orbit
category of G and denoted by or/(G).

(iv) Let G be a discrete group, orr;,(G) a category whose objects consist of
all G/H, where H runs through finite subgroups of G. Morphisms are
G-maps. The orz;,(G) is an EI category.

Note. For further examples of EI categories, see [137].

Definition 7.6.2 Let R be a commutative ring with identity, C an EI cate-
gory. An RC-module is a contravariant functor C — R-Mod.

Note that for any EI category C, the RC-modules form an Abelian category
RC-Mod, i.e., (i) RC-Mod has a zero object, and has finite products and
coproducts. (ii) Each morphism has a kernel and a cokernel, and (iii) each
monomorphism is a kernel and each epimorphism is a cokernel.

Examples 7.6.2 (i) Let G be a discrete group, and G the groupoid with
one object, (i.e., G) and left translation ¢, : G — G : h — gh as
morphisms. A left RG-module M is an R-module M together with a
group homomorphism « : G — Autgr(M) : g — £, : M — M where
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ly(m) = gm. Hence, a left RG-module M uniquely determines an RG-
module and vice-versa, i.e., RG-Mod = RG-Mod.

(ii) If S is a set and R(S) the free R-module generated by S, we have an
RC-module RC(?,x) : C — R-Mod, y — RHom(y, z) for any = € obC.

(iii) If G is a finite group and S a G-set, we have an ROr(G)-module orG —
R-Mod: G/H — R(S") = Rmap(G/H, S)€.

Definition 7.6.3 Let C be an EI category. If we think of obC as an index
set, then an obC-set A is a collection {Ac|lc € C} of sets indexed by C. We
could also think of obC as a category having obC as a set of objects and only
the identity as morphisms, in which case we can interpret an obC-set as a
functor obC — sets and a map between obC-sets as a natural transformation.

Alternatively an obC-set could be visualized as a pair (L,3) — L a set and
B:L— obC a set map. Then L = {37(c)|c € obC}.

Note that any RC-module M has an underlying obC-set also denoted by M.

Definition 7.6.4 An RC-module M is free with obC-set B € M as a base if
for any RC-module N, and any map f: B — N of obC-sets, there is exactly
one RC-homomorphism F : M — N extending f.

An obC-set (N, ) is said to be finite if N is a finite set. If S is an (V, 5)-
subset of an RC-module M, define spansS as the smallest RC-submodule of M
containing S. Say that M is finitely generated if M = spanS for some finite
obC-subset S of M.

If R is a Noetherian ring and C a finite EI category, let M(RC) be the
category of finitely generated RC-modules. Then M(RC) is an exact category
in the sense of Quillen.

An RC-module P is said to be projective if any exact sequence of RC-
modules 0 — M’ — M — P — 0 splits, or equivalently if Hompc(P,—) is
exact, or P is a direct summand of a free RC-module.

Let P(RC) be the category of finitely generated projective RC-modules.
Then P(RC) is also exact. We write K, (RC) for K, (P(RC)).

Finally, let R be a commutative ring with identity, C an EI category,
Pr(RC) the category of finitely generated RC-modules such that for each
X € obC, M (X) is projective as R-module. Then Pr(RC) is an exact cate-
gory and we write G, (R, C) for K, (Pr(RC)). Note that if R is regular, then
Gn(R,C) = G,(RC).

7.6.2 Let C1,Cs be EI categories, R a commutative ring with identity, B a
functor C; — Ca. Let RCo(?7, B(?7)) be the RC; — RCa-bimodule: C; x Co —
R-Mod given by (Xl,XQ) — RCQ(XQ,BXl). Define RCQ — RC1 bimodule
analogously. Now define induction functor indg : RC;-Mod — RCs-Mod
given by M — MRQS RCy(?7,B(7)).

1
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Also define a restriction functor resg : RCo-Mod — RCi;-Mod by N —
NoB.

7.6.3 A homomorphism R; — Ry of commutative rings with identity induces
a functor B : Ri-Mod — Ryo-Mod : N — Ry ® N. So, if C is an El-category,

we have an induced functor RC-Mod — RQC Mod : M — B o M where
(B-M)(X) = B(M(X)).

We also have an induced exact functor P(R1C) — P(R2C) : M — Bo M
and hence a homomorphism K, (R:1C) — K,(R2C).

Now, suppose that R is a Dedekind domain with quotient fields F', and R —
F the inclusion map; it follows from above that we have group homomorphisms
K, (RC) — K,(FC) and Gy, (RC) — G, (FC).

Now, define SK,(RC) := Kernel of K,,(RC) — K,(FC) and SG,,(RC) :=
Kernel of Gy, (RC) — Gy (FC).

(7.6)8 K,(RC),SK,(RC)

The following splitting theorem for K,,(RC), where R is a commutative ring
with identity and C any EI category, is due to W. Liick (see [137]).

Theorem 7.6.1 Let R be a commutative ring with identity, C any EI cate-
gory. Then

K.(RC)= @ Kn(R(Aut(X))).

Xels(C)

PROOF  We give a sketch of the proof of this theorem. Details can be
found in [137].

Step I: For X € 0bC, define the “splitting functor” Sx : RC-Mod —
R(Aut(X))-Mod by Sx(M) = M(X)/M'(X) where M'(X) is the R-
submodule of M (X) generated by the images of the R-homomorphisms
M(f): M(Y) — M(X) induced by all non-isomorphisms f: X — Y.

Step II: Define the ‘extension functor’ Ex : R(Aut(X))-Mod — RC-Mod
by

(Ex(M)=M (X RC(?,X).
RAut(X)
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Step III: For U € Is(C), the objects X € U constitute a full subcategory of
C, which we denote by C(U). Now define

split K, (RC) := @) Kn(RC(U)).
Uels(C)

Step IV: For each U € obC, define the functor Ey : RC(U)-Mod — RC-
Mod by
Ey(M)=M ) RC(?,??)
RC(U)
This induces a functor P(RC(U)) — P(RC) and a homomorphism
Kn(Ey) : K,(RC(U)) — K,(RC) and hence a homomorphism

En(RC) = @K, (Ey): & K, (RC(U))— K,(RC),
UelsC

that is, a homomorphism
En(RC) : splitK,,(RC) — K,(RC).
Step V: For any U € 0b(C), define a functor Sy : RC-Mod — RC(U)-
Mod by Sy (M) =M @é B for the RC — RC(U) bimodule B given by
R

B(X,Y) = RC(X,Y)if Y € U and B(X,Y) = {0} if Y ¢ U, where X
runs through obC(U), and Y € 0b(C). Then each Sy induces a homomor-
phism K,,(Sv) : K,(RC) — K,(RC(U)) and hence a homomorphism

S, (RC) : K,(RC) — @ K.(RC(U))

Uels(C)
ie.,
Sn(RC) : K, (RC) — splitK,,(RC).
Step VI:
E,(RC): Kn,(RC) — @ KnRC(U)
Uels(C)
and

Sa(RC): @  Kn(RC(U)) — Kn(RC)
Uels(C)
are isomorphisms, one the inverse of the other.
Step VII:
Kn(RC(U)) ~ Kn(R(Aut(X)))

(forany X € U, via the equivalence of categories Aut(X)" — C(U) where
for any group G, G is the groupoid with one object GG, and morphisms
left translations 1 : G — G : h — gh.
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The next result follows from theorem 7.1.11.

Theorem 7.6.2 Let C be a finite EI category, R the ring of integers in a
number field F'. Then for any C-object X, K, (R(AutX)) is a finitely generated
Abelian group for alln > 1, and SK, (R(Aut(X)) is a finite group.

The next result follows from theorem 7.6.1 and theorem 7.6.2.

Corollary 7.6.1 Let R be the ring of integers in a number field F', C any
finite EI category. Then for all n > 1,

(i) K,(RC) is a finitely generated Abelian group.
(ii) SK,(RC) is a finite group.

Remarks 7.6.1 Let G be a finite group and C = or(G) the orbit category of
G.

It is well known that there is one-one correspondence between Is(C) and
the conjugacy classes con(G) of G, i.e., G/H ~ G/H’, if H is conjugate to H'.
It is also well known that C(G/H,G/H) = Aut(G/H) = Ng(H)/H := NgH
where NgH is the normalizer of H in G.

So, for any commutative ring R with identity,

Ka(Ror(@) = | & KuRNG(H).

(7.6)¢ G, (RC),SG,(RC)
The following splitting result for G,,(RC) is due to W. Liick see [137].

Theorem 7.6.3 Let R be a commutative Noetherian ring with identity, C
any finite EI category. Then for allmn > 1,

Gn(RC)= P Gu(R(Aut(X))).

Xels(C)

PROOF  We sketch the proof of 7.6.3 and refer the reader to [137] for

missing details.

Step I: For each X € obC, define Resx : RC-Mod — (RAut(X))-Mod
Resx (M) = M(X). Then an RC-module M is finitely generated iff
Resx (M) is finitely generated for all X in obC (see [137]).
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Moreover, Resx induces an exact functor M(RC) — M(R(Aut(X))),
which also induces for all n > 0 homomorphisms G,(RC) —
Gn(R(Aut(X))) and hence homomorphism Res : G,(RC) —

®  Gp(R(Aut(X))). Wewrite splitG,,(RC) for & Gn(R(Aut(X))).

Xels(C) XelsC

Step II: For X € obC, define a functor Ix : R(Aut(X)) — RC by

M ® RC(Y,X)if Y =X
0 ifYy #£#X
Then we have an induced homomorphism

I:splitGn(RC) = € Gn(R(Aut(X))) — Gn(RC).
XelsC

Step III: Res and I are isomorphisms inverse to each other.

The following result follows from theorem 7.1.13 and theorem 7.1.15.

Theorem 7.6.4 Let R be the ring of integers in a number field F,C a finite
EI category. Then, for any X € obC, and all m > 1 G,(R(Aut(X))) is a
finitely generated Abelian group, and SG,(R(Aut(X))) = 0.

The following result is a consequence of theorem 7.6.3 and theorem 7.6.4.

Corollary 7.6.2 Let R be the ring of integers in a number field F,C a finite
El-category. Then for all n > 1,

(i) G,(RC) is a finitely generated Abelian group.
(if) SGn(RC)=0.

(7.6)" Cartan map K, (RC) — G, (RC)

7.6.4 In this subsection we briefly discuss Cartan maps and some conse-
quences. Recall that if R is a commutative ring with identity and C an EI
category, then for all n > 0, the inclusion functor P(RC) — M(RC) induces
a homomorphism called the Cartan map.

First, we observe that if R is regular and C a finite EI category, then
K, (RC) ~ G,(RC).
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We record here the following result whose proof depends on ideas from
equivariant K -theory (see theorem 10.4.1).

Theorem 7.6.5 Let k be a field of characteristic p,C a finite EI category.
Then for all n > 0, the Cartan homomorphism K, (kC) — G, (kC) induce
isomorphism

z (1) ® Ko (kC) 2 Z (3) ® Gn(KC).

p p

The next result is a consequence of theorem 10.4.2. (Also see corollary 10.4.2.)

Corollary 7.6.3 Let R be the ring of integers in a number field F', m a prime
ideal of R lying over a rational prime p. Then for all n > 1,

(a) the Cartan map K, ((R/m)C) — G, ((R/m)C) is surjective.
(b) Ka2,(R/m)C) is a finite p-group.

(7.6)F Pairings and module structures

7.6.5 Let &, &1, & be three exact categories, and £ X E; the product category.
An exact pairing & x & — &€ : (M1, M) — My o M5 is a covariant functor
from 51 X 52 to £ such that 51 X 52((M1,M2),(M{,Mé)) = gl(Ml,M{) X
Ey(May, MS) — E(My o Ma, M| o M}) is a bi-additive and bi-exact, that is,
for a fixed Mo, the functor & — &£ given by M; — M; o M5 is additive and
exact, and for fixed My, the functor & — & : My — M; o M> is additive and
exact. It follows from [224] that such a pairing gives rise to a K-theoretic
cup product K;(&;) x K;(E2) — Kit,(€), and in particular to natural pairing
Ko(&1) o K (E2) — Kn(E), which could be defined as follows:

Any object M7 € £ induced an exact functor My : E5 — &€ : My — My o My
and hence a map K, (M) : K,(&) — K,(€). If M] — M; — M’ is an exact
sequence in &7, then we have an exact sequence of exact functors M| — M7 —
M{™* from &, to € such that, for each object My € &, the sequence M7 (Msz) —
M (Msz) — M{™*(Ms) is exact in &, and hence, by a result of Quillen (see
6.1.1), induces the relation K, (M{*) + K,(M{*) = K,(M;). So, the map
M, — K,(M;) € Hom(K, (&), K,(€)) induces a homomorphism Ky(&;) —
Hom(K,(€),K,(£)) and hence a pairing Ko(&1) x K,(€) — Kn(£). We
could obtain a similar pairing K, (1) x Ko(&) — K, (£).

If & = & = & and the pairing £ x £ is naturally associative (and
commutative), then the associated pairing Ko(€) x Ko(€) — Ko(€) turn-
s Ko(€) into an associative (and commutative ring, which may not contain
the identity). Suppose that there is a pairing £ o & — &; that is natu-
rally associative with respect to the pairing £ o £ — &, then the pairing
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Ko(&) x Kp(&1) — Kn(&1) turns K, (&) into a Ko(€)-module that may or
may not be unitary. However, if £ contains a natural unit, i.e., an object F
such that F o M = M o E are naturally isomorphic to M for each £-object
M, then the pairing Ko(€) x K,(C1) — K, (&) turns K, (&) into a unitary
Ko(&)-module.

7.6.6 We now apply the above to the following situation. Let R be a com-
mutative ring with identity, C a finite EI category.

Let & = Pr(RC) be the category of finitely generated RC-modules such
that for all, X € ob(C). M(X) is projective as an R-module. So, Pr(RC) is
an exact category on which we have a pairing

® : Pr(RC) x Pr(RC) — Pr(RC). 1)
If we take & = P(RC), then the pairing
® : Pr(RC) x Pr(RC) — P(RC) (11)

is naturally associative with respect to the pairing (I), and so, K,(RC) is
a unitary (Ko(Pr(RC)) = Go(R,C)-module. Also, G,,(R,C) is a Go(R,C)-

module.

7.6.7 Let C be a finite EI category and Z(Is(C)) the free Abelian group
on Is(C). Note that Z(Is(C)) = @ Z. If ZU5©)) is the ring of Z-valued
Is(C)

functions on IsC, we can identify each element of Z(Is(C)) as a function
Is(C) — Z via an injective map 3 : Z(Is(C)) — Z'*(©) given by B(X)(Y) =
IC(Y,X)| for X,Y € obC. Moreover, (3 identifies Z(Is(C)) as a subring of
7€) Call Z(I5(C)) the Burnside ring of C and denote this ring by Q(C).
Note that if C = orb(G), G a finite group, then Z(Is(C)) is the well-known
Burnside ring of 7, which is denoted by Q(G).

7.6.8 If R is a commutative ring with identity and C a finite EI category,
let F(RC) be the category of finitely generated free RC-modules. Then, for
all n > 1, the inclusion functor F(RC) — P(RC) induces an isomorphism
K, (F(RC)) ~ K,(RC) and Ko(F(RC)) ~ Z(IsC) (see [137] 10.42). Now, by
the discussion in 4.1, the pairing Ko(F(RC)) x K,(P(RC)) — K,(P(RC))
makes K,(RC) a unitary module over the Burnside ring Z(is(C)) =~
Ko(F(RC)).

7.7 Higher K-theory of P(4)s; A maximal orders in
division algebras; G finite group

The initial motivation for the work reported in this section was the author’s
desire to obtain a non-commutative analogue of a fundamental result of R.G.
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Swan in the sense we now describe.

If B is a (not necessarily commutative) regular ring, G a finite group,
let Ko(G,P(B)) be the Grothendieck group of the category [G,P(B)] of
G-representations in the category P(B) of finitely generated projective B-
modules (see 1.1). In [209], Swan proved that if R is a semi-local Dedekind

domain with quotient field F, then the canonical map Ky(G, P(R)) LA Ky(G,
P(F)) is an isomorphism. The question arises whether this theorem holds
if R is non-commutative. Since the map is always surjective, whether R is
commutative or not, the question reduces to asking whether ¢ is injective if
R is a non-commutative semi-local Dedekind domain. We show in theorem
7.7.6 that § is not always injective via a counterexample of the canonical map

Ko(G,P(A)) 2 Ko(G,P(D)) where A is a maximal order in a central divi-
sion algebra D over a p-adic field F', and in (2.7) prove that if G is a finite
p-group, then the kernel of § in this example is a finite cyclic p-group.

Now, since [G,P(B)] is an exact category, and K, (G,P(B)) & G,(BG)
(see lemma 7.7.4), the K-theory of the category [G,P(B)] reduces to the K-
theory of the groupring BG. First we obtain as much result as we can in the
local situation AG where A is a maximal order in a central p-adic division
algebra D and then in the global situation of A being a maximal order in a
central division algebra over an algebraic number field.

The results of this section are due to A. Kuku (see [110]).

(7.7)4 A transfer map in higher K-theory and non-
commutative analogue of a result of R.G. Swan

7.7.1 Let C be a category, G any group (not necessarily finite). A G-object
in C, or equivalently, a G-representation in C' is a pair (X, a), where X is
a C-object and o : G — Auto(X) is a group homomorphism from G to the
group Autc(X) of C-automorphisms of X. The G-objects form a category
that can be identified with the category [G, C] of functors from G (considered
as a category with one object, with morphism elements of G to C'). Note that
[G,C] was denoted by Cg or [G/G,C] in 1.1.

Now, let C be an exact category, then [G,C] or equivalently Cg or [G/G,C]
is also an exact category (see 10.1.1). If XY are pointed spaces, let [X,Y]
be the set of free homotopy classes of free maps from X to Y. In [191], C.
Sherman constructs, for all n > 0, homomorphisms

K,.(G,C) — [BG,Q" T BQC) (1)

where for any category D, BD is the classifying space of D (see 5.2), and
O BQC is the (n + 1)th loop space of BQC. Now, put G = m1(X)
the fundamental group of X, where X is a connected pointed CW-complex.
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Then there exists a canonical pointed homotopy class of maps ¢ : X —
Bm X corresponding to the identity map of m; X under the isomorphism

[X, Bm X] = Hom(m X, 71 X). Composition with ¢ defines a homomorphism
[Bm X, Q"™ BQC] — [X, Q" BQC]. (IT)

By composing (IT) with (T), we obtain a homomorphism
Kn(m1(-),C) — [—, Q"' BQC], (I1I)

which represents a natural transformation of bifunctors K,(m( ),C) —
[—, Q"M BQC] from the pointed homotopy category of connected CW-
complexes and the category of small categories to the category of group-
s. For n = 0, the map (IIT) is universal for all natural transformations
Ko(m1(=),C) — [—, H] where H is a connected H-space (see [191]) and agrees
with Quillen’s construction in [59], section 1, where C' = P(A) is the category
of finitely generated projective modules over the ring A. Now, if C, C’ are
two exact categories and F' : C' — C’ an exact functor, it follows from the
universal properties of the construction that we have a commutative diagram

KO(Wl(lX)aC) —>K0(7T11X)a0’) (IV)
[X, BQC] (X, BQC],

and if we put X = S™ (the nth sphere), then the bottom row of (IV) yields a
map K, (C) — K,(C").

7.7.2 We now apply 7.7.1 to the following setup. Let F' be a p-adic field (i.e.,
F is any finite extension of Qp, the completion of the field () of rational num-
bers at a rational prime p), R the ring of integers of F' (i.e., R is the integral
closure of Zp in F'), A a maximal R-order in a central division F-algebra D,
and m the unique maximal ideal of A (such that F ® m = D). Observe that
the restriction of scalars defines an exact functor P(4/m) — M(A), which

induces homomorphisms K, (A/m)] By Gn(A). Now, the inclusion functor
P(A) — M(A) induces a homomorphism K, (A) 73 G, (A) (called the Car-
tan homomorphism), which is an isomorphism since A is regular. Composing
Bn with o1, we obtain the transfer map K,(A/m) — K, (A).

Also the exact functor P(A/m) — M(A) described above induces an exact

functor [G,P(A/m)] — [G, M(A)] for any group G, and hence a homomor-

phism K, (G, P(A/m)) by K, (G, M(A)) for all n > 0. Moreover, the inclusion

functor P(A) — M(A) induces an exact functor [G,P(A)] — [G, M(A)] and
hence a homomorphism K,,(G, P(A) 73 K,,(G, M(A)), which can be shown to
be an isomorphism when n = 0, by slightly modifying Gersten’s proof of a sim-
ilar result for A, a Dedekind ring R (see [59], theorem 3.1(c)). (The same proof
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works by putting A/m for R/p where m is the unique prime = maximal ideal
of A lying above p, and in this case, only one prime is involved, so it is easier.)
Composing 6, with (3 yields the map Ko(G,P(A/m)) — Ko(G, P(A)). If
we now put G = 71(X), where X is a finite connected CW-complex, it follows
from 7.7.1 (III) and (IV) that we have a commutative diagram

A ~—1

Ko(m1(X), P(A/m)) 2 Ko(m1(X), M(A)) P Ko(m (X), P(A))

| ! |

On
[X,BQP(A/m)] — [X,BQM(A)] — [X,BQP(A)]
where the vertical arrows on the left and right are universal maps of Quillen
(see [191]), and the bottom row yields the transfer map described above when
X = 5™. We shall need the above in 7.7.4.

7.7.3 Now, let R be a Dedekind domain with quotient field F'; A a maximal
R-order in a central division algebra over F', and G a finite group. Then the
groupring AG is an R-order in the semi-simple F-algebra DG. Note that D is
a separable F-algebra, and since F'G is also a separable F-algebra if and only
if the characteristic of F' does not divide the order |G| of G, DG = D @ FG
would be separable if Char F' { |G|. In particular, DG is separable if F is a
p-adic field or an algebraic number field (i.e., any finite extension of the field
@ of rational numbers). If B = R or A, A a B-algebra finitely generated and
projective as a B-module, we shall write Pp(A) for the category of finitely
generated A-modules that are B-projective and write Pp(G) for Pp(BG).
Note that [G, P(B)] = Pg(G).

Lemma 7.7.1 In the notation of 7.7.3,
(i) Pa(G) = Pr(AG).

(i1) The inclusion Pa(G) — M(AG) induces an isomorphism K, (P4(G)) =
Gn(AG) for alln > 0.

(it1) If R/p is finite for every prime ideal p of R, and my is the unique
mazimal ideal of A such that mp 2O pA, then there exist isomorphisms
Gn(AG/PAG) =2 G, (AG/mpAG) = G, (AG/rad(AG)) for all n > 0.

PROOF

(i) If M € P4(G), then M € M(AG) and M € P(A). But A is an R-

order in a separable F-algebra D, and so, A is an R-lattice, i.e., A is
R-projective. So, M € P(R).
Conversely, suppose that M € Pr(AG). Then, M € M(AG) and M €
P(R). But M € M(AG) implies that M € M(A) and AG € M(A).
So, M € M(A) and M € P(R) imply that M € P(A) (see [213], p.93,
theorem 5.12).
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(i)

(iii)
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Let M € M(AG). Then, since AG is Noetherian, there exists a resolu-
tion 0 — D, —» P,_1 — -+ — Py = M — 0 where each P, € P(AG),
and D,, € M(AG). Now, M € M(AG) implies that M € M(A), and
since A is regular, each P; € P(A) and D, € P(A) also. So, each
P, € P4a(G), and so is D,,. Hence, by the resolution theorem of Quillen
(see (6.1)4), K,(Pa(Q)) = G,(AG). That K,(G,P(A)) = G,(AG)
follows from the fact that [G,P(A)] = Pa(G).

Note that pAG C mpAG C rad(AG), and so, AG/pAG, AG/mpAG
are finite Artinian rings since they are both finite-dimensional algebras
over the finite field R/p. Hence G, (AG/pAG) = G,(((AG)/pAG)/
rad(AG/pAG)) = G,(AG/rad(AG)). Similarly, G, (AG/mpAG) =
(AG/radAG).

[

Remark 7.7.1 (i) Let R be a Dedekind ring with quotient field F' such

that R/p is finite for all prime ideals p of R. Suppose that A is a max-
imal R-order in a central division algebra D over F', then Quillen’s lo-
calization sequence connecting G,,(AG) and G, (DG), K,,(G, P(A)) and
K, (G,P(D)), plus the usual Devissage argument, yields the following
commutative diagram where the vertical arrows are isomorphisms:

= Ko (G,P(A/mp)) — K,(G,P(A)) — K,(G,P(D)) — ...

)| Lo

o @ Gu(AG/PAG) —  Gu(AG) — Gu(DG) — ...
P

Note that the isomorphism 6 follows from lemma 7.7.1(iii) since
K,.(G,P(A/m)) = G,(AG/mpAG) = G,(AG/pAG). Note also
that the canonical map Go(AG) — Go(DG) is always surjective
(see [174, 213]).

Our next aim is to show that a non-commutative analogue of Swan’s
theorem is not true in general for grouprings whose coefficient rings
are non-commutative local Dedekind rings, via the counterexample of
AG, where G is a finite group and A a maximal order in a central
division algebra over a p-adic field F'. Since by 7.7.3 and lemma 7.7.1
K,(G,P(A4)) 2 G,(AG), we then try to determine as much of the K-
theory of AG as possible.

Theorem 7.7.1 Let R be the ring of integers in a p-adic field F', A a mazimal
R-order in a central division algebra D over F, and G any finite group. Then

the canonical map Ko(G,P(D)) 2% Ko(G,P(D)) is not always injective.
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PROOF  Suppose that 19 was injective for all finite groups G, then the
transfer map KO(G,P(A/m))i Ky(G,P(A)) would be zero where m =
rad A and A/m is a finite field, and by an argument due to Gersten (see [59],
p.224 or p.242, or [191]) one can show that Ko(G, P(A/m)) — Ky(G,P(A))
is zero for all groups G. This is because there exists a commutative diagram

Ko(G', P(A/m)) — Ko(G', P(A)) (D)

| l

Ko(G, P(A/m)) —— Ko(G, P(4))

where G’ is a finite group since any representation ¢ : G — Auty/m, (V) in
Pa/m(G) factors through a finite quotient G’ of G, and so, from the commu-
tative diagram (I), the transfer map Ko(G, P(A/m)) — Ko(G, P(A)) would
be zero for all groups G. Now, by the universal property of Quillen K-theory
discussed in 7.7.1 and 7.7.2, we have, for any finite connected CW-complex
X, a commutative diagram

Ko(m (X)l,P(A/m)) — Ko(ﬁ(j)ap(r‘l)) (1)
[X, BQP(A/m)] (X, BQP(A)]

and hence a map K,(A/m) — K,(A), which would be zero for all n > 1
by the universality of the construction, i.e., K,(4) — K,(D) is injective
for all n > 1, contradicting lemma 7.1.3 which says that for all n > 1,
Ko,—1(A) — Ka,—1(D) is injective if and only if D = F. Hence, the canonical
map Ko(G, P(A)) — Ko(G, P(D)) is not always injective.

(7.7)"% Higher K-theory of P(4);, A a maximal order in a
p-adic division algebra

Remark 7.7.2 Theorem 7.7.1 says that there are finite groups G for which
7o is not injective. We shall exhibit one such class of groups in theorem 7.7.4
below. Meanwhile, we try to obtain more information on the K-theory of AG
in this local situation.

7.7.4 Since AG is an R-order in the p-adic semi-simple algebra DG, it follows
from theorem 7.1.13(iv) that for all n > 1, SG2,(AG) = 0, and SGa2,—1(AG)
is a finite group of order relatively prime to p. So, we regard SG,,(Ar) as
known for n > 1. Before considering the case n = 0, we first exploit the
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above information to obtain information on SK,(AG). Note that we have
the following commutative diagram

o K (AG) T K (D) M K (Hs(AG)) 25 SKA(AG) — 0

| | bl

s G (AG) 2 G (DG) T G (A/m)G) 2 SGL(AG) — 0
(IIT)
from which we obtain the following commutative diagram where the rows are
short exact sequences:

0 — Coker(dni1 =5 Kn(Hs(AG) 2% SK,(AG) — 0

| | L (V)

0 — Coker (6,11) 22 Gn((A/m)G) 2% SG,(AG) — 0.
Theorem 7.7.2 In the notation of 7.7.4 we have:

(i) (a) The Cartan homomorphisms K,((A/m)G) X% G, ((A/m)G) are

surjective for all n > 1. Coker w, maps onto Coker 3, for all

n > 0. Hence Coker B, =0 for all n > 1, and Coker By is a finite
p-group.

(b) For all n > 1, the Cartan homomorphism K,(AG) — G,(AG)

induces a surjection SK,(AG) — SG,(AG). Forn =0, the Car-

tan homomorphism Ko(AG) X% Go(AG) induces a homomorphis-

m ag : SKo(AG) — SGo(AG) whose cokernel is a finite p-group.

(ii) SKon(AG) = Ker(Kan(AG) X% Go,(AG)).

PROOF

(i) First note that A/m is a finite field of characteristic p since A is a lo-
cal ring, and A/m is a finite-dimensional skewfield over the finite field
Z/p of order p (Wedderburn theorem!). So, by theorem 10.4.1, for each
n > 0 the Cartan homomorphism K, ((A/m)G) % G,((A/m)G) in-
duces an isomorphism Z(1/p)® K,,((A/m)G) 2 Z(1/p) ® G, ((A/m)G),
i.e., the p, is an isomorphism mod p-torsion V n > 0. Hence the cok-
ernel of p, are finite p-groups, for all n > 1, since G,((4A/m)G) is
finite for all n > 1 (see theorem 7.1.12), (A/m)G being a finite ring.
However, by theorem 7.1.12, G2n((A/m)G) = G2n(AG/rad AG) = 0,
and Gap,—1((A/m)G) is finite of order relatively prime to p. So, Coker
ton, = 0, and Coker po,—1 is also zero since |Coker pa,—1] is a power of p
and divides |Ga,—1((4/m)G)|, which is = 1 mod p, and this is possible
if and only if Coker ps,—1 = 0.
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That Coker pu, maps onto Coker 3,,, n > 0 would follow once we show
that P((A/m)G) C Hs(AG) (see [20], p.533] for a similar argument for
n = 0). This we now set out to do. Let P € P(AG/mAG). Then
P € Mg(AG). Now, for any P € P(AG/mAG), there exists @ such
that P & Q = (AG/mAG)" for some n. We only have to show that
hdac(AG/mAG) < oo. Note that m is A-projective since A is hered-
itary, mAG = m ®4 AG € P(A), and so, is AG-projective. Hence
0 - mAG — AG — AG/mAG — 0 is a finite P(AG)-resolution of
AG/(mAG). Hence hdac(AG/mAQG) is finite.

That Coker 5, = 0V n > 1 follows immediately from above. The
statement that Coker y is a finite p-group follows from the well-known
result that Coker o is a finite p-group (see [187], p.132, corollary 1
to theorem 2.5]). That SK,(AG) % SG,(AG) is surjective ¥ n > 1
follows by applying the Snake lemma to diagram (IV) and using the fact
that Coker 8, =0V n > 1. The last statement follows by applying the
Snake lemma to diagram (IV) for n = 0 and using the fact that Coker
0o is a finite p-group.

(ii) Consider the commutative diagram

0 — SK,.(AG) 2 K.(AG) 2= K, (DG) — . ..

lar er lw (V)
0 — SG.(AG) 72 G (AG) 25 G (DG) — ...

where the rows are exact and 6 is an isomorphism. If r is even > 2, i.e.,
r=2n,n > 1, then SG2,(AG) = 0 for all n > 1, and so, 7.« is a zero
map. By considering the exact sequence associated with the composite
8, = 0,Xr, We have SKon(AG) 2 Ker xap, as required.

[

Remarks 7.7.1 Our next aim is to obtain explicit results on SKy(G, P(A)) =
SGo(AG). Note that we have the following commutative diagrams (VI) and
(VID):

— K1(DG) 5 Ko(Hs(AG)) % Ko(AG) 2 Ky(DG)
H I [
— G1(DG) 5 Go((A/m)G)) 2% Go(AG) 2% Go(DG)

and
— G1(DG) — Go(T'/rad T) — Go(I') — Go(DG) — 0

H | |

H (VII)
— G1(DG) — Go((A/m)G) — Go(AG) — Go(DG) — 0
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where in (VII), T' is a maximal R-order containing AG, and in both cases the
rows are exact. We now prove the following.

Theorem 7.7.3 Let R be the ring of integers in a p-adic field F', G a finite
group, and A a mazimal R-order in a central division algebra D over F. Then

(i) The canonical map Ko(AG) — Ko(DG) is injective.  Hence,
SKo(G,P(A)) = Coker(Ko(Hs(AG))) — Go(AG/(mAG)).

(i) If T is a mazximal R-order containing AG, then SKo(I') = 0. Let
Go(T) — Go(AG) be the map induced by restriction of scalars; then
SKo(G,P(A)) = Coker(Ko(T')) — Go(AG)).

PROOF Note that AG is an R-order in DG, and so, the generators of
Ky(AG) have the form = = [P] — [Q], where P,Q are in P(AG). Suppose
that x € Ker dg. Then K ®p P 2 K ®p Q. Now, since AG is an R-algebra
finitely generated as an R-module, and the Cartan map Ko((4/m)G) —
Go((AG) — Go((A/m)G) is a monomorphism (see [187], p.132, corollary 1
to theorem 35, then by [213], p.12, theorem 1.10), P = @, i.e., x = 0. So,
Ko(AG) — Ko(DG) is injective.

Now, it is clear from the diagram (VI) that SKo(G, P(4)) = SGo(AG) =
Coker 1. So, by considering the exact sequence associated with the left-hand
square, namely, Bypy1 = 71, we have Ker Gy — Coker vy — Coker 4, —
Coker By — 0. Now Coker v; = Ker §o = 0. Hence Coker 741 = Coker Gy =
Ker 6y = SKo(G,P(A)).

(ii) Since I' is regular, we show that SGo(I') = 0. Now DG is a separable
F-algebra. So, if z = [M] — [N] € Go(T'), and F Qg M = F ®gr N,
then M = N (see [213], p.101, theorem 5.27). So Go(I') — Go(DG) is

injective.

The last statement follows by considering the exact sequence associated
with the right-hand square of diagram (VII).

Theorem 7.7.4 Let G be a finite p-group of order p*, R the ring of integers
in a p-adic field F', and A a maximal R-order in a central division F-algebra
D, then SKo(G,P(A)) is a finite cyclic p-group of order < p*.

PROOF Note that A/m = k is a finite field of characteristic p. So,
(A/m)G is Artinian, and Go(kG) is freely generated by the simple kG-
modules (see [213]). But the only simple kG-module is &, and so, Go(kG) = Z.
Moreover, Ko(kG) is freely generated by the indecomposable projective kG-
modules, namely, the projective envelopes of the simple kG-modules which,
in this case, is the only envelope of the simple module k. So, the Cartan map
is multiplication by p®, and so, Coker g is isomorphic to Z/p*, and hence
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Coker fy = SKy(G, P(A)) as a homomorphic image of Z/p® is a finite cyclic
group of order p",r < s.

(7.7)¢ Higher K-theory of P(4)c, A a maximal order in
division algebras over number fields

The aim of this subsection is to obtain global results. So, let F' be an
algebraic number field (i.e., F' is any finite extension of @) and R the ring
of integers of F' (i.e., R is the integral closure of Z in F'). If A is a maximal
R-order in a central division algebra D over F, the AG is an R-order in DG.

We now have the following.

Theorem 7.7.5 Let R be the ring of integers in an algebraic number field F,
A a maximal R-order in a central division algebra D over F', G a finite group,
p a prime ideal of R, Ap = A®pr Rp. Then for all n > 1, we have:

(1) Kon—1(G,P(Ap)) is finitely generated.
(i) Kn(G,P(A)) is finitely generated.

(i1i) SKon_1(G, P(A)) is finite, and SK2,(G,P(A)) = 0.

PROOF  Since [G,P(A)] = Pa(G), we identify K,(G,P(A)) with
G,(AG). Also, AG is an R-order in DG. Hence the above results follow
from earlier results on G,, of R-orders (see, e.g., 7.1.13).

7.7.5 The next result is the global version of the local result stated in
theorem 7.7.3 on the Cartan maps. For each prime ideal p of R, let m,
be the unique maximal two-sided ideal of A lying above p, i.e., such that
my 2 ppA, Ap = Rp ®r A, Ay = R, ®r A, where Ry, is the localization
of R at p, and Rp is the completion of R at p. It is well known that
Almp =2 Ap/mpAp = Ap/rad Ap = Ay/rad A (see [171], theorem 22.4
and its proof), and so, A/mp is a finite simple algebra of characteristic p,
where p is the rational prime lying below p. Moreover, we have the following
commutative diagram:

— Ko (DG) 5 K, (Hs(AG)) 2% SK,(AG) — 0

| [ Jon U

s Gpi1(DG) — @ Gn((A/mp)G) 2% SK,(AG) — 0
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and the following global version of diagram (IV) of 2.3, i.e.,

0 — Coker(d,11) 2= K,(Hs(AG)) 2% SK,(AG) — 0

| | [ ()

0 — Coker(6,41) — ® Gp((A/mp)G) LN SK,(AG) — 0.
P

Theorem 7.7.6 Let R be the ring of integers in a number field F', A a maz-
imal R-order in a central division algebra D over F, and G a finite group.
Then, for each n > 1, the Cartan homomorphisms K,(AG) X% G,(AG)
induce a surjection SK,(AG) > SG,(AG).

Forn =0, Ko(AG) X% Go(AG) induces a homomorphism SKo(AG) =%
SGo(AG) whose cokernel is a p-torsion group.

PROOF  Let kp = Ap/rad /Alp, which we have seen to be isomorphic to
A/my,. By using an argument similar to that in the proof of theorem 7.7.2, we
see that @, Coker(K, (kpG) — Gn(kpG)) maps onto Coker G, for all n > 1.
Now, as in theorem 7.7.2, where each (K, (kpG) — G, (kpG)) is surjective for
n > 1, we have that Coker 3, = 0 for all n > 1, and by applying the Snake
lemma to diagram (II), we obtain that SK,,(AG) — (SG,(AG)) is surjective
for n > 1. When n = 0, each Coker (Ko(kpG) — Go(kpG)) is a finite p-
group, and so, Coker (y) is a p-torsion group. So, SKy(AG) — SGO(AGEI
has a cokernel that is a p-torsion group.

Remark 7.7.3 It follows from [213], p.112, corollary (Jacobinski) that
Ko(AG),Go(AG) = Ko(G,P(A)) are finitely generated Abelian groups s-
ince R satisfies Jordan - Zassenhaus theorem (see [213], p.43), and AG is an
R-order in the separable F-algebra DG. We conclude this subsection with
the following theorem.

Theorem 7.7.7 Let R be the ring of integers in a number field F', A a maz-
imal R-order in a central division algebra D over F, and G a finite group.

Then,
(i) SKo(AG) = Ker(Ko(AG) LA Ko(DQ@)) is a finite group.
(i1) SKo(G,P(A)) =& SGo(AG) = Ker(Go(AG) — Go(DQ)) is a finite
group.
PROOF

(i) Let 0 be the canonical map Ko(AG) — Ko(DG). We know that gen-
erators of Ko(AG) have the form [P] — [Q], where P,Q € P(AG).
Suppose 6([P] — [Q]) = 0 in Go(DG) = Ko(DG), then [K ®p P] =
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[K ®r Q] and K ®g P 2 K ®p Q. Now, since there exists Q' such
that Q @ Q' = T, where T is a finitely generated free AG-module,
[Pl-[Ql=[PaQ]-[QaeQ=[P®Q]—[T]. So, Ker § is generated by
all [P]—[T] where T is free and F®rP = FQRT. Since (|G|, charF) =1,
we can show that P =T'& 1, where T =T'® AG, T a free AG-module,
and I an ideal of AG. (Note that a slight modification of the proof of
theorem 3.3 of [213] works where one puts RG = AG, etc., since the
major theorem used in the proof, namely, Roiters’ theorem, holds for
an arbitrary R-order like AG since one needs only consider AG as an
R-algebra finitely generated as an R-module.) So, [P]—[T] = I —(AG),
where [ is an ideal such that K ® I = DG. By the Jordan - Zassenhaus
theorem, there exists only a finite number of such I. So Ker § is finite.

(ii) Consider the following diagram:

I ! -

.— G1(DG) — & Go(An/m,G) — SGo(AG) — 0
P

where the rows are exact, and 6 is an isomorphism. We know by theorem
7.7.6 that Coker oy is a p-torsion group. Now, by (i), SKo(AG) is finite,
and so, Im(ap) is a finite subgroup of SGo(AG). Since SGo(AG)/(Im «ap)
is p-torsion, it means that SGo(AG) is torsion. Now, we know from remark
7.7.3 that SGo(AG) is a finitely generated Abelian group. So SG((AG) iEl
finite.

Exercises

7.1 Let A be any Z-order or Zp—order where p is any rational prime.
Show that for all n > 1,

(i) K2,(A/p*A) is a finite p-group.
(ii) Kzn,l(A/psA)(Z%) o~ Kgn,l((A/psA)/I)(%) where I = rad(A/p*A).

7.2 Prove lemma 7.1.4 in the text.

7.3 Let X be a semi-simple algebra over a number field F, WK, (X) the wild
kernel of ¥, and WK, (D) the pseudo-wild kernel of ¥. (See definition
7.1.1.). Show that WK, (X)/W'K,(X) is a finite 2-group with 8-rank 0 if
n =0,4,6(mod 8).
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7.4 Let R be the ring of integers in a number field F, A any R-order in a semi-
simple F-algebra Y. Show that for all n > 1, Gn(AB) is a finitely generated
Abelian group for all prime ideals p of R (where Ap is A localized at p)-

7.5 Let R be the ring of integers in a number field F| p a rational prime. Show
that G, (RG)(p) ~ Gn(R(%)G)(p) for all n > 1.

7.6 Let D be a central simple F-algebra of division s2 over F. Show that the
inclusion ¢ : F' C D induces isomorphisms

. . 1 1

Kn(i) ® id: Kn(F)®Z(7) = Kn(D)QL(2).

7.7 Let R be the ring of integers in a number field F', I a maximal R-order in

a semi-simple F-algebra X. If for each prime ideal p of R, SK2, 1(I'y) = 0,
show that ¥ is unramified over its center (Here I'; is I' localized at p).

7.8 Let R be a Dedekind domain with field of fractions F, A a Noethe-
rian R-algebra that is R-torsion free (e.g., A an R-order). Write ¥ =
F ®r A, K,(A) := Coker(K,(A) — K,(X) for all n € Z. Show that for
all integers n, there exists an exact sequence

0— Kyy1(A) — @anLl([\p) — Ky(A) — @Kn([\p) —0
v P P

P
whose p ranges over all maximal ideals of R.
7.9 Let R be the ring of integers in a p-adic field F, A any R-order in a semi-

simple F-algebra ¥, I' a maximal R-order containing A. Show that for all
n > 2,

(i) The canonical map K, (I') — K, (X) has finite kernel and cokernel.
(ii) The canonical map G, (A) — G,,(X) has finite kernel and cokernel.

(iil) an : Gp(T') — Gr(A) has finite kernel and cokernel where «, is the map
induced by the functor M(I") — M(A) given by restriction of scalars.

7.10 Let F' be a p-adic field, R the ring of integers of F, I' a maximal order
in a central division algebra over F', I" the residue class field of I". Show that
for all n > 1, . B R

K,(T)®Z,~K,T)®Zq q # p.

7.11 Let F be a number field and D a central division algebra over F' with
[D: F] =m?, [ an odd rational prime. Show that

(i) If I does not divide m, then div(K3(D)(l)) = WK3(D)(1).
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(ii) If F = @ and [ does not divide m, then div (K,(D))(I) C WK, (D)(1)
for all n > 1.

7.12 Prove that the conjecture of Hambleton, Taylor, and Williams is true
for groups of square free order.

7.13 Let G be a finite group. Prove that for all odd d > 0, there is an
isomorphism Hmg?(G) =~ ]% H°(Q(x),Q/Z(d)) where Cy is the set of
xeCLo

representatives of non-trivial Q-irreducible characters of G.






Chapter 8

Mod-m and profinite higher
K-theory of exact categories, orders,
and groupings

Let £ be a rational prime, C an exact category. In this chapter we define and
study for all n > 0, the profinite higher K-theory of C, that is K2"(C,Z;) :=
(MY, BQ(C)), as well as K,(C,Z) := lim[M;:3!, BQ(C)], where Myt =

lim M;S‘H, and M;S‘H is the (n + 1)-dimensional mod-¢° Moore space. We
S

study connections between K2"(C,Z;) and K,(C,Zs) and prove several (-
completeness results involving these and associated groups, including the cases
where C = M(A) (resp. P(A)) is the category of finitely generated (resp.
finitely generated projective) modules over orders A in semi-simple algebras
over number fields and p-adic fields. We also define and study continuous
K-theory KS(A)(n > 1) of orders A in p-adic semi-simple algebras and show
some connections between the profinite and continuous K-theory of A. The
results in this chapter are due to A.O. Kuku (see [117]).

8.1 Mod-m K-theory of exact categories, rings, and or-
ders

8.1.1 Let X be an H-space, m, n positive integers, M, an n-dimensional
mod-m Moore space, that is, the space obtained from S"~7 by attaching an
n-cell via a map of degree m (see [158] or examples 5.2.2(viii) and (ix)). We
shall write m,(X,Z/m) for [M, X] for n > 2. Note that 7,(X,Z/m) is a
group for n > 2, and that 7,(X,Z/m) is an Abelian group for n > 3. For
n =1, if 7 (X) is Abelian, we define 71 (X, Z/m) as m1(X) ® Z/m (see [237]).

8.1.2 The cofibration sequence

gt gnet By 2 gn g,

225
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yields an exact sequence
T (X) =5 1 (X) 25 mp (X, Z/m) i>71'n,1(X) s T1(X) I

where the map ‘m’ means multiplication by m, p is the mod-m reduction map,
and f is the Bockstein map (see [158]). We then obtain from (I) the following
short exact sequence for all n > 2:

0 — m(X)/m — 7 (X, Z/m) — 71 (X)[m] — 0

where

Tn—1(X)[m] = {z € mp—1(X) | mx = 0}.

Examples 8.1.1 (i) If C is an exact category, we shall write K,,(C,Z/m)
for mp4+1(BQC,Z/m),n > 1, and write Ko(C,Z/m) for Ko(C) ® Z/m.

(ii) If in(i), C = P(A), the category of finitely generated projective modules
over any ring A with identity, we shall write K,,(A,Z/m) for K, (P(A),
Z/m). Note that K,,(A,Z/m) can also be written for m,,(BGL(A)™,Z/m),
n>1.

(ii) IfY is a scheme, let P(Y) be the category of locally free sheaves of Oy -
modules of finite rank. If we write K, (Y,Z/m) for K,(P(Y),Z/m),
then when Y is affine, that is, Y = Spec(A) for some commutative
ring A with identity, we recover K,,(A,Z/m) = K, (P(A),Z/m) in the

commutative case.

(iv) Let A be a Noetherian ring (non-commutative), M(A) the catego-
ry of finitely generated A-modules. We shall write G, (A,Z/m) for
Ko (M(4),
Z/m).

(v) IfY is a Noetherian scheme, and M (Y") the category of coherent sheaves
of Oy-modules, we write G,,(Y,Z/m) for m,(M(Y),Z/m), and when
Y = Spec(A), for some commutative Noetherian ring A, we recover
Gn(A,Z/m) = K, (M(A),Z/m) as in (iv).

Remarks 8.1.1 (i) If C is an exact category, and m # 2(4), then the
sequence

0— K,(C)/m — K,(C,Z/m) — K,_1(C)[m] — 0

splits (not naturally), and so, K, (C,Z/m) is a Z/m-module (see [236]).
If m = 2(4) then K, (C,Z/m) is a Z/2m-module (see [6]).

(ii) For our applications, we shall be interested in the case m = ¢° where ¢
is a rational prime and s is some positive integer.



Mod-m K -theory of Ezact Categories and Orders 227

(iii) Note that for any Noetherian ring A (not necessarily commutative), the
inclusion map P(A) — M(A) induces Cartan maps K, (A4) — G, (A)
and also K, (A,Z/t°) — G,(A,Z/¢7).

We now prove the following theorem.

Theorem 8.1.1 Let p be a rational prime, F a p-adic field (i.e., any finite
extension of Qp, R the ring of integers of F', I' a mazimal R-order in a semi-
simple F-algebra ¥, m the mazimal ideal of T',¢ a prime such that £ # p.
Then, for alln > 1,

(i) Kn(D,Z/t5) ~ K, (T/m,Z/t%).
(ii) Kan(T) is (-divisible.

(iii) Kan—1(D)[£*] 2 Ky (T/m)[£7].
(iv) There exists an exact sequence

0 — Kon41(D) /€7 — Kan1(I'/m) /07 — Ko (I)[€°] — 0.

PROOF

(i) By the Wedderburn theorem, ¥ = IT7_, M,,,(D;) where D; is a division
algebra over F' and I" = II7_, M,,,(T';) where I'; is the maximal order in
D;. Moreover, I'/m = II7_; M,,, (T'; /m;) where I'; /m; is a finite division
ring, that is, a finite field. Now, by the rigidity result of Suslin and
Yufryakov (see [204]), K, (I';,Z/¢%) ~ K, (T;/m;, Z/¢?) for all n > 1.
Hence

K,T,2/¢°) ~1I]_ K, (T;,Z/¢°)
~ T K, (T;/my, Z/0°) ~ K, (T/m, Z/¢°).

(ii) From the following commutative diagram

0— Kzn(l“)/és — Kgn(F,Z/ZS) — Kgn_l(r)[és] — 0

la Ls &
0 — Ko (T/m)/t’ — Kop,(T/m,Z/0°) — Kap—1(T'/m)[¢?] — 0
0
we observe that I'/m is a finite semi-simple ring, and so, K,,(I'/m) =0
since I'/m is a direct product of matrix algebras over finite fields. So,
by applying the Snake lemma to diagram (I), and using (i) (i.e., 8 is an
isomorphism), we obtain Ky, (I') ~ £ K3, (") proving (ii).

(iii) Applying the Snake lemma to diagram (I) also yields Kery = 0 =
Cokervy, proving (iii).
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(iv) Applying the Snake lemma to the following diagram

0— Ko (D)6 — Kopp1(D,Z/65) — Kou(D)[t*] —0
Lo Lo L

0 — K1 (T/m)/6* — K1 (T/m, Z/6%) — Koo (D/m)[e] — 0

we observe that Kera/ = 0,Kery’ = Cokere/. But Kery =
Ko,—1(I)[¢%]. Hence we have the result.

[

Definition 8.1.1 Let R be a Dedekind domain with quotient field F, A any
R-order in a semi-simple F-algebra 3. We define

SKn(T,Z/¢°) .= Ker(Kp(T',Z/0°) — Kn(3,Z/6°%).
SGn(T,Z/0°) .= Ker(Gn(T,Z/°) — G (X,Z/0%).
The following result is due to Laubenbacher and Webb (see 7.1.15 for a proof).

Theorem 8.1.2 Let R be a Dedekind domain with quotient field F, A any
R-order in a semi-simple F-algebra. Assume that,

(i) SG1(A) =0.
(ii) Gn(A) is finitely generated for allm > 1.
(i) R/p is finite for all primes p of R.

(iv) If ¢ is an 05th root of 1 for any rational prime ¢ and positive integer
s, R the integral closure of R in F(¢), then SG1(R®gr A) = 0.

Then, (a) SGn(A,Z/0%) =0 for all odd n > 1 and rational primes £.
(b) SG,(A) =0 for alln > 1.

PROOF  Sece 7.1.15. I

REMARK 8.1 If F'is an algebraic number field (i.e., any finite extension
of @, R the ring of integers of F,G any finite group, then A = RG satisfies
the hypothesis of 8.1.7, and so, SG,,(RG) = 0.

Theorem 8.1.3 Let R be the ring of integers in a number field F', ¥ a
semi-simple F-algebra, and A any R-order satisfying the hypothesis of the-
orem 8.1.2, £ a rational prime. Then for all n > 1 we have,

(i) SGn(Ap) for all prime ideals p of R.
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(i) (a) SG2n(N,Z/¢°) =0,
(b) SGn(Ap,Z/€%) =0 for all prime ideals p of R.

(iii) (a) SKn(A) = Ker(K,(A) — Gn(A)),

(A
(b) SK,(A,) ~ Ker(K,(A,) — G,(A,)) for all prime ideals p of R.
(

(i) (a) SKy(A,Z/0°) = Ker(K,(A,Z/€°) — Gn(A,Z/¢°)),
(b) SK,(A,,Z/0%) ~ Ker(K,(Ay,Z/t5) — G, (A, Z/%)) for al-
I prime ideals p of R.

PROOF

(i) First note that for almost all prime ideals p for R, A, is a maxi-
mal R -order in a split semi-simple F algebra A So, by remark-
s 7.1.5, SGo,_1(A,) = 0 for almost all p. Also, by theorem 7.1.13(v),
SGan(A,) = 0 for all p. Hence, for all n > 1, 8G,,(A,) = 0 for almost all

p. Now suppose that there are r non-maximal orders A, Apz, A
Then, by applying the Snake lemma to the commutative diagram

0—  Coker(Gni1(A) = Grt1(2)) — K,(Ms(A) — SGll(A) —0

0— @(Cokcr(Gnﬂ(Ap)) = Gnr1(Ep)) — E}I)B Gn(Ap/PAy) — @1 5Gn(Ap,) — 0

M
where S = R — 0, Mg(A) is the category of finitely generated S-torsion
A-modules, and 7, is an isomorphism (see remark 7.1.5), we obtain

0 — Cokeray, — SGn(A) — EP SGn(Ay,) — 0

But SG,(A) = 0 by theorem 8.1.2. Hence, each SG,(A,,) = 0 for
i=1,...7r. So we have shown that SGn([\p) = 0 for all prime ideals p
of R.

(ii)
(a) Apply the Snake lemma to the commutative diagram

0 —— G2, (M) /00 —— Gy (A, Z/°) —— Gan—1(A)[l°] —0

l l J

0 —— G2, (0) /00 —— G2, (3, Z/°) —— Gop—1(2)[l°] —0
(IT)

and using the fact that SGa,(A) = 0 for all n > 1 (see theorem
7.1.32) we have that SGa,(A,Z/0%) = 0.
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(b) The argument is similar to that of (i) above using a commuta-
tive diagram of mod-¢° localization sequence for A and A analo-
gous diagram (I) and obtaining a surjective map SG, (A, Z/fs)

_18G,(Ap,,Z,/0%) for all n > 1 to conclude that each SG,, (Ap,
0) usmg (ii)(a) and theorem 8.1.2(a). Details are left to the reader

(ii) (a) Consider the commutative diagram

0—>SKn(A) —>Kn(A) —>Kn(2) (IH)

kL

0——= SGr(A) ——= G, (A) —= G,(2)

where the rows are exact and ~, is an isomorphism, and use the
fact that SG,,(A) =0 for all n > 1. Details are left to the reader.

(b) Proof similar to (a) by using similar diagram to ITI with respect to
A replaced by Ap using the fact that SG, (Ap) = 0.

(iv) (a) Consider the following commutative diagram

S
0 — SGn (A, Z/05) 25 G (N, Z)05) —5 G (S, 2/ 07) —>
1v)

where the rows are exact and -, is an isomorphism and use the

fact that SG,(A,Z/¢°) = 0. Details are left to the reader.

(b) Proof similar to (a) using similar diagram to IV but replacing A
by Ap, ¥ by Xp, and using the fact that SG,,(Ap, Z/¢°) =

[

Remarks 8.1.2 Let R be the ring of integers in a number field, and A any
R-order in a semi-simple F-algebra ¥. Then the two exact sequences below
are split

0 — Kn(A)/65) = Kn(A,Z)05) — Kp_1(A)[65] — 0.
0= Gn(A)/f5 = Gn(A,Z/05) = Gy (A)]E5] — 0.

This follows from [161], 7.3, and the fact that K,(A), Gn(A) are finitely
generated for all n > 1 (see theorem 7.1.11 and theorem 7.1.13).
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8.2 Profinite K-theory of exact categories, rings and
orders

Definition 8.2.1 Let C be an exact category, £ a rational prime, s a positive
integer, n non-negative integer, ME’ZH the (n + 1)-dimensional mod-£*-Moore
space and MT! .= lim MZ"S‘H. We define the profinite K-theory of C by

KE7(C, Zy) := [M, BQC),

and also write K,(C,Zq) for lim K, (C,Z/¢).

If A is any ring with identity (not necessarily commutative), we write
K27 (A, Zy) for [MH BQP(A)] for alln > 0 and call this profinite K -theory
of A.

If A is a Noetherian ring (not necessarily commutative), we write
Gl (A, Zy) = [ME, BQM(A)]

for all n > 0 and call this profinite G-theory of A. We shall also write
Kn(A,Z") for lim K, (A, Z/¢°) and Gy, (A, Z*) for lim G,, (A, Z/1%).

Remarks 8.2.1 (i) Note that K?"(C,Z¢) and hence K?"(A, Z;), GE" (A, Zy)
are Zg-modules. So are K,(C,Z¢) and hence K, (A,Zs), Gn(A,Zy)
where we identify Z, with [M;, M5 (see [13]).

(ii) If X is a scheme and P(X) is the category of locally free sheaves of Ox-
modules of finite rank, and we restrict to the affine case X = Spec(A),
where A is a commutative ring with identity, we obtain the theory
K¢ (X, Zy) treated by Banaszak and Zelewski in [13]. So, our theory in
this article is a generalization of that in [13] to non-commutative rings.
Note that the case of Noetherian schemes X whose affine specialization
to X = Spec(A)(A-commutative) could yield theories G¢*(X,Z;) that
was not considered in [13], where

GL(X, Zf) = [Mtznojlv BQM(X)],
and M(X) is the category of coherent sheaves of Ox-modules.

Lemma 8.2.1 Let C an exact category, ¢ a rational prime. Then for all
n > 1, there exists an exact sequence

0 — lim"K,,41(C, Z/0%) — KE"(C,Z¢) — Kn(C,Z¢) — 0
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PROOF  Follows from the fact that [—; BQC] is a cohomology theory
(see [152]).

Remarks 8.2.2 It follows from 8.2.3 that
(i) If A is any ring with identity, then there exists an exact sequence
0 — Um' K,y 1(A, Z/6%) — KE"(A,Zy) — Kn(A,Zg) — 0

(ii) If A is Noetherian (not necessarily commutative), then we have an exact
sequence

0 — lm'Gpi1(A,Z/1°) — GE' (A, Z¢) — Gn(A,Z¢) — 0

Definition 8.2.2 Let R be a Dedekind domain with quotient field F', A any
R-order in a semi-simple F-algebra 3, ¢ a rational prime. We define:

SKP (A, Zy) := Ker(KP" (A, Zg) — KE™(3,Zy))
SGP (A, Zy) = Ker(GE (A, Zg) — GV (2, Zy))
SKn(A, Z¢) = Ker(Kn(A, Zg) — Kn(S,Z¢))
SGu(N, Zg) = Ker(Gn(A, Ze) — Gp(2,Zy))

Remarks 8.2.3 (i) With notation as in definition 8.2.2 and R, F, A, X
as in theorem 8.1.3, p any prime ideal of R, it follows from arguments
similar to those in the proof of theorem 8.1.3(ii) that SG,(Ap,Z¢) =0
and that SGE" (Ap,Zg) = 0 for all prime ideals p of R. Also, one can
see easily, by using theorem 8.1.2; that SGP" (A, Zg) =0=SG,(A, Zg).

(ii) Furthermore, by arguments similar to those in the proof of theo-
rem 8.1.3(iii) and (iv), and the use of (i) above, one can deduce that

KW( Zg) = Ker(KP" (A, Z¢) — GP™(A, Zy)),
( A, Zy) = Ker(Kn (A, Zy) — Gn(A, Zy)),
SKW( \Ly) = Ker(KE'(Ap, Z¢) — GB' (Ap, Zy)),
SKn(Ap, Z¢) == Ker(K,(Ap, Ze) — Gp(Mp,Zs)),

for any prime ideal p of R.
Theorem 8.2.1 Let C be an exact category, £ a prime such that K, (C); con-
tains no non-trivial divisible subgroups for each m > 1. Then there exists

isomorphisms

(i) Kn(C)[6*] £ K (C,70)[¢%] for alln > 1.
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(ii) Kn(C)/l5 = KPT(C,Z¢) /05 for alln > 2.

PROOF  The canonical map Mt — S™*! induces a map [S"*!, BQC] —
(MY BQC), that is, K,(C) — KE"(C,Z), and hence maps K, (C)/¢* —
KP7(C,7)/t* as well as K, (C)[5] — K27 (C, Zg)[¢*].

Moreover, as s — 00, the cofibration sequence Myt — M, — M induces
the cofibration sequence M. — M., — Mj.. Now, since for any exact
category C, [; BQC] is a cohomology theory, we have a long exact sequence

KT (CZ0) S KP(CyZ) — Koy (CZ/65) — K2(C, Z4) — ...
(D)

and hence an exact sequence
0 — KN (C.Ze) /00— Kuia (C,Z/0°) — KE'(C, Zo)[°] — 0 (1)

Now, by applying the Snake lemma to the commutative diagram

0 —— K1 (C)/l) ——— Ky 1 (C,Z)0°) ——— K, (C)[{*)] ——=0

| | l

—— K" (C,Zy) /0> — Kny1(C, Z/5) — KPF"(C, Zy)[(5] — 0
(IIT)
we see that a : Ky, 41(C)/0° — K2\ (C,Z¢)/¢° is injective and K, (C)[¢*] LA
KP7(C,Z¢)[¢*] is surjective and hence that K, (C), it KP™(C,Zy), is surjective
(IV).
Also from the exact sequence associated to the composite § = nG* in the
diagram V below

Ka(0): - K27(C, )0 (V)

LA

Kn(cv Zl)

we have 0 — Ker 8* — Ker § = divK,(C)y (See [13]), that is, Ker(K,(C), —
K7"(C,Z¢)¢) S div Kn(C)e = 0. So Kn(C)e > KP(C,Zy), is injective (VI).

(IV) and (VI) imply that K, (C), 2 KP™(C,Zy¢), is an isomorphism. Hence
(K, (C)el€%] = KP"(C,Z¢)[¢7] is an isomorphism. It now follows from diagram
IIT above that K,4+1(C)/¢* =~ K2, (C,Z¢)/¢* is also an isomorphism. I

Corollary 8.2.1 Let C be an exact category, £ a rational prime such that
for all n > 2, K,,(C), has no non-zero divisible subgroups. Let ¢ : K, (C) —
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KP"(C,7Z) be the map [S"1; BQC] — [Mj!; BQC] induced by the canonical
map M, gﬁj ! — §7+1 Then Kery and Cokery are uniquely /-divisible.

PROOF Follows from theorem 8.2.1 and lemma 2 of [13]. I

Corollary 8.2.2 Let R be the ring of integers in a number field F, A any
R-order in a semi-simple F-algebra 3, ¢ a rational prime. Then the maps
¢: K,(A) — KP"(A,Z¢) and ¢ : Gp(A) — GP"(C,Zy) (defined in the proof
of theorem 8.2.1, respectively, for C = P(A),C = M(A)) are injective.

PROOF By theorem 8.2.1, Ker(K, (A % K?"(A,Z;)) and Ker(G,(A %
GP" (A, Zy)) are uniquely (-divisible. But K,(A), G,,(A) are finitely generated
(see theorem 7.1.11 and theorem 7.1.13), and so, div Kerp = div Kerg =0
as subgroups of K, (A), Gn(A). Hence, Kerp = 0= Kery, as required.

Definition 8.2.3 Let ¢ be a rational prime, G an Abelian group, and
{G 0} = - =t G = G =" ... an inverse system. It is well known that

lim(G, ) and lim" (G, £) are uniquely (-divisible (see [91]).
G is said to be weakly (-complete if lim(G, £) = 0 = lim" (G, ¢).
An Abelian group G is said to be f-complete if G ~ lim(G/£°). We shall

sometimes write G for lim(G/£°). Since for any G' and £ we always have an

exact sequence

0 — lim*G — G — G — lm't*G — 0, (1)

—

it follows that G is ¢-complete iff lim /G = 0 and }iinl 105G = 0.

Remarks 8.2.4 (i) For any Abelian group G and a rational prime ¢, we
have an exact sequence of inverse systems 0 — {G[¢*]} — {G} —
{£*G} — 0 with associated lim — lim" exact sequence

0 — ImG[f*] — lim(G,¢) — lim(*G) — lim' G[¢*]
So, if G is weakly ¢-complete, then we have from (I) and (II) that
HmG[°] = 0 (II)lim' G[¢*] = Ker(G — G) (IV)lim' (¢*G)
= Coker(G — G) = 0(V).

Note that im(¢°G) = NG = £ — divG (V) (see [91]).
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(ii) The weakly ¢-complete groups form a full subcategory of the category
Ab of Abelian groups and the category of weakly /-complete groups is
the smallest Abelian subcategory of .A4b containing the ¢-complete groups
(see [91)).

(iii) If two groups in an exact sequence 0 — ' — G — G — 0 are
weakly ¢-complete, then so is the third (see [91], 4.8 for a proof).

(iv) If (G,) is an inverse system of Abelian groups such that each G,, has a
finite ¢-power exponent, then liiann is weakly ¢-complete (see [91] for

a proof).

(v) An Abelian group G is f-complete if G = limG,, where each G, is a Zp-
module with finite exponent, if all the groups in the exact sequence (IT)
above are zero (see [91] for proofs).

Theorem 8.2.2 Let C be an exact category, £ a rational prime. Then for all
n>1,

() 1gnK£’”(C,Ze)[£S] =0.

(ii) lim' K, 11(C, Z/*) = divK2" (C, Zy).

PROOF

(i) From lemma 8.2.1 we have the exact sequence

0 — lim'K,41(C,Z/6%) — KE"(C,Z¢) — Kn(C,Z¢) — 0. (1)

Now, K,(C,Z¢) = imK,(C,Z/¢?) is {-complete by remarks 8.2.4(v) and
hence weakly (-complete by remarks 8.2.4(ii). Also, lim*K,,41(C,Z/¢?)

is weakly (-complete by remarks 8.2.4(iv). Hence K27 (C,%Z;) is weakly
¢-complete by remarks 8.2.4(iii) and the exact sequence (I) above. It
then follows from remarks 8.2.4(i)(III) that imK?2"(C, Z)[¢°] = 0.

(ii) As already deduced in (II) in the proof of theorem 8.2.1, there exists an
exact sequence

0 — KP7(C,Z¢)J1° — Kn(C,Z/0°) — K" [(C,Z¢)[¢*] — 0. (II)

So, by (i) above, imK?2"(C,Z;)/t* ~ K,(C,Z;) (III). Now, for any
Zg-module M, divM = Ker(M — lim(M/€°)) (see [13]). So, since
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KP7(C,Z) is a Zg-module (see remarks 8.2.1(i)), we have

div K7"(C,Zy) = (KerK2"(C, Z¢) — im(K2"(C, Zq) /%)),
= Ker(Kr(C,Z¢) — Kn(C,7Z¢)) from III above,
=1im'K,1(C,Z/¢°) by lemma 8.2.1.
—

[

Remarks 8.2.5 Let R be the ring of integers in a number field F, A an
R-order in a semi-simple F-algebra . Then, theorem 8.2.1 applies to
C = P(A), C = M(A) since for all n > 1, K,(A), G,(A) are finitely
generated Abelian groups (see theorem 7.1.11 and theorem 7.1.13), and so,
K, (A)e, Gn(A)¢ being finite groups, have no non-trivial divisible subgroups.
So, for all n > 1,

Ko (M)[6) = K2 (A, Zo) [0, Ga(M)[E] = G (A, Zo) (),
and for all n > 2,
Kn(A)/6° ~ KP' (A, Zg)/05,  and  Gn(A)/€5 ~ GE"(A, Zy) /5.

Theorem 8.2.3 Let C be an exact category such that K, (C) is a finitely gen-
erated Abelian group for alln > 1. Let £ be a rational prime. Then KP"(C,Zy)
is an £-complete profinite Abelian group for all n > 2.

The proof of theorem 8.2.3 makes use of the following.
Lemma 8.2.2 Let C be an exact category, { a rational prime. Then

1@(K£T(C,Zg)/és) ~ K, (C,Z¢) for all n > 2.

PROOF By taking inverse limits in the following exact sequence,
0 — K1 (C.Ze) /0° — Knia(C,Z/0%) — KE'(C,Z)[¢°] — 0 (1)

for all n > 1, and using the fact that l'}Ln(KﬁT(C,Zg)[ZS]) = 0 (see
therem 8.2.2), we have that

1@(}{5“”(6,2@)/125) ~ Kny1(C, Zy). (D

[

Proof of theorem 8.2.3 First observe from the exact sequence

0 — Kn1(C)/0 — Kn1a(C, 2/€°) — Kn(C)[f?] — 0
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that K, (C,Z/¢%) is finite for all n > 2. Also, from the exact sequence
0 — lim' K, 1(C,Z/6°) — K& (C, Z¢) — K, (C,Z¢) — 0

and the fact that liiannH(C,Z/és) = 0 for all n > 1, we have that
KP"(C,7¢) ~ K(C,Zg) for all n. > 1. Result now follows from lemma 8.2.2.

Corollary 8.2.3 Let C be an exact category such that K, (C) is finitely gen-
erated for all n > 1. Then for all n > 2, we have

Kn(C) ® Zg ~ KE™(C, Zs) ~ Kn(C, Zy)

are (-complete profinite Abelian groups.

PROOF  Since K, (C) is finitely generated, then K, (C), has no non-zero
divisible subgroups, and so, by theorem 8.2.1, K,,(C)/0* ~ KP"(C,Z)/t5.
Taking inverse limits, we have limK,,(C)/¢* ~lmK}"(C, Zy) /05 ~ KP"(C, Zy)

since by theorem 8.2.3, K27 (C, Zy) is f-complete. So, K,(C)®Zs ~ KP"(C,Zy).
Also since K, (C,Z/1) is finite for all n > 2, we have that 1@1111Kn+1(6, 7)) =

0 in the exact sequence

0 — lim' K, 41(C, Z/1°) — KE"(C,Z¢) — K, (C,Z¢) — 0

for all n > 1. So, for all n > 2, we have K,,(C) ® Zg ~ K" (C, Z¢) ~ Kn(C,Zgﬁl
as required. The groups are ¢-complete by theorem 8.2.3.

Remarks 8.2.6 (i) If R is the ring of integers in a number field F' and
A is any R-order in a semi-simple F-algebra Y, it follows from theo-
rem 8.2.3 and corollary 8.2.3 that K, (A)®Z; ~ KP"(A, Zy) ~ K, (A, Zy)
and Gp,(A) @ Zy ~ GE™ (A, Z¢) ~ Gn(A,Zy) are (-complete profinite A-
belian groups for all n > 2 since, by theorem 7.1.11 and theorem 7.1.13,
K, (A), G, (N)are finitely generated Abelian groups for all n > 1.

(ii) If in (i) R,F,A,¥ satisfy the hypothesis of theorem 8.1.2, then
SGp(A) =0 for all n > 1, and so, we have an exact sequence

0 — Gn(A) — Gn(E) — @) Gan-1(A/pA) — 0

for alln > 2. In particular, Ga,—1(A) ~ Ga,—1(X) since Ga, (A/pA) =0
because A/pA is a finite ring (see theorem 7.1.12). But G,,(X) ~ K, (¥)
since X is regular. Hence Ks,,—1(X) is a finitely generated Abelian group
for all n > 2, and so, by theorem 8.2.3 and corollary 8.2.3 we have
Ko, 1(%) ®Zg ~ KE (%, Zg) ~ Kop_1(2, Zg), which is an /-complete
profinite Abelian group.
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(iii) If A is any finite ring, it also follows from theorem 8.2.3 and corol-
lary 8.2.3 that K, (A)®Ze ~ KP"(A, Z¢) ~ Kn(A, Z;) and Gy (A)@Zy ~
GPr (A,Zg) ~ Gn(A,Zg) are (-complete profinite Abelian groups since,
by theorem 7.1.12, K,,(A), Gy, (A) are finite groups.

Corollary 8.2.4 Let R be the ring of integers in a number field F', A an R-
order in a semi-simple F-algebra ¥ satisfying the hypothesis of theorem 8.1.2,
(e.g. A = RG, G a finite group, ¥ = FG). Let £ be a rational prime. Then
SKP"(A, Zg) ~ SK,(A, Zg) is an f-complete profinite Abelian group.

PROOF It follows from theorem 8.2.3 and corollary 8.2.3 that
m K2 (A, %)

J0 = Ko(AZg) = KP'(AZg), and HimGE (A, Z,)/0° ~ Gn(AZg) =~

GP" (A, Zy). Hence, in view of remarks 2.6 (ii), we now have
WmSK2" (A, Z) /0% ~ SK, (A, Z¢) ~ SKE(A, Zg) as required. I

8.3 Profinite K-theory of p-adic orders and semi-simple
algebras

8.3.1 Let R be the ring of integers in a number field F, p a prime ideal

of R, p := char(R/p). Then, is a p-adic field (i.e., a finite extension of
Qp) and Rp is the ring of mtegers of F If A is any R-order in a semi-
simple F-algebra X, then Ap is an Rp order in the semi-simple algebra f]p.
Let £ be a rational prime such that ¢ # p. Now, since we do not have finite
generation results for K,,(Ap), G, (Ap),n > 1, we cannot apply theorem 8.2.3
to conclude that K?"(Ap,Z,) and G2 (Ap,Z) are f-complete. However, we
are able to show in this section that Gpr(f\p, Zg) is £-complete by first showing
that K& (Sp,Ze) = Gi'(Sp,Zs) is (-complete and that K2 (Dp,Z¢) is -
complete for any maximal R -order f‘p in E We also show in this section
that if R, F, A, Y satisfy the hypothe51s of theorem 8.1.2 (e.g., when A = RG,
G a finite group), then SK2"(Ap,Zy) is f-complete.

Theorem 8.3.1 Let p be a rational prime, F a p-adic field (i.e., F is any
finite extension of Qp), R the ring of integers of F, T' a mazimal R-order in
a semi-simple F-algebra ¥, ¢ a rational prime such that € # p. Then, for all
n>2,

(i) KP(2,Z¢) ~ Kn(%,Z¢) is an L-complete profinite Abelian group.

(ii) KP"(D,Z¢) ~ Kn(T,Z¢) is an L-complete profinite Abelian group.
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Remarks 8.3.1 Since in theorem 83.1, ¥ = [[_, M, (D;),I =
[1;—, M,,(T;), say, where I'; is a maximal order in some division algebra D;
over F', it suffices to prove the following result in order to prove theorem 8.3.1.

Theorem 8.3.2 Let I' be a maximal order in a central division algebra D
over a p-adic field F. Assume that £ is a rational prime such that { # p.
Then, for all n > 2,

(i) KP"(D,Z¢) ~ Kn(D,Zy) is an {-complete profinite Abelian group.

(ii) KP"(D,Z) ~ Kn(T,Z¢) is an L-complete profinite Abelian group.
PROOF Let m be the unique maximal ideal of I'. Consider the following
localization sequence:

. Kn(T/m, Z)1°) — Ko (D, Z/1°) — K(D,Z/1%) o
s Kyt (T/m, Z)1%) — ...

We know that K, (T',Z/1°) ~ K,(T'/m,Z/1®) is finite for all n > 1 (see [204],
corollary 2 to theorem 2). Now, since the groups K, (I'/m,Z/l*),n > 1 are

finite groups with uniformly bounded orders (see [204]), so are the groups
K,(D,Z/1*) and K,(T',Z/1*). So, in the exact sequences

0 — lim' K, 1(D, Z/1°) — K2 (D, Z) — Kn(D,Z¢) — 0 (1)

and

0 — lim' K1 (T, Z/1°) — K2 (T, Z¢) — Kn(T,Z¢) — 0

we have lim' K, 41(D,Z/1°) = 0 = lim"K,, 11 (T, Z/1°), and so,

KP"(D,Z¢) ~ Kn(D, Zg); KE™ (T, Zy) ~ K, (T, Zg). (I1)

This proves part of (i) and (ii).
To show that K?"(D,Zs) and KP"(I,Z;) are (-complete, it suffices to show
that

lim K27 (D, 2)/6° = Ko(D, 20)(= (K2 (D, %),

and
UK (T, Zg) /6 =~ K (T, Zg) (== (K2" (T, Zg)).

But these follow from the exact sequence

0 — UmKE" (D, Z¢)/0° — K, (D, Z¢) — UmK?" (D, Z)[¢*] — 0
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and

0 — HmKE" (T, Zg)/0° — K (T, Z¢) — GmK2" (T, Z,)[¢*] — 0

where limK?" (D, Z)[¢*] = 0 = LimK?" (I, Z¢)[¢*] by theorem 8.2.2(i).

Finally, observe that K,(D,Z;) = WimK,(D,Z/l*) and K,(T,Z;) =
limK,(I',Z/1°) are profinite since K, (D,Z/1*) and K,(I',Z/I°) are finite.
[

Theorem 8.3.3 Let R be the ring of integers in a p-adic field F', ¢ a rational
prime such that £ # p, A an R-order in a semi-simple F-algebra X. Then,
for alln > 2, GP"(A,Zy) is an L-complete profinite Abelian group.

PROOF First we show that for all n > 2, G, (A,Z/1®) is a finite Abelian
group. Observe that G, (X,Z/1*) is finite by the proof of theorem 8.3.2 since

Gn(%,Z2/1%) ~ ® Gn(D;,Z]1%) for some division algebra D; over F' and each
i=1

G (D;,Z/1?) is finite.
That G, (A,Z/1°) is finite would follow from the following localization se-
quence:

. — Go (AN, Z)1°) — G (N Z)1°) — Go(B,Z)1°) — ...,

since G, (A/pA,Z/1%) is finite. Note that the finiteness of G,,(A/pA,Z/1°) can
be seen from the exact sequence

0 — Gn(A/pA)/t° — G (A/pA,Z]1°) — Gr—1(A/DA)[°] — 0,

using the fact that G, (A/pA) is finite (G, of a finite ring is finite) (see theo-
rem 7.1.12). It follows from the exact sequence

0 — lim'Gni1 (A, Z/1%) — GZ' (A, Zg) — Gu(A, Zg) — 0

that GE™(A,Zg) ~ Gn(A,Zy) since lgannH(A,Z/ls) = 0. Also, we have
I@Gﬁll(A,Zg)/Zs ~ Gni1(M,Zg) from the exact sequence

0 — UmG?, | (A, Zg) /0 — Gng1 (A, Zg) — HmGE" (A, Zy)[¢°] — 0,
since imG%" (A, Z)[0*] = 0. I

Theorem 8.3.4 Let R be the ring of integers in s p-adic field F, A an R-
order in a semi-simple F-algebra ¥, £ a rational prime such the £ # p. Then,
forallm >1,
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(i) Gn(N)g are finite groups.

(ii) K,(X)¢ are finite groups.

(iii) Kernel and cokernel of G, (A) — G2 (A, Zy) are uniquely (-divisible.

(iv) Kernel and cokernel of K,(X) — KP"(2,Z;) are uniquely (-divisible.

PROOF  (iii) and (iv) would follow from corollary 8.2.1 once we prove
(i) and (ii) since, then, G, (A), and K, (X), would have no non-zero divisible
subgroups.

(i) To prove that K, (X), is finite, it suffices to prove that K, (D), is finite

where D is a central division algebra over some p-adic field F'. Now, in
the exact sequence

0 — Kn1(D)/l? — Kn1 (D, Z/I°) — K, (D)[£°] — 0,

we know from the proof of theorem 8.3.2 that for all n >
1, Kpn41(D,Z/1%) is a finite group. Hence K,,(D)[¢*] is a finite group
having uniformly bounded orders. But K, (D)[(*~1] C K, (D)[¢¢], for
all s. Hence, the orders of the groups K, (D)[£*] are the same for some
s> so. But K, (D), =Use; Kn(D)[¢*]. Hence K, (D), is finite.

To show that G, (A), is finite for all n > 1, we consider the exact
sequence

0 — Gy (M)/€° — Grna (A Z)1°) — G (M)[E] — 0

and conclude that G, (A)[¢*] are finite groups with uniformly bounded
orders since this is true for Gp41(A,Z/1%). Hence, Gp,(A)s
=Uee; Gn(A)[®] is finite.

[

Remarks Note that in the global case, G,,(A)¢ is known to be finite since
G, (A) is finitely generated.

Theorem 8.3.5 Let R be the ring of integers in a number field F, A an R-
order in a semi-simple F'-algebra X satisfying the hypothesis of theorem 8.1.2,
p any prime ideal of R, and £ a rational prime such that £ = char(R/p).

Then,

(i)
(i)

K, (Ap)e is a finite group.

The map ¢ : Kn(Ap)e — KE"(Ap,Zy)¢ is an isomorphism.

PROOF
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(i) By theorem 8.1.3(iii)(b), SK,(Ap) = Ker(K,(Ap) — Gn(Ap)). We

first show that SK,,(Ap) is finite or zero. Now, SK,,(A) is finite for all
n > 1 (see theorem 7.1.11). Moreover, it is well known that f)p splits for
almost all prime ideals p of R and that A, is a maximal Rp—order in a
split semi-simple algebra f)p for almost all p. Hence SKn([\p) =0 for all

n > 1 (see theorem 7.1.9). Now, suppose Ap,, Ap,, ... Ap,, are the non-
maximal orders. Also, it was shown in theorem 7.1.10 that there exists

a surjection SK,(A) — ® SK,(Ap). Hence each SK, (Ap) is finite for
i=1

i =1...m. So, we have shown that for all prime ideals p of R, SK,,(Ap)

is finite or zero. Hence SK,(Ap)e = Ker(K,(Ap)e — Gn(Ap)e)) is finite
or zero. Now, by theorem 8.3.4(i), Gy, (Ap)e is finite. Hence K, (Ap)y is
finite.

ii) Now, by (i), K, (Ap)e is finite and hence has no non-zero divisible sub-
P
groups, and so, by 2.8, Ker(Kn(Ap) R Kﬁr([\p,Zg)) is uniquely ¢-

divisible. But div K,,(Ap)¢ = 0, since K,,(Ap), is finite. Consider the

commutative diagram

Kn(Ap)e KP (A, Zo)e (V)

n

So, we have

Ker(Kn(Ap)e — KP"(Ap,Z4)¢) C Kerd = div K,,(Ap)s = 0.
So, Kn(Ap)e — KP'(Ap,Z¢)e is injective. Also, Kn(Ap)y —
K" (Ap,Z4)¢ is surjective since each K,(Ap)[t*] — KP"(Ap, Ze)[¢°]
is surjective by theorem 8.2.1(i). Hence K,(Ap)e =~ K?"(Ap, Z¢)s.

[

Our next aim is to prove the local analogue of corollary 8.2.4. As we said
earlier, we cannot exploit theorem 8.2.3 and corollary 8.2.3 since we do not

have finite generation results for K, (Ap), Gn(Ap), n > 1. However, we exploit

the fact that SK, (Ap) and SG,(Ap) are finite to prove ¢-completeness of
SKﬁT([\p, Zg) when A, ¥, R, F satisfy the hypothesis of theorem 8.1.2.

Theorem 8.3.6 Let R be the ring of integers in a number field F, A an R-
order in a semi-simple F-algebra ¥ satisfying the hypothesis of theorem 8.1.2
(e.g., A = RG, G any finite group). Let p be a prime ideal of R, £ a rational
prime such that £ # char(R/p). Then for alln > 1,
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(i) SKP"(Ap,Zy) is isomorphic to a subgroup of SK,(Ay,Zs).
(ii) 1gnSKﬁr(/A\p,Zg) /5 ~ SK,(Ap, Zy).

(iii) SKP"(Ap,Zy) is an (-complete profinite Abelian group.

PROOF

(i) First observe from theorem 8.1.3(iv)(b) that SK,,(Ap, Z/¢%)
= Ker(K,(Ap, Z/0°) — Gp(Ap,Z/¢?)) and from remarks 8.2.3(ii) that

SKP"(Ap, Zg) = Ker(K2" (Ap, Zo) — G (Ap, Zg))

and
SKn(Ap,Zg) = Ker(Kn(Ap,Zg) — Gn(Ap,Zg)).

Now, by applying the Snake lemma to the following commutative dia-
gram

0 — lim" Ky 1(Ap, Z/65) — KE'(Ap,Zg) — Kn(Ap,Z¢) — 0

| | g

0 — 1lim'Gny1(Ap, Z/07) — G (Ap, Ze) — Gu(Ap,Ze) — 0

where the rows are exact by remarks 8.2.2(i),(ii), we obtain a sequence

0— 1@15Kn+1(AP,Z/€S) - SKrpLT(Apvzl) - SK"(AI)?ZE)

— 1gn1(Coker(Kn+1(f\p,Z/€s)) — Gpy1(Mp, 2)0%)) — ...

So, to prove (i), it suffices to show that for alln > 1, lgnlSKn(/AXp, Z]0%)
0, )

To do this, it suffices to show that SK,,(Ap, Z/¢*) is finite since 11(1_1[11Gs =
0 for any inverse system {G,} of finite groups Gs. This is whasf we set
out to do now.

That SK, (Ap, Z/¢°) is finite follows from applying the Snake lemma to
the following commutative diagram

Ap) /5 — Kn(Ap, 2)0°) — K, 1(Ap)[¢°] — 0

0 — Ky p
0 — Gu(Ap)/lF — Gn(Ap, 2/05) — Gr_1(Ap)[t*] — 0.

(1)

and using the fact that SK,(Ap) = Ker(K,(Ap) — Gn(Ap)) is finite
for all n > 1 (see theorem 8.1.3(iii)(b) and proof of theorem 8.3.5).
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(ii) Consider the following commutative diagram:

(i)

0 — K2 (Ap, 2¢) /) = K1 (Ap, 2/0%) — K" (Rp, Zo)[€°] — 0

| | l

0 — G (Ap, 20)/t%) — Guia(Rp, Z/€%) — GE (A, Zo)[°] — 0.
(I11)
Now, by taking lim of the rows and using the fact that lim K2" (Ap, Z4)[0?]
0 = lim GP"(Ap, Z4)[¢%] (see theorem 8.2.2(i) with C = P(Ap),C =

M(Ap), we have the result from the commutative diagram

uln Kﬁr(Ap,Zg)/fs ~ Kn(Ap,Zg)

| !

lim G2 (Ap, Z) /65 = Gr(Ap, Zy).

From (i) and (ii) above, we have an exact sequence

0— SKP"(Ap,Z¢) 5 SK,(Ap, Z¢) = lim SK,(Ap, Zg)/t5.  (IV)

But we know from the proof of theorem 8.2.12 that K?" (A, Z;) is weak-
ly ¢-complete. So, SKﬁT(Ap,Zg) is also weakly f-complete as a sub-
group of K g’”([\p, Zg). But, for any weakly ¢-complete Abelian group G,
Coker(G % lim G /%) = 0 (see remarks 8.2.4(i)(V)). So, Cokery = 0 in

(IV) above. Hence SK2" (A, Z¢) ~ lim SKP(Ap, Zg) /05

[

Remarks 8.3.2 It is conjectured that K" (Ap, Zg) is f-complete even though
the author is not yet able to prove it. It follows from earlier results that
KP"(Ap,Zy) is weakly ¢-complete.

8.4

Continuous K-theory of p-adic orders

8.4.1 Let F be a p-adic field, R the ring of integers of F'; A any R-order in a
semi-simple F-algebra Y. We present in this section a definition of continuous
K-theory K&(A) of A and examine some of the properties.

Definition 8.4.1 Kj;(A) :=lim K,(A/p°A) for alln > 1.
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Theorem 8.4.1 (i) KS(A) is a profinite Abelian group for alln > 1.

(ii) KS, (A) is a pro-p-group for n > 1.

PROOF

(i)

(i)

Since A/p*A is a finite ring, the proof follows from the fact that K, of
a finite ring is finite (see theorem 7.1.12).

A/p°A is a Z/p°-algebra, and so, I = rad(A/p*A) is a nilpotent ideal
in the finite ring A/p*A. So, by [236], 5.4 we have, for all n > 1 that

K, (A/p*A,I) is a p-group. By tensoring with Z (%) the exact sequence

- Kn(A/p°A 1) — Ko (A/p°A) — Kn(A/p°A)/T)
— Kn(A/pSA,I) —

we have that K, ((A/p°A)/I)(1/p) =~ K,(A/p*A)(1/p). But (A/p°A)/I
is a finite semi-simple ring and hence a direct product of matrix alge-
bras over fields. Hence Ko, ((A/p*A)/I)(1/p) ~ Kon(A/p*A)(1/p) =0
by Quillen’s results. Hence Ka,(A/p*A) is a finite p-group, and so,
K$§,(A) := lim K»,(A/p°A) is a pro-p-group.

8.4.2 Let R be the ring of integers in a number field or a p-adic field F', A
any R-order in a semi-simple F-algebra ¥, q a two-sided ideal of A of finite
index. Let GL(A/q) denote the image of GL(A) under the canonical map
GL(A) — GL(A/q). Suppose that K (A, q) denotes the connected component
of the homotopy fiber of the map BGLT(A) — BGL™(A/q). Then we have
a fibration

K(A,q) — BGL+(A) — BGL+(A/q)

and hence a long exact sequence

K (M) — Ka(A,q) 2 K (M) 25 Ka(Aq). .

where K, (A, q) := m, (K (A, q)).

Definition 8.4.2 Let R be the ring of integers in a p-adic field F, A any
R-order in o (p-adic) semi-simple F'-algebra ¥.
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Define
Dp(A) = lim Coker(K, (A, p"A) 22 K, (A)),
Dy () = lim Coker(K,(A,p*A) 5 K, (%)),

Ra(A) = lim Ker(K, (A, p*A) 2 K, (A)),

S

R, () := lim Ker(K, (A, p°A) 1 K,(%)),
where n, is the composite K, (A, p*A) — K,(A) — K,(%).

Remarks 8.4.1 In [159] R. Oliver defines

K35(A) :==lim Coker(K2(A,p°A) — K2(A))
where his own K5(A,p®A) is not mo(K (A, p°A)) defined in 8.4.2 above. In
the context of [159], K2(A,p°A) was defined as Ker(Ka2(A) — Ka(A/p°A)).

However, he shows in [159] theorem 3.6 that K$(A) as defined in [159] is
isomorphic to lim K»(A/p*A). So, in a sense, our definition is a generalization
%

of that of Oliver in [159]. Note also that our definition is closely related to
K!P(R) of Wagoner [223] where R is the ring of integers in a p-adic field.
In that article, Wagoner defined K}°P(R) := lim K,(R/p*R) where p is a

maximal ideal above p.

Theorem 8.4.2 Let R be the ring of integers in a p-adic field F, A any
R-order in a semi-simple F-algebra . Then for allmn > 1,

(i) There exists an exact sequence

0— D,(A) —» KS(A) — Ry—1(A) — 0.

(i) If T is a maxzimal R-order in ¥, we also have an exact sequence

0— Dgn(r) — D2n<2) — Kgn_l(l"/mdl") — SKQn_l(F) — 0.

PROOF
(i) From the exact sequence
- Knpa (A/p°A) — K (A, p°A)
— Kn(A) — Kn(A/p°A) — Ko (A, p°A) — -+,
we obtain

0 — Coker(K,(A,p*A) — K,(A)) — K,(A/p°A)
— Ker(K,,—1(A,p°A) — K,,—1(A)) — 0.

Now, by taking inverse limits, we have the result.
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(ii) First, we have the following localization sequence

.. K9, (T/radl’) — Ko, (T) — K9, (X) — Kap—1(T'/radl) (1)
— SKanl(r) — 0

Now, (I'/radl') is a finite semi-simple ring that is a direct product of
matrix algebras over finite fields, and so, we have Ks,(I'/radl’) = 0.
Hence 0 — K2, (") — K3, (2) is exact. So,

KonD)  Kzu(D)
Im(K2n<F’psF)) Im(K2"(F’pSF))

is also exact.
Taking inverse limits, we have 0 — D3, (I") — D3, (X) is exact.

So, we have the required sequence

0 — D2y, (T') — D2y (X) — Kop—1(T'/radl’) — SKo,—1(T") — 0.

Theorem 8.4.3 In the notation of definition 8.4.2,
(a) R,(A),Dy,(A) are profinite groups for all n > 1.
(b) Rn(X), D2y (X) are profinite groups for all n > 1.

PROOF

(a) Consider the exact sequence

SN Kn_1(A,pSA) — .

Now, since K,(A/p°A) is finite for all n > 1 (see theorem 7.1.12),
it follows that Ker(K,(A,p°A) — K,(A)) is finite as the image
of the finite group K,i+1(A,p*A). Hence R,(A) is profinite. Al-
so, Coker(K,(A,p°A) — K,(A)) is finite as the image of K,(A) —
K, (A/p*A). Hence D, (A) is profinite.

(b) Consider the commutative diagram

K, (A, pA) = K,(A)



248 A.0. Kuku

and the associated exact sequence
-+ — Kera — Kerg — SK,,(A) — Cokerae — Cokerfs — Cokery — 0.

Now, Kera has been shown to be finite in the proof of (a) above, and
SK,(A) is finite (theorem 7.1.11(ii)). Hence Kerf is finite. Hence R, (%)
is profinite.

Since Kap_1(T'/radl’) is finite, it follows from the sequence
0 — Dn(T) — D2, (B) — kop—1(T'/radl’) —

that Da,(T') has finite index in Dy, (X). Now, since Ds,(T") is profinite,
0 is Doy, (X).

[

Theorem 8.4.4 Let R be the ring of integers in a number field F', A any
R-order in a semi-simple F-algebra . Then for all n > 1, we have the
following:

(i) For almost all prime ideals p in R,
Rn([\p) = Rn(ip)

0= DalAp) = Da(Sp) = B 0

Kn(Sp) ~ Dnl

TmK (A = D (A") for almost all prime ideals p in R.
miin(Ap n

Hence

(i1) gz:(zp) ~ Ky, 1(Ap/radAyp) for almost all p. In this situation

‘ <L> ‘ = —1 mod p for some rational prime p lying below p.
D2T(Ap)

PROOF It is well known that for almost all p, Ap is a maximal order in
the semi-simple Fp-algebra f)p that splits. Also, for such p, SK, (Ap) =0 for
all n > 1 (see theorem 7.1.9). Note that for each p, there is a rational prime
p below p.

Now, from the commutative diagram
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we have an exact sequence

0— Ker(Kn(Ap»psAp) — Kn(A)) — Ker(Kj, (A pSAp) - Kn(ip))
— SK,(Ap) — Coker(K,(Ap, p°Ap) — Kn(Ap))
Ko (3p)

— Coker(K,(Ap, p*Ap) — K, (3p)) — TR 0.
m(Kn(Ap)

By taking inverse limits lim and observing that SK, (
®

p) =0foralln>1,
for such p, we have (i).
(i) From theorem 8.4.2(i), we have an exact sequence
0 — Dan(Ap) — Dan(3p) = Kon_1(Ap/radAy) — SKan_1(Ap) — 0

for almost all p. Since SKgn_l(fxp) = 0 for almost all p, we have
D2 (3p)/Dan(Ap) ~ Kop_1(Ap/radAp) as required.

Now, /A\p / rad[\p is a finite semi-simple ring and hence a product of matrix
algebras over finite fields. Hence, the result follows by applying Quillen’s
result on Ko, _1(F) where F is a finite field of order p®, say for some rational
prime p lying below p.

We close this section with a connection between profinite and continuous
K-theory of p-adic orders.

Theorem 8.4.5 Let F' be a p-adic field with ring of integers R, A an R-order
in a semi-simple F-algebra X3, £ a rational prime such that £ # p. Then, for
all n > 2,
lm K2 (A/p'A, Z¢) = KE(A) x Zy.
7

PROOF  Since A/p'A is a finite ring, then for all n > 1, K,,(A/p'A) is a
finite group (see theorem 7.1.12). We apply corollary 8.2.3 to get

Kn(A/p'A) @ Zy =~ KP"(A/p'A, Zy).
Taking inverse limits, we have

KS(A) @ Zg =~ lim K2"(A/p'A, Zy).
t

Exercises

8.1 Let F be a number field, G a finite group D, (F'G), the subgroup of
divisible elements in K,,(F'G). Show that
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(a) Dop—1(FG) =0 for n>1.
(b) D2, (FG) is a finite group for all n > 1.
8.2 Let R be the ring of integers in a number field F', A any R-order in

a semi-simple F-algebra ¥, ¢ an odd rational prime. Show that the exact
sequence

0 — K,(A)/0? — K,(AZ)6°) — K, 1(A)[£°] =0

is split.

8.3 Let {G,,} be an inverse system of Abelian groups such that each G,, has
a finite ¢-power exponent. Show that lim' G,, is weakly ¢-complete.

8.4 Let C be an exact category, £ a rational prime. Show that there exists an
exact Zy sequence

0 — KP"(C, 7)) ® Qo) Tt — Kni1(C,Qu)Zs) — KF"(C,Z4)(£) — 0.
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Chapter 9

Mackey, Green, and Burnside
functors

In this chapter, we present Mackey, Green, and Burnside functors and their
bases in a way that will prepare us for applications in equivariant K and
homology theories.

Many of the results in this chapter were originally due to A. Dress see [47, 48,
50].

9.1 Mackey functors

Definition 9.1.1 Let D be an Abelian category and let B be a category with
finite sums, final object, and finite pull-backs (and hence finite products). Then
the pair of functors (My, M*) : B — D is called a Mackey functor if

(i) M. : B — D is covariant, M* : B — D is contravariant, and M.(X) =
M*(X) := M(X) for all X € obC.

(i) For any pull-back diagram

A A, M(A") 22 M(Ay)
lpl lfz in C, the diagram Lﬁ Tf;‘ commutes.
A IS M(A) 25 Mma)

(iii) M* transforms finite coproducts in B into finite products in D, i.e., the
n
embeddings X; — [] X; induce an isomorphism
i=1

MX X ] T Xn) & M(X1) x - x M(X,).

Remarks 9.1.1 Note that (ii) above is an axiomatization of the Mackey
subgroup theorem in classical representation theory (see [39]). As a first step
towards seeing this connection, one can show that if B = GSet, Ay = G/H,
Ay = G/H’, then the orbit space of G/H x G/H' can be identified with the

253
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set D(H,H') = {HgH' : g € G} of double cosets of H and H’ in G. This
identification is also crucial for the connection between Mackey functors and
Green’s G-functors discussed in Remark (9.1.2 (ii)).

Examples 9.1.1 (i) Let G be a finite group and B a ZG-module. For any
G-set S, let Ha (S, B) denote the set of G-maps f : S — B. Then,
Hc (S, B) is an Abelian group where addition is defined in H¢ (S, B) by
(f1 + f2)(s) = f1(s) + fa(s) (f1,f2 € Ha(S,B)). Now, if h: S — T is
a G — map, we define h* : Hg(T,B) — Ha(S,B) by f — fh, and h, :
Ha(S,B) = Ha(T,B) by g— hug it — 3 -1y 9(s) (t €T). Then,
Ha(—,B) : GSet — Z — Mod given by S — Ha(S,B), h — (h., h*)
satisfies property (i) of definition 9.1.1.

Now suppose that

51>S< 52 p2 N 52

|- f lfz

Sy —
is a pull-back square in GSet and g € Hg(S1, B) where B is a ZG-
module.
We have to show that f5 f1.9(s) = p2spig(s) for all s € S;. Now,

3 feg(s) = freg(fa(s) = Y 9(x)
re i (F2(s))

and

ppig(s) = > piglmy)= > gpi(z,y)

(z,y)€ps " (s) (z,y)€ps " (s)

= > g(x).

(z,w)Epy ' (5)

Moreover, (z,y) € py*(s) € Sy x Sy if and only if y = pa(w,y) = s
and fi(x) = f2(s), and so the two sums coincide. That Hg(—, B) takes
sums into products can be checked easily. Details are left to the reader.

(ii) Let B be a ZG-module. We define a bifunctor B = (B*, B,) : GSet —
Z — Mod as follows:
for S € GSet, B(S) is the set of all set-theoretic maps from S to B as
ZG-module where for fi1, fo : S — B one puts (f1+ f2)s = fis+ fas, and
the G-action G x B(S) — B(S) : (g, f) — gf is defined by (gf)(s) =
gf(g~'s) for any s € S. Note that H¢ (S, B) is just the subgroup of G-
invariant elements in B(S). Moreover, given a G-map ¢ : S — T, then
one has ¢* = B*(p) : B(T) — B(S) given by f — f¢ and ¢. = B.(p) :
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B(S) — B(T) given by f — .. f where ¢, f(t) = > ,c,-1(;) f(5), which
are now ZG-homomorphisms. As above, it can be easily checked that
B = (B., B*) is a Mackey functor.

Now, if F' : ZG-Mod — Z-Mod is any additive functor (e.g., B — B%)
where B¢ = {x € Blgx = aVg € G} or, (B — Bg = B/I¢B where
Ic = {3 ,can99 € ZG| 3> ng = 0} is the argumentation ideal in ZG),
then F(—,B) : GSet — ZG — Mod — Z — Mod is a Mackey functor
where

(F(p, B)x, Fp, B)*) = (F(B.(9)), F(B"(¢)))
if ¢ is a GSet morphism.

(iii) Let C be an exact category; G a finite, profinite, or compact Lie group.
Then for all n > 0, the functor K&(—,C) : GSet — Ab is a Mackey func-
tor. We shall consider these functors in some detail under equivariant
higher K-theory in chapters 10 and 12.

(iv) Let (C, L) be a symmetric monoidal category. Then K&(—,C) is a
Mackey functor.

PROOF Let ¢ : S — T be a map in GSet. Then ¢ defines a functor
p:S—=T:s5— ¢(s);(g,5) — (g9,9(8)), and ¢ induces a functor ¢, : [T,C] —
[S,C] given by ¢ — ¢ o ¢ such that (CLn)-¢ =C-¢Lln-p. So, ¢* induces a
homomorphism [T, C]* — [S,C]*, and so, we have a composite map [T, C]* —
[S,C]T — K&(S,C). The universal property of the map [T,C]T — K& (T,C)
implies that we have a homomorphism K&(T,C) — K$(S,C). Define P,
15,€] — [7,C] by C = u(C) where B

P (C)t = 1 (s and

s (1)
S ( )Cgs
s€p—1(t
(f*g)(g,t) : (E*C)t = 1 G ) L Cgs
s€p~1(t) s€p~1(t)
= L Cs = (f*C)gt

s€p~1(gt)

It can be easily checked that gp*((ln) ~ (()J'_cp* (1), and so, it induces a
homomorphism ¢_ : K&(S,C) — KS(T,C). So K§(—,C) is a bifunctor. We
leave the checking of other properties of Mackey functors as an exercise for
the reader.

If in addition to L, our category C in (iv) possesses a further associative
composition o, which is naturally distributive with respect to 1L and has a
“unit”, i.e., an element X € obC, such that the functor C - C:Y — Y o X
aswellasC — C: Y — Y oY are naturally equivalent to the identity C —
C:Y — Y, then o induces a multiplicative structure on [S,C], which makes
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K&%(S,C) a ring with an identity, and K& (—,C) : GSet — Z — Mod a Green
functor. Note that K& (x, FSet) ~ Q(G). Also, K¢ (G/G,C) ~ char(G) since
IBG/G,’P((C)] ~ P(C)g. More generally, K& (*,C) ~ K(Cg) since [*,C] ~ Cg.

Remarks 9.1.2 (i) One can show that if B is small, then the Mackey func-
tors from B to D form an Abelian category, and so, one can do homo-
logical algebra in the category of Mackey functors (see [48, 68, 111]).

(ii) One can relate Mackey functors with G-functors, as defined by J.A. Green

(see [64]). Let G be a finite group and let 6G denote the subgroup cat-
egory whose objects are the various subgroups of G with 60G(H;, Ha) =
{(g9,H1,H>) : g € G,gH1g~! C Hy} and composition of (g, Hy, H2) €
(SG(Hl,HQ) and (h,HQ,Hg) S 6G(H2,H3) defined by (h,HQ,Hg) @)
(9, H1, Ha) = (hg,H1,H3) so that (e, H,H) € 6G(H, H) is the iden-
tity where H < GG and e € G is the trivial element.
There is a canonical functor C, the coset functor from 0G into GSet
G/H, and with each morphism (g, Hy, Hz) € dG(H1, H2)) the G-map
g1 : G/Hy — G/Hy : xHy — xg 'Hy. If M : GSet — D is a Mackey
functor, then the composition M = M oC : §G — D is a bifunctor from
4G into D, which has the following properties: (G1) if g € H < G, then
M*(g,H,H): M(H) — M(H) and M.(g,H,H) : M(H) — M(H) are
the 1dent1ty, (G2) if Hl,HQ < H< Gandif H= U?:lngiHQ is the
double coset decomposition of H with respect to H; and Hs, then the
composition of

M,(1,H,,H) : M(H,) — M(H)

and
M*(1,Hy, H) : M(H) — M(H>)

coincides with the sum of the compositions of the various maps:
M*(1, Hy N giHag; ' H) : M(H1) — M(Hy 0 g;Hag; )
and
M. (g7, Hy N giHag; ', Hy) : M(Hy N giHag; ') — M(Ha)

fori =1,..., k. The last statement follows from the fact that there is a
pull-back diagram

Uk, G/(H, N giHygr V) *— G/H;

)

G/H; G/H
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with
¢v:G/H, - G/H :xzH, — zH,v: G/Hy — G/H : tHy — zH,
\IJ‘G/(ngin;l)G/(Hl ﬁgiHQgi_l) — G/Hy : z(Hy ﬁgiHQgi_l) — xH;
(I)|G/(ngngg;1)G/(H1 ﬁgnggfl) — G/Hy : (G, ﬁgingjl) — xHo

to which definition (9.1.1(ii)) has to be applied. In [64]), Green con-
sidered G-functors from dG into Abelian categories D, which satisfy
(G1) and (G2), and called them G-functors. It can be shown that the
above construction of G-functors M : §G — D from Mackey functors
M : GSet — D yields a one-one correspondence (up to isomorphism)
between G- and Mackey-functors, the inverse construction being giv-
en by associating to each G-functor F' : G — D the Mackey functors
F : GSet — D, which maps any G-set S onto the G-invariant elements in
PsesF(Gs) (or in case D is something more abstract than a category of
modules, the category theoretic equivalent object in D) and associating
to any G-map ¢ : S — T the induced morphisms

Fu(p) : F(S) = (©5esF(Gy))% — F(T) = (@1er F(Gy))
and
F¥(p)Fu(T) = (@1e1F(Gy))% — F(S) = (@sesF(G5)),

which come from morphisms

F*(l,GS,GQP(S)) : F(GS) — F(Gys))

and

F*(lsznga(s)) : F(th(s)) - F(GS)

g € G acts on

&z, € @ F(Gy) via G x)= @& Fu(9,Gyo14,Gs)(xy-15).
s€S s€S (Gs) g(ses ) s€s (9. Gy )(@g-1:)

Since Mackey functors are definable on arbitrary categories with finite
pull-backs and sums, whereas G-functors are defined only on the various
subgroup categories, we will mainly stick to Mackey functors but use this
relation to identify Mackey functors with their associated G-functors,
which sometimes seem more familiar to representation theorists.

In particular, for any Mackey functor M : GSet — D, we will iden-
tify M : G — D with M and thus sometimes write M(H) instead of



258 A.0. Kuku

(iii) When B = GSet in definition 9.1.1, D = Ab or R — Mod, then any

Mackey functors B — D are completely determined by their behavior
on the orbit category or (G) which is a full subcategory of GSet of the
form G/H (H < GQ) (see [48, 50, 111]).
If G is a compact Lie group and B is the category of G-spaces of the
G-homotopy type of finite G-CW complexes, the behavior of Mackey
functors B — Ab is determined by the behavior on the category A(G)
of homogeneous spaces where 0bA(G) = {G/H : H, a closed subgroup
of G}. And mor4)(G/H,G/K) is the free Abelian group on the e-
quivalence class of diagrams G/H «— G/L — G/K (see [218]).

(iv) Let B be a category with finite coproducts, final object, and finite pull-
backs (and hence with initial objects and products).
Let B be a category such that ob(53) = obBB, morg(X,Y) = free Abelian

group on the equivalence classes of diagrams X < V LA Y (I) where

xev2lyis equivalent to X ¢ V' 2 v if and only if there exists
an isomorphism i : V' — V' such that o/t = «, $’¢ = 3. Then, the
Mackey functor M : B — Z — Mod as defined in (9.1.1) is equivalent
to an additive functor M : B — Z — Mod (see [134]). Note that the
situation applies notably to B = GSet (G finite) or A(G) (G compact
Lie group).

(v) Note: If we denote by Br (R is a commutative ring with identity)
a category such that ob(Br) = ob(B), morg, (X,Y) = free R-module
generated by equivalence classes of diagram (I), then a Mackey functor
M : B — R — Mod can be equivalently defined as an additive functor
M, Bg — R — Mod.

Definition 9.1.2 For any category C, define a pre-ordering < of ob(C) by
A < B if morc(A, B) # 0 and an equivalence relation < on ob(C) by ACB if
and only if A < B and B < A.

Suppose C has finite coproducts || and products x. One can easily check
that X < X[JY, Y < X[[Y,and X < Z,Y < Z = XY < Z. Also,
XxY <X, XxY<Y, andZ < X, Z<Y =Z< X xY. Let C be a
category with finite coproducts and products. A class R of C-objects is said
to be r-closed (resp. l-closed) if R # Qand if X <Y, Y e R= X € R
and X, Y € R = X][[Y € R(resp. X <Y, X € R=Y € R and
X, YeR=XxY e€R) hold
So, for any C-object X, the class R,(X) ={Y : Y < X} is r-closed and X is
maximal in R, with respect to <, while the class R;(X) ={Y : X <Y} is
l-closed and X is minimal in R;(X).

Moreover, R, (X) = R, (Y) <= XOV «= Ry(X) =Ry (Y).
Conversely, if R is r-closed in C and if X € R is maximal/minimal in R
with respect to <, then R = R,(X)/Ri(X) since, sure enough, R,(X) C
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R/Ri(X) C R whereas, vice versa, Y € R implies X [[Y € R/X x X € R,
and thus using X < X [JY and the maximality of X/X > X x Y and the
minimality of X- the equivalence of X and X [[Y/X x Y, we get

Y e R(X V) =Re(X)/Y € RiX xY) = Ry(X).

In particular, if C contains only finitely many equivalence classes with respect
to the equivalence relation <, or if, more generally, any class R C C contains
at least one maximal/minimal object with respect to <, then any r-closed
/l-closed class R C C is of the form R, (X)/R;(X) for some X € R.
In order to apply the foregoing to GSet, we first give the following.

Definition 9.1.3 For any S € GSet, define U(S) = {H < G : SH +# (}.
Note that U(S) is subconjugately closed, i.e., contains with any H < G also

el
any H' < H.

Theorem 9.1.1 (i) If S, T are GSets, then S < T if and only if U(S) C
U(T). Hence SOT if and only if U(S) = U(T), and there are only

finitely many equivalence classes with respect to < in GSet.

(i) Any r-closed (resp. l-closed) class of G-sets is of the form R.(S) (resp.
Ri(S)) for some G-set S.

PROOF We only have to prove the first part of (i) since (ii) and the
second part of (i) follow easily from the above remarks.
Let S < T, and let ¢ : S — T be a G-map. Since p(SH) C TH, the
assumption SH # () implies TH # (. Thus U(S) C U(T). On the other hand,
if US) CU(T), let S = U, (G/H;) for some H; < G. Then, H; € U(S) C
U(T), and so, G/H; < T. So, S = U™, (G/H;) < T by definition (9.1.2). [

Remarks 9.1.3 Let U be a collection of subgroups of finite group G, and
let SU) = UpeyyG/H. Then, U(SU)) = U where d = {H < G : 3H' €
U with H < H'} is the subconjugate closure of U since (UgeyG/H)C #
) < 3IH' €U with (G/H")H # () iff there exists H' € U with H < H'. In
particular, U = U(S(U)) = U if and only if U is subconjugately closed.

Now define a relation ~ on sets of subgroup of G by A ~ B if and only if

A = B. Then ~ is an equivalence relation. The following facts now emerge:
(i) For any G-set T', one has TOSU(T) since U(SU(T))) = U(T).

(ii) There exists a one-one correspondence between <¢-equivalence classes
of G-sets, r-closed classes of G-sets, ¢-closed classes of G-sets, subcon-
jugately closed sets of subgroups, and ~-equivalence classes of sets of
subgroups.
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Definition 9.1.4 Let B be as in definition 9.1.1, M : B — D a Mackey
functor, X a B-object. Define Mx : B — R— Mod by Mx(Y) = M(X x
Y). Then Mx is also a Mackey functor where M%(f) = M*(idx x f) and
The projection map pr = pry : X XY — Y defines natural transformations of
bifunctors 6% = 03, : M — Mx where 0X(Y) = pr* : M(Y) — M(X x Y),
and Ox = 0¥ : My — M where 0x(Y) = pr. : M(X xY) — M(Y). The
functor M is said to be X-projective (resp. X-injective) if fx (resp. 6%) is
split surjective (resp. injective) as a natural transformations of bifunctors,
i.e., there exists a natural transformation ¢ : M — Mx (resp. ¢’ : Mx — M)
such that Ox ¢ = idys (resp. 0% = idyr), in which case ¢ : M — Mx (resp.
¢ Mx — M) is spht 1nJectlve (resp. surjective).

A sequence M’ % M % M” of functors in [B,D] is said to be X-split if
MY XMy B MY splits where

(V)= (X xY): My(Y) =M (X xY) = M(X xY) = Mx(Y)

and ¢% defined accordingly, i.e., if there exist natural transformations ¢’ :
Mx — MY and ¢" : MY — MX with ¢ " + "¢ = iduy.

Proposition 9.1.1 (a) For any Mackey functor M : B — D, the sequences

GX
00— M — MX
and )
MX = M —0
are X-split, and Mx is X-projective as well as X-injective.

(b) For any Mackey functor M : B — D, the following statements are equiv-
alent:

i) M is X-projective.

(

(ii) M is X-injective.

(iii) M is isomorphic to a direct summand of Mx.

(iv) M is a direct summand of an X-injective Mackey functor (i.e.,
there exists an X-injective functor M’ and a split-injective natural
transformation M — M’ or equivalently a split-surjective natural

transformation M’ — M),
(v) M is a direct summand of an X-projective Mackey functor.
(vi) For any X-split sequence N’ % N” — 0 of Mackey functors and

any natural transformation " : M — N, there exists a natural
transformation ¢’ : M — N’ with ¢ = p o).
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(vii) For any X-split sequence 0 — N’ YN of Mackey functors and
any natural transformation 1)’ : N’ — M, there exists a natural
transformation " : N — M with ¢/ =" o).

(c) The class By of objects X € B such that M is X-projective is ¢-closed
in the sense of definition 9.1.2. Thus, if B contains only finitely many
O-equivalence classes, then there exists for any Mackey functor M an
object X € B unique up to ¢-equivalence such that M is Y-projective
if and only if X < Y. Such an object X will be called a vertezr or a
vertex-object for M. In particular, if B = GSet, then for any Mackey
functor M defined on GSet, there exists a unique subconjugately closed
class of subgroups U = Uys such that M is Y-projective if and only if
YH £ () for all H € U. U will be called the class of vertex-subgroups of
M.

PROOF

(a) For any product X; x --- x X,, of n objects in B, let us denote by
pri = pri(X1, ..., X,) the " projection morphism X; x - - x X,, — Xj.
For any object Y, let us identify the morphisms Y —% X7 x --- x X, of
Y into X7 X --- x X, with the family of morphisms (¢1 X -+ X @) =
(priog,...prpop) of Y into the X;: ¢ = @1 X - X @0 = (01, -, ¢n)-
In particular, if Y = Y7 x --- x Y,, is itself a product, and if for any
i=1,...,n,anindex j(i) € {1,...,m} and a morphism ; : Yj;) — X;
are given, then ¥1prj1)(Y1,..., i) X - Xnprjmy (Y1, .., Yy ) denotes
the (unique) morphism ¢ : Y7 X --- x ¥, — X3 X -+ x X,,, for which
all the diagrams

}/lx"'XYmLXlX"'XXn

\\prj(i) lph

i
Yii) —————X;

(i=1,...,n) commute.
Thus the natural transformation 6% = 655 : M — My is given by the
family of morphisms

oX(v): M) ™ P vy = M(X x YY), and
the induced natural transformation

(QX)X ZMX — (Mx)x
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(b) The implications “(i) = (i
iv
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is given by

(OF)x(Y) : Mx(Y)

— M(X X Y) M*(pTl(X,X,Y—));pT‘g(X,X,Y))

= (MX)X (Y), while

M(X x (X xY))

the natural transformation

01, : Mx — (Mx)x is given by

O, (Y) : Mx(Y)

=M(X xY) M*(PTZ(X7X,Y_)>)<pr3(X,X7y))

= (Mx)x(Y),

M(X x (X xY))

and a left inverse of both, (037)x and 63;_, is given by

a: (Mx)x — Mx : (Mx)x(Y) =

_ M(X % X x Y) M*(prl(X,Y)Xpﬂ}X,Y)Xprg(X,Y)) M

(X xY)

since for both ¢ = 1 and ¢ = 2 one has

M™(pri(X,Y) x pri(X,Y) X pra(X,Y)) o M" (pr;(X, X,Y) x pr3(X, X,Y))
= M"(pri(X, X,Y) x pr3(X, X, Y)) opr1(X,Y) x pr1(X,Y) x pra(X,Y))
=M "(pri(X,Y) X pra(X,Y)) = M*(Idxxy) = Tdnr(xxyy-
Similarly, the same morphism X x Y pra(X,X,Y ) xgra(X,X,Y) XxXxY
gives rise to a right inverse of (0 )x : (Mx)x — Mx and of (83/*)x :

M X
(Mx)x — My. Thus 0 — M 2 My and My 2% M — 0 are X-
split, and Mx is X-projective and X-injective for all Mackey functors
M.

ii)” and “(ii) = (iii)” follow directly from
the definitions, “(ili) = (iv)” and “(iii) = (v)” follow from (a), “(iv)
= (ii)” (resp. “(v) = (i)”) follow from the fact that for any natural
transformation 7 : M — M’ (resp. 7 : M’ — M), and we have a
commutative diagram

M—T>M/

eﬁl lef{,

TX ’
My —2= MY,
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(resp.)
M~ My
A
M ——— M

so that the existence of left inverse 7" : M’ — M of 7 and left inverse
a: My — M’ of 05, (resp. aright inverse 7 : M — M’ of 7’ and a right
inverse 3 : M’ — MY of 0)") imply the existence of the left inverse

T oaorx : Mx — M of 03 :M — My

since

T oaoTx ol =T oaoly,or =7 o1 =Idyy:

) T —— M’
- '

1

1

Gfl 01}\(4/ @

1

1

!

My —— MY,

(resp. the existence of right inverse 75 o Bo7 : M — Mx of 0¥ :
Mx — M, Sinceeé\(/[OTfXOﬁOT:T/OG{)\g/OﬁOT:TIOT:IdMZ

T/
My —= Mx
A
By 0¥ oy
: T
M 2--------- M

Applying (vi) to the X-split sequence Mx 9% M — 0 and the identity
M — M shows that (vi) implies (i). Similarly, applying (vii) to the
X-split sequence 0 — M L My and the identity M — M shows (vii)
implies (ii). Finally, if N’ 5 N” — 0 is X-split, then px : N — N¥
has a right inverse o : N§¥ — N%. So, if ¢ : M — N” is a natural
transformation, and if 6% : Mx — M has a right inverse 3: M — My,
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then, considering the commutative diagram

N/ - N

" ON,
we see that ¢/ : M — MXkNéé % N% % N’ is a natural

transformation with ¢ o ¢y’ = 9", i.e., (i) implies (vi). And similar-
ly, if 0 — N’ 2% N” is X-split, then ¢y : Nk — N% has left inverse
a: NY — N%. So, if ¢/ : N' — M is a natural transformation and if
Gﬁ : M — Mx has a left inverse 8 : Mx — M, then considering the
commutative diagram

N’ ¥ - N

we see that ¢ : N = Oy N % Nk v = Mx P, M is a natural transfor-
mation with ¢/ o ¢ =1, i.e., (1) 1mphes (vit).

(¢) If X <Y, then any morphism X — Y induces a commutative diagram
of natural transformations

My — 2~y

N A
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Thus, if X € By, ie., if 0x : Mx — M is split-surjective, so is Oy :
My — M,ie, X € Cyy and X <Y implies Y € By, .

If M is X- and Y-projective, then the right inverse o : M — Mx of
Ox : Mx — M induces a right inverse ay : My — (Mx)y = Mxxy
of (Ox)y : (Mx)y = Mxxy—ny, 50 M — being a direct sum in My
because of Y € B, — is also a direct summand in Mx «y and therefore
X x Y-projective, i.e., X, Y € By implies X x Y € By,.

The rest follows from definition 9.1.2.

[

Remark 9.1.1 By applying proposition 9.1.1 to the Mackey functors
He(—,B) : GSet — Z — Mod as defined in 9.1.1, one easily obtains the
various equivariant characterizations of relative projective (or injective) G-
modules (see [39, 49, 64]) and their vertices (see [47, 64]).

9.2 Cohomology of Mackey functors

In this subsection, we will derive a more refined machinery using relative
homological algebra to draw further consequences of X-projectivity, which
in particular will allow us to compute M(Y) as the difference kernel of the
two maps M(Y x X) = M(Y x X x X) induced by the two projections
priXpri Y X X x X —-Y x X, (i = 2,3), whenever M is an X-projective
Mackey functor.

Later on we will show how X-projectivity can be established for various Mack-
ey functor M and appropriate objects X, so that our homological results can
be put in use.

Definition 9.2.1 For any object X € B, one has a simplicial Amitsur-
complex

Xi+1 . Xi+2

fo fo )
o x+—"—xX

D —
T

where ff s XL — XU eliminates the (j + 1)%¢ factor in X, ie., ff =
Pri X ... X prj X prijyo X ... X prigq.

Thus, the natural transformations 6% : M — Mx and 0x : Mx — M can be
considered as the beginning (or the end) of an infinite complex, namely, the
“augmented” Amitsur-complexes

X 1 i
.A*(M):.A;((M)O—?MG—)MXd—)sz—?—>MX2 d—>MXi+1—>...
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or

X X dy d;
.A*(M):.A* (M)0<—M<—MX <—MX2 <—...<—MX2 <—MXi+1 — ...

with di = Z;ZO(fl)jf;* and d; = Zj‘:o(ﬁl)j . where by abuse of notation,
[;* denotes the natural transformation f;* : Mxi+1 — My: given by f;(Y) =
Pri X ... X prj X prijqa X ... X Prip1 X pri4a:
Mxini(Y)=MX x...x XXY) > Mxi(Y)=MXx...xX
——— ——

i+1 times 1 times

(Y € B) and f}, : Mxi — Mx:+1 is defined correspondingly.
If we cut off the augmentation

GX
0—-M — Mx... and

0X
0—M— Mx...,
we get the non-augmented complexes

HA (M) = Hie (M) : 0—M 25 My 25 My Lo

Ho (M) = HX (M) : 0 <2 My &2 My 22

whose homology Mackey functors will be denoted by H?M and H; M, or more
precisely by H% M and HXM:

H'M = Kerd™ /Imd".

H;M = Kerd;/Imd; 1.
Note that the augmentation defines homomorphisms M — HOM, HoM — M.

Definition 9.2.2 One can “splice together” the two complexes A*(M) and
A (M) via the augmentation to get a doubly infinite complex
M

Ox .~ N\0X

—1__ 0
HM) =M (M)t — My "= Mx S My — Myz — -,

the “Tate —AAmz'stur—complex”, whose cohomology Mackey functors will be

denoted by H'M = Kerd™*!/Imd, with i € Z with d° now denoting the map
x .. . n

Mx o, M Ox Mx. Note that H'M = H'M for ¢ > 1 and that H'M =

H_i—1M fori < —2, whereas there are exact sequences

0— H M — HoM

and R
HM — H'M — 0.
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Definition 9.2.3 From standard techniques in homological algebra (see, e.g.,
[31, 86, 140, 238]), it is obvious that any natural transformations 6 : M — M’
of Mackey functors induces natural transformations between the associated
complezes and thus between the (co-)homology functors:

HO : HIM — HIM',
Hzﬂ : HiM — HiMI,
HO: H M — H M.
0//

Moreover if we define a sequence 0 — M’ o
functors to be X-exact if for any Y < X the sequence

M" — 0 of Mackey
0//(Y)

0— M'(Y) ™0 ) 2 mr(vy —o

is exact, then for any such X-exact sequence, the associated sequences of com-
plexes

0—-HM —H"M - H*M" —0
0—HM —HM—HM" —0

and

0—HM — HM — HM" —0
are exact and thus give rise to a long exact sequence
0—HM — HM - H'M" - H'M' — ... H'M —HM—HM" —
—HPM — o > HM — H M — HiaM — - — H M —
HoM' — HoM — HoM" —0 and - —H'M — H'M" — HTM — ...
Theorem 9.2.1 (a) The complexes A*M, A.M, and HM are X-split.
(b) If M is X-projective, then H'M = H;M = 0 for i > 1, HIM = 0 for
i€Z, and HOM = HoM = M.
PROOF
(a) The complex (A*M)x = A*(M)x looks basically like A*M, except for

a dimension shift by —1 and the elimination of the maps fix My —

Mxi+1 in the alternating sum defining d;l. We claim that that map
(=) R™ : Mxivn — My

defined by

Rt =pri x pro X ... x pry X pri : Xt — X1
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is a splitting of (A*M)x, i.e., it satisfies
dg{—l((_l)iqtlhi*) =+ (( )z+2hz+1*)d _ IdX1+1

This follows from

i—1 i—1
diflhi* — ( (_1)]f;*)h1* — Z(_l)j (hlf;)*,
j=0 Jj=0

i—1 i—1

hi+1*dé< — hi+1* Z fz+1* — Z(_l)g (f;_'-i-lhiqu)*7

J=0 j=0
hzf; = f;+1hi+1 =pri X ... X prj X prijjyo X ... X Priyq XH_l — XH_l
for j=0,...,i—1and
f_1'+1hi+l — Id . Xi+1 N Xi+1
; : .
The same argument applies to (A, M)x and — by splicing together these
two splittings — to (HM)x

(b) Without loss of generality, we assume M = Mx, in which case the state-
ments follows from (a) and A*(Mx) = (A*M)x, A.(Mx) = (A.M)x,
and H(Mx) = (HM)x

[

Corollary 9.2.1 For any X < Y we have H{, M (Y) = HXM(Y) = 0 for
i>1, HYM(Y) =HEM(Y) = M(Y) and Hx M(Y) = 0 for i € Z.

PROOF 1If ¢ : Y — X is a morphism, then Idy X ¢ : ¥ — Y x X is
a right inverse of pr; : Y x X — Y, and so, for any Mackey functor N, the
group N(Y) is a direct summand of N(Y x X). So, without loss of generality,
we may replace Y by Y x X. But then

HMY x X)2H Mx(Y)=0

and
HM(Y x X) = H;Mx(Y)=0
fori > 1,
HOM(Y x X) =H'Mx(Y) = Mx(Y)= MY x X),
HoM (Y x X) =HoMx(Y) = Mx(Y) = M(Y x X)
and

H MY x X)=H'Mx(Y)=0 foric Z.
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Corollary 9.2.2 If M is X-projective, then M is canonically isomorphic to
the difference kernel of the natural transformations Mx = Mxxx and to
the difference cokernel of the two natural transformations Mxy«x — Mx
associated with the two projections X x X — X.

Remarks 9.2.1 (i) If RXM denotes the cokernel of X : M — Mx and
Rx M denotes the kernel of 8x : Mx — M, then the sequences

0= M= My - RXM —0 and 0« M <% My — RxM — 0

are X-split and therefore exact at any ¥ < X. So, the long exact
sequences associated with them together with the triviality of H’Mx
give rise to canonical isomorphisms H~'(RX M) = H'M <« H(Rx M).
Thus, to deal with the Tate - Amitsur cohomology of Mackey functors
one uses the technique of dimension shifting as usual.

(ii) Using standard techniques of homological algebra (see [31, 86, 140, 238])
one can show that for any X-split complexes

OHMHMOHdl Mlﬂdz...

or
0 M — My <% M, 9% .

with M, M?',... and My, My, ... being X-projective, one has canonical
isomorphisms H'M = Kerd™! /Imd* and H;M = Kerd,;/Imd;.1 (with
d®:0— M°and dy : M° — 0). Thus our cohomology functors can also
be defined by certain universal properties as derived functors (see [86,
140, 238)).

Theorem 9.2.2 IfY < X and if p: Y — X is some morphism from Y into
X, then the induced natural transformations

Hi M & HL M
and
HXM % HY M

do not depend on the chosen morphism ¢, and any morphism ¢ : X — X
induces the identity on HX M and H M.

PROOF  Let x € M(X' x Z) be in the kernel of d; = Y (=1)7f], :
5=0

Mxi(Z) — Mxi+1(Z), then ¢, : Y — X be two B-morphisms, let h; :

Y? — X1 denote the morphism pri x ppra X ... X @prj X hprj X ... x ¥pr;

(j=1,...,4) and let g} : Y* — X* denote the morphism

Opry X X ppry X priz XX gpry (J=1,...,19).
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Thus we have commutative diagrams:

_ g .
Y? X
N

(1<j<9)

Xi+1
. 95 , o
Y xi (0<j<i-—1)
Xi+1

T . .
yi ——=yi-1 0<j<k-1<i-1)

i i—1
b

Xi+1 _— Xz
£

and
1—1

yi — 1 yri1 (1<k<j<i)

Xi—i—l _ Xz
£

Now consider the double sum:

7 A

D CDRRE (Y (-1 [ ().

k=1 j=0

On the one hand, this sum is zero since x € Ker(zzzo(fl)jf;*). On the
other hand, we can compute it by splitting it into the four partial sums k = j,
k=j+1,k <1 and k£ > j+ 1. Using the commutativity of the above
diagrams, our double sum becomes:

i i i j—1
S DM@+ D (1) g () + (=DM 70 (b () +
k=j=1 j=0 =2 k=1

k=j+1

i—2 i
0 > DT () = (0 (2) + -+ gl ()

7=0 k=j+2
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i—1 j
7(96*(I)++92i1(117)) +Z( +1f1 1* Z hz 1* )
J=1 k=1
i—2 o i—1 .
HY WY ()M () =
g=0 k=j+1
. X i—1 i—1
= QZ* (fE) - gé*(w) 4+ Z fl 1* Z hz 1* )
Jj=0 k=1

So, gi*(z) = (¢ X ... x )*(x) differs from gi*(z) = (¢ x ... x ¥)*(z) by
an element in the image of d;—1 = Z; E( 1) f; 1 only, so both define the
same element in H'~*M(Z).

Similar reasoning shows that (¢ X ... X @), and (¢ x ... x ¢).(x) define the
same map from HY ;M (Z) into H¥X M (Z).

Note that, in general, ¢ : ¥ — X does not define a morphism ¢, : H3-M —
H% M, nor a morphism ¢* : HX M — HX M.

Examples 9.2.1 (i) Let G be a finite group and B a ZG-module, B =
Hea(—, B) the Mackey functor associated with B as defined in, e.g.,
9.1.1(1). The (co-)homology groups Hi B(x), HXB(x), Hi B(*) coin-
cide with the standard (co-)homology groups H!(G, B), H;(G, B), and
Hi(G, B) of G with coefficients in B, when X = G/e.

More generally, one has, for X = G/e,

HyB(G/H) ~H!(H,B),

HXB(G/H) ~ H;(H,B),

and

HB(G/H) ~ H'(H, B)

for any H < G and for H' < H < G the maps between H'B(G/H),
H,B(G/H), and H'B(G/H) on the one side and H'B(G/H'),
H,B(G/H'), and H'B(G/H') on the other side induced by G/H' —
G/H : xH' — xH to coincide with the standard restriction and core-
striction maps between H'(H, B), H;(H, B), and H!(H, B) on the one
side and H'(H', B), Hi(H', B), and H'(H’, B) on the other.

Also, if H < G, with quotient group G/H = G, then

M B(x) = (G, B); My yB(x) ~ H'(G, BY),

My B(x) ~ M (G, BY)

with B ={be B:gb=0b forall g€ H} considered as a G-module
in the natural way.
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(ii) Let C = GSet and S = Uy ey G/ H where U is the collection of subgroups
of G. If M : GSet — Z — Mod is a Mackey functor, then by the
identification M(G/H) ~ M (H), discussed in remark 9.1.1, the map
M(x) — M(S) associated with the unique map S — * coincides with
M(G) — [ M(H). Now, 9.2.2 says that for M being S-projective, the

sequence:
0 — M(G) ~ M(x) ~ [[ M(H) — M(S x 8)
Helu
[T M@#HNgHg™)
HgHCG
Heu

is exact, and so, M (G) is isomorphic to the difference kernel or equalizer
of the two maps M (S) — M (S x S) induced by the projection maps S x
S — S. This difference kernel in turn can be shown to be isomorphic to
@HGUM(H) —U — the subconjugate closure of i — where by definition
limg, M (H) is the subgroup of all (x7) € [, M (H) such that for any
H',H € U and any g € G with gH'g™! C H, we have M (p)(zg) = xg
where ¢ : H' — H, h — ghg™'.

In other words, for any S-projective Mackey functor M, it is possible to
compute M (x) = M(G) in terms of the M (H) with H € U.

9.3 Green functors, modules, algebras, and induction
theorems

Throughout this section, B is a category with final object, finite pull-backs,
and finite coproducts, and D is R-Mod for some ring R with identity.

Definition 9.3.1 Let L, M, N : B — D be three Mackey functors. A pairing
I =<,>: L xM — N is a family of R-bilinear maps <>x= I'x : L(X) x
M(X) — N(X) (where X € obB) such that for any B-morphism f: X —Y,
the following hold:

(i) (< a,b>y) =< f*(a), f*(b) >x (a € L(Y), be M(Y)).
(ii) fo(< f*(a),c >x) =<a, fu(c) >y (a € L(Y), c€ M(X)).
(111) fo(< d, f*(b) >x) =< fu(d),b >y (de€ L(X),be M(Y)).

Here, fi (resp. f*) means the covariant (resp. contravariant) part of the
relevant Mackey functor applied to f.

Note that (i) and (iii) above may be regarded as an axiomatization of the
Frobenius reciprocity law (see [38, 39]) .
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9.3.1 The following statements are more or less direct consequences of the
above definition:

(a) Let <,>: L x M — N be a pairing of Mackey functors L, M, N : B — D,
and let f : X — Y be a B-morphism. For any Mackey functor Q :
C — D, let I;Q C Q(Y) denote the image of Q(X) —% Q(Y), and let
K;Q C Q(Y) denote the kernel of Q(Y) —/~ Q(X). Then:

(i) < KfL,M >y, < L,KfM >y C KfN,
(i) <I;L,M >y, < L,I;M >y C IyN,
(iii) < KfL,IfM >y, < IfL,KfM >y=0.
(b) Any pairing L x M — N of Mackey functors induces a pairing L x

Mx — Nx (X € ObB), and for any B-morphism g : Z — X we have
commutative diagrams:

LXMx—>NX and LXMz—>NZ

lidxg* lg* lidxg* l(]*

LxMy; —— Ny Lx My — Mx

In particular, any pairing L x M — N of Mackey functors induces pairings
Lx R*M — RXN and L x RxM — RxN, and thus, if RIM = R\ M
is defined inductively by R'M = 0, R""'M = Rx(R'M) for j >), and
RIZIM = RX(R/M) for (j < 0), it induces pairings R°'L x R*M — R'(RIN),
i,j € Z.

(c) Any pairing L x M — N of Mackey functors induces pairings H°L x
HOM — HON and HOL x H'M — HON (with H® = H% and H° = HS for
some X € obC). The commutativity of the diagram

<>XXY

LIXXY)x M(X xY) N(X xY)
l L*(priXpr3)x M* (pr; Xprs) \\N*(prixprg)

L(X><X><Y)><M(X><X><)</)> ——= N(X xX xY)

XXXXY
(i = 1,2) implies that <,>xxy maps H°L x H°M into H°N, whereas for

a€L(XxY)and be H'M(Y) C M(X xY), the Mackey axiom, applied to
the pull-back diagram

XxXxY "M x vy

f_lprl Xprs3 lprz

XxY Y

pr2
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together with the Frobenius reciprocity and ¢g*(b) = f*(b) imply

< pro(< prox(a)),b > = < g.(f*(a)),b >
= g« < f*(a), g"(b) >= g« < f*(a), f*(b) >

=g.f" <a,b>=pripro. < a,b>,

so the above pairing L x M — N induces a pairing H°L x H'M — HON
which — by the same argument applied to a € M(X xY) and b € H'L(Y) —
even induces a pairing HOL x HOM — HON.

(d) In consequence, any pairing L x M — N of Mackey functors induces
pairings

HLx H'M =H(RT'L) x HO(R'M), H*(R"/(R™/N)) = H!(R’N)
= H'TI(N).

A perhaps more direct way to construct a pairing H'L x HIM — HTIN,
i,7 > 0 (which in case i,j > 0 coincides with the pairing H'L x HIM —
H””N defined above, is the following: to avoid notational confusion let us
construct a pairing H% L x H4 M — HH” N since the $-equivalence of X and

X x X defines a canonical isomorphism between H%’ N and Hy7 N

So, let ¢; : (X x Y)iJ — X* denote the projection of (X x Y)"* onto
the first i X-factors, and let ¢; : (X x V) — Y% denote the projection
onto the last j Y-factors. Then our pairing <,>: L x N — N together with
the maps ¢; : Lxi — LH'JY and ¢; : My: — M3y, induces a pairing

Lyi x My: — N;ijy, which maps

Ker(Lxi) — Lxi+1) x Ker(My: — Myi+1) into KeT(N)i;LXjY — N;;ij)tl)

and
Im(Lxi-1 — Lxi) x Ker(My; — Myj+1)

as well as
Ker(Lx: — Lyit1) x Im(My;—1 — My;) into Im(N/yH — NI
Thus, induces indeed a pairing
Hi L x Hiy M — HFI N

Definition 9.3.2 A Green functor G : B — R-Mod is a Mackey functor
together with a pairing G X G — G such that for any B-object X, the R-
bilinear map G(X) x G(X) — G(X) makes G(X) into an R-algebra with a unit
1 € G(X) such that for any morphism f : X —Y, one has f*(1g(yvy) = lg(x)-
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A left (resp. right) G-module is a Mackey functor M : B — R— Mod together
with a pairing G Xx M — M (resp. M x G — M) such that for any B-object
X, M(X) becomes a left (resp. right) unitary G(X)-module. We shall refer
to left G-modules simply as G-modules and call M a Green module over G.
Let G,G’ : B — R-Mod be Green functors. A (Green) homomorphism from
G to G’ is a natural transformation # : G — G’ such that, for any B-object X,
the map 0x : G(X) — G'(X) can be used to define a G-module structure on
G (e, 0:GxG — G :0x:G(X)xG(X)— G (X)) (x2)— Ox(z)i
such that the multiplication becomes G-bilinear.

On the other hand, given a G-module structure p : G x G’ — G’ such that the
multiplication G’ x G’ — G’ is G-bilinear, then the map

ﬁ5g —)Ql Px : Q(X) Hg/(X) X I—>p(:17,1g/(X)) =x- 19’(X)

is a (Green homomorphism from G to G’. Moreover, (§)~ = 6, (p) = p, and so,
we have a one-one correspondence between bilinear G-module structures on G’
and homorphisms G — G’. A Green functor G’ together with a homorphism
0 : G — G’ is called a Green algebra over G or just a G-algebra.

Examples and Remarks 9.3.1 (i) We mentioned in 9.1.1(iii) that for C
any exact category, G finite, profinite, or compact Lie group, then for
alln >0, K&(—,C) : GSet — Ab is a Mackey functor. If C possesses
a further associative composition ‘o’ such that C is distributive with re-
spect to '@’ and ’o’, we also have that K§'(—,C) : GSet — Ab is a Green
functor (see chapters 10 - 12). For finite and profinite group actions, we
shall study in chapters 10 and 11 the situation when C = P(R), R any
commutative ring, C = M(R), R a commutative Noetherian ring.

For G, a compact Lie group, we shall focus attention on C = P(C), the
category of finite-dimensional complex vector spaces.

(ii) Let G be a discrete group, G a finite group, and ¢ : G — G1 a group
epimorphism. Then ¢ induces a functor ¢ : G;Set — GSet given by
S+ S| where S|g is obtained from S by restriction of the action of
G1on S to G via ¢, e, for s €S, g € G, gs = ¢(g)s.

If a: S — T is a Gi-map, then a is also a G-map aj¢ = ¢(a) : Sjg —

Tig. Hence we have a canonical functor S iﬁ given by § — S;
(g,5) — (¢(g), s). If C is an exact category, then ¢ induces an exact func-
tor [S,C] — [S)g,C], which associates to any ¢ € [S,C] a G-equivariant
C-bundle (g over S|g. Note that (| has the same fibers as ¢ with
G-action defined by restriction of Gj-action to G via . Hence, we have
a homomorphism ¢ : K¢(S,C) — KS(S‘G,C) of K-groups. In partic-
ular, if § = G1/G1, then S| = G/G, and we have a homomorphism
K% (G,/Gy,C) — K¢ (G/G,C).

(iii) Recall from (1.4.5) that if G is a finite group, S a G-set, S the translation
category of S, then the Swan group Sw/((9)) := Ko[S, F((Z)]’ has a
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ring structure as follows: for M, N € [S, F((Z)] M @z N € [S, F((Z)],
and so, ®z induces a pairing Sw’ ((5)) x Sw/((S)) — Sw’((5)), which

turns Sw’((S)) into a commutative ring with identity. One can easily

check that Swf : GSet — Ab is a Green functor. If p:G— Grisa
group epimorphism where G is finite and G is discrete, then

Swl : GSet — Ab, S — Sw! (S5)

is a Green functor where S| is a finite G-set explained in (ii) above.
This set up will be used in chapter 14 in the context of equivariant
homology theories to extend induction results to discrete groups.

(iv) One can prove that if G : GSet — Z-Mod is a Green functor such that
G(S) — G(G/G) is surjective, and if 7 : M — N is a morphism of G-
modules such that 7¢ : Mg — Ng is an isomorphism, then 7: M — N
is an isomorphism.

Lemma 9.3.1 Let G : B — Z-Mod be a Green functor, M a G-module,
f: X =Y aB-morphism. Then in the notation of 9.3.1 we have:

(i) KyM and I;M are G(Y)-submodules of M(Y). In particular, I;(G) =
f+(G(X)) is a two-sided ideal in G(Y).

(i) If fu : G(X) — G(Y) is surjective, then M (X) — M(Y) is split surjec-
tive.

(m) ngM(Y) CKiM, Ifg'M(Y) CI;M, ng~IfM = Ifg'KfM =0.
(iv) If g : Z — 'Y is any other B-map such that n-1g(yy € KyG+1,G for some

natural number n, then Ky M+I,M D n-M(Y), and n-(K,ZMNI M) =
0.

PROOF

(i) Follows directly from 9.3.1 (a) by putting L = G, M = N. The second
statement follows by putting L =M = N =G.

(ii) Define g : M(Y) — M(X) by a — fr*(a) where a € G(X) is such that
£o(7) = 1givy. Then, fulg(@) = fo(rf*(a)) = fo(r)a = la = a as
required.

(iii) The three statements follow directly from 9.3.1 (a)(i), (ii), and (iii),
respectively, by putting L =G, N = M.

(iv) n- M(Y) = n-lgyy - M(Y) C (KfG + L,GM(Y) = K;GM(Y) +
I,GM(Y) C KM + I,M.
Also n- (KgM NI M) = n- g0y (K,M NI M) € (K7G+ 1,G) (K, M N
IfM) C K;G-I;M + 1,G - KM = 0.
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I

Remarks 9.3.1 Assume, as in lemma 9.3.1(ii), that f. : G(X) — G(Y) is
surjective. Then we have the following facts :

(i) If M(X) =0, then M(Y) = 0.

(ii)) If 8 : M — N is a natural transformation of G-modules, and 0x :
M(X) — N(X) is surjective (resp. split-surjective, injective, split-
injective, or bijective), then so is fy : M(Y) — N(Y).

(iii) f M' - M — M" is a sequence of G-modules and M'(X) - M(X) —
M"(X) is exact (resp. split-exact) then so is M'(Y) — M((Y) —
M (Y).

Theorem 9.3.1 Let G : B — R-Mod be a Green functor, X a B-object,
[ X — * the unique B-morphism from X to . Then, the following assertions
are equivalent:

(i) f«: G(X) — G(x) is surjective.
(i) G is X-projective.

(iii) Any G-module M is X -projective.

PROOF  (iii) — (i%): since G is a G-module,

(i4) — (4): since by the definition of X-projectivity, Gx(x) — G(%), i.e.,
G(X) — G(x) is split-surjective,

(i) — (i14): choose a € G(X) with f.(a) = 1, and define a natural trans-
formation n : Mx — M by n(Y) : M(X xY) — M(Y) : b — q.(p*ab)
where p = pry : X XY — X and ¢ = pro : X XY — Y are the t-
wo projections. Then, n is a natural transformation of Mackey functors.
Moreover, 1 is left inverse to % : M — My since, if ¢ € M(Y), we have
n0% (Y)(c) = ¢« < p*a,q*c >=< q.p*a,c > by 9.3.1 (iii), and by considering
the pull-back diagram

XxY >y
P Jg
f
X —— %
we have q.p*a = g*f.a = g*1 = 1. So, 76X (X)(c) = c as required. I

Remarks 9.3.2 In chapter 14 we shall see that an important criteria for the
G-homology theories HE : GSet — Ab is that it is isomorphic to some Mackey
functor GSet — Ab.
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Corollary 9.3.1 Let G : B — R-Mod be a Green functor, M a G-module,
and X a B-object such that G(X) — G(x) is surjective. then H'% (M) =0 for
all n € Z, and the (augmented) Amitsur complexes

0—-M—>Mx - Mx2 — ...

and
0—M— Mx «— Mx2 «— ...

are split exact.

Remark 9.3.1 Let G : B — R-Mod be a Green functor, X,Y B-objects.
Then, G(X) — G(x) and G(Y') — G(x) are surjective if and only if G(X xY) —
G(x) is surjective.

Remark 9.3.2 If G is a Green functor and M a G-module, then the pairings
defined in 9.3.1 and 9.3.2 induce pairings H'G x H'M — H*IM (i,5 > 0)
and HIG x HIM — HHIM (i,7 € Z). In particular, putting i = j = 0
and M = G, we see that H°G and 7:{09 are Green functors and that H‘M
(j > 0) and HIM (j € Z) are H°G and H°G-modules, respectively. Thus, if
for f: X — xand g:Y — x*, one has

n-lg € KyG+1,G,  therefore n-1y0 g, € I,HYG.

It follows that n annihilates Kgﬂxg for all ¢ € Z. In particular, in case
f =g and thus K,H} = MG, the assumption n - la € KfG +1,G implies
n-H'G =0 for all i € Z.

9.4 Based category and the Burnside functor

(9.4)4 Burnside ring of a based category

Definition 9.4.1 Let B be a category with finite coproducts [ and an ini-
tial object B. A B-object X is said to be indecomposable if and only if
X = X1[[Xe = X1 =0 or Xo = 0. For example, if B = GSet, S is
indecomposable if and only if S is simple and any simple G-set is isomorphic

to G/H for some subgroup H of G.

9.4.1 A category B is said to be based if

(i) B has a final object #, finite coproducts, and pull-backs. (Note that this
implies also the existence in B of an initial object # and products []).
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(ii) The two squares in a commutative diagram

v, 2N oz 2y,

Lo

XXX 2 X,

are pull-backs if and only if the upper horizontal arrows in the diagram
represent Z as a coproduct (sum) of Y7 and Ys.

(iii) There exists only a finite number of isomorphism classes of indecompos-
able objects.

(iv) If X)Y are indecomposable B-objects, then B(X,Y) is finite and
Endg(X) = Autp(X), i.e., B is a finite ET category.
Any set I of representatives of the isomorphism classes of indecom-
posable B-objects is called a basis B. Since by (iv), for X, X’ € I,
X < X’ < X implies X ~ X', it means that I contains precisely one
object out of any <-equivalence class of indecomposable objects. We
shall sometimes write (B, I) to denote a based category with basis I.

Remarks Since there are only a finite number of <$-equivalence classes in
B, any Mackey functor M : B — R-Mod has a vertex or defect object X.
Moreover, the $-equivalence class of X is uniquely determined by the finite
set D(M)={Z €1:Z < X}, which is called the defect set of M.

Examples 9.4.1 (i) GSet is a based category with basis I = {G/H : H <
GV, the prime indicating that one has to take one subgroup H out of
any conjugacy class of subgroup.

(ii) If B is a based category with basis I, and if X is a B-object, then B/X is
also based with basis I/X = {¢: Z — X|Z € I}, modulo isomorphisms
in B/X. Here, for (Z,¢p: Z — X), (Z1,¢' : Z' — X)), two objects of
B/X, their sum is (Z][Z',¢]]¢’, Z]]Z' — X) and their products is
§:Z]][Z" — X where 6 is the diagonal map in the pull-back diagram

ZHXZ/L>Z’

N

A X

Hence GSet/X is based for any X € GSet.

(iii) If B is a based category and G is a finite group, then B¢ is also based.
Hence, the fact that GSet = FSetqg is based can be derived from the
fact that F'Set is based.

(iv) If B, B’ are based categories, so is B x B'.
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9.4.2 Note that if B is based category, property 9.4.1(ii) ensures that for
X,Y,Z € B, the natural map (Z x X)[[(Z xY) - Z x (X]]Y) is an
isomorphism (put Y1 = Zx XY, = ZxY,Z = Z(X []Y) in the commutative
diagram of (ii). Hence, it can easily be checked that the isomorphism classes
of B-objects form a semi-ring BT = Q7 (B) with respect to sums and products
where ¢ represents 0 € Q1 (B) and * represents 1 in Q1 (B). We denote the
associated Grothendieck ring K (B™1) by Q(B).

If X is a fixed B-object, then as already observed in 9.4.1(ii), B/X is a based
category and the isomorphism classes of objects in B/X also form a semi-ring
(B/X)T = QT (X) with respect to sums and products defined in 9.4.1(ii), and
we denote the associated Grothendieck ring K ((B/X)*1) by Q(X). If « is the
final object of B, then Q(x) ~ Q(B).

If B = GSet, then we shall write Q(G) for Q(GSet) and call this the Burnside
ring G. If S € ob(GSet), we shall write Q(S) for K(GSet/S). Note that
QG ~ Q(GSet/*) and that Q(S) = K§ (S, FSet) since [S, FSet]~ GSet/S.

Theorem 9.4.1 Q : B — Z-Mod is a Green functor.

PROOF Let ¢ : X — X’ be a B-morphism. We want to define additive
maps () = s @ QX) — QX') and Q*(¢) = ¢* : Q(X') — Q(X) in
such a way that ) becomes a Mackey functor. To do this, it suffices to define
additive maps @, : (B/X)T — (B/X')* and ¢* : (B/X")T — (B/X)T. Now,
for (Y,) € (B/X)™", define p.(Y,8) = (Y, p3:Y — X') € (B/X")*, and for
(Y,3) € (B/X')*", define o*(Y,3) = (Y;/X,E : Y;/ X — X) e (B/X)*"

where § =: 3 |, arises from the pull-back diagram

Y xX_ %
x T =Y

- ]

X X'

)

It can be easily verified that both maps are additive and extend to €2, and
so, £ is a bifunctor. To prove that € satisfies definition (9.1.1(ii)) (i.e., the
Mackey property), we observe from general category theory that in a diagram

Yﬁ’XlXXQLXQ
X

I
YT X1 7X

with the second square a pull-back, the first square is a pull-back if and only
if the rectangle is a pull-back.
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So, if (Y, «) € QT (X7), then

—_—%

V(@) = U (pa) = (pa)lv = Plalg) = 2.V (o).

So 2 satisfies the Mackey property.
Also by 9.4.1(iii), the map ¢} : QT(X; [[ X2) — Q7 (X;) induces a bijection

qr X q; : Q+(X1 HXQ) — Q+(X1) X Q+(X2),
the inverse map being given by
(Yi,j1: Y1 = X)x (Yo, jo : Yo — Xo — (Vi [ [ Yain [[ s vi [[ Y2 — X1 [ X2,

i.e., Q) satisfies definition 9.1.1(ii) (the additivity condition). So 2 is a Mackey
functor.

Finally, the ring structure on Q(X) defines the required map Q x Q — Q, and
so, €2 is a Green functor.

(9.4)5 Universality of the Burnside functor

Remarks and definition 9.4.1 Note that if R is a commutative ring with
identity, then R ® Q : B — R-Mod defined by (R® 2)(X) = R® Q(X) is
also a Green functor. We call R ® 2 : B — R-Mod the Burnside functor
associated with the based category 3. We shall prove the universality of the
Burnside functor in theorem 9.4.2 below.

Lemma 9.4.1 Let B be a based category and let M : B — R-Mod be a
Mackey functor. Then M, transforms finite sums into finite sums.

PROOF Since M* transforms finite sums into finite products, we have
M (@) = 0. This is because () can be considered as the sum of § and @ with
identities as the canonical maps of summands into the sum. Then, definition
9.1.1(iii) implies that M () —* <" M () x M () is an isomorphism, and
this holds if and only if M (@) = 0. Also since B satisfies (i) and (ii) of 9.4.1,

X LN X X — 0
the squares lid and l are pull-backs, and by applying
X — X[y XYY
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M to the squares we get a diagram:

M(X) M(Y)
M. M./
lzd M(X]IY) lm
M M\
M(X) M(Y)

where the composite diagonal maps are zero. Since
M*x M*: M(X[]Y) - M(X) x M(Y)
is an isomorphism, then
M, @M, : M(X)o M) - MX]]Y)
is also an isomorphism. I

Theorem 9.4.2 Let B be a based category. Then any Mackey functor M :
B — Z-Mod is in a natural way, an Q) module, and any Green functor G :

B — Z-Mod is an Q-algebra.

Note: The proof of theorem 9.4.2 will depend on the following lemmas 9.4.2,
9.4.3,9.4.4.

Lemma 9.4.2 Ifo: X — Y isaB-map (i.e., object of B/Y ), anda € M(Y),
define < p,a > in M(Y) by < ¢,a > = ¢.(¢*(a)). Then we have, for two
B-maps o : X' -Y, ¢ : X' = Y:

(i) <pll¥,a>=<g,a>+<¢,a>where p][[¢' : X[[X' = Y is
the sum of ¢ and ¢’ in B]Y.

(i) <p,a+ad >=<yp,a>+<p,a > forala,ad in M[Y).
(i) <pX ¢ a>=<p, < a>>=<¢ < pa>>.

Y
(i) <idY,a >= a.

PROOF
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(iv) Let i : X — XJ[ X', j: X’ — X ][ X' be the canonical imbedding so
that ¢ = (p][¢')i and ¢’ = (p ][ ¢’')j and hence

<@a>+<gad >
= ¢u(p"(a)) + @19 (a)
= (p[To)ii* [T a+ (][ ¢)wiei* (@ ][ ) 7a
= (][ ¢)-(ui* + g [ &)a
= ((pH(p')*(goH ¢ )*a by lemma 9.4.1
=< wHw’,a >

as required.
(i) < p,a+a’ > = p.(¢*(atd’)) = pup*atp.pd =< p,a>+ < p,ad >.

(iii) Using 9.1.1(ii) for the diagram

we have < ox ¢ha > = (px¢)(px¢)alpP)(¢P)a =
Y Y Y
(@' SP" )" a = i (P pu )" a = pup” < @la> =<, <@ a>>.
Also since ¢ X ¢’ ~ ¢’ X @, we have < p X ¢',a >=< ¢/, < p,a >> .
Y Y Y

(iv) Is trivial.

[

Remark 9.4.1 By lemma 9.4.2(i), the pairing <,>: Q7 (Y) x M(Y) —
M) : (¢,z) —< @,z > is bilinear and thus extends to a bilinear map
QY)x M(Y) — M(Y).

Lemma 9.4.3 Let B be a based category, o : X' — X a B-morphism, M :
B — Z-Mod a Mackey functor, Q@ : B — Z-Mod the Burnside functor,
< >x QX)X M(X) — M(X) defined as in 9.4.2 and examples 9.4.1. Then,

(i) For b e Q(X), a € M(X), we have a*(< b,a >) = < a*b,a*a >.
(i1) < b,a*(a) > = a*(< a*b,a >). where a € M(X'), b € Q(X),

(#1) For b e Q(X'), a € M(X), we have < a*b,a > = a*(< b,a*a >).
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PROOF It suffices to prove the above formula for elements in Q7 (X), i.e.
for maps ¢ : Y — Y in B/X.

(i) and (ii). Let ¢ : ¥ — X represent an element in Q7 (X) and apply
definition 9.1.1(ii) to the diagram

Then we have for a € M (X),
<a'p,a>=a"ppfa=p,a 0 a=9,0a"a=<g,a"a >
— <a’(g),a%(a) > |
Also, for a € M(X'), < g,a.a > = @ a0 = 000 = a, < @,z >=
o < ¥,z >.
(iii) f¢': Y — X' € QT(X'), a € M(X), then
<a*(@),a>=<ay,a>=ap " a.a
=a, <¢,a%a>.

I

Lemma 9.4.4 Let B be a based category, M : B — Z-Mod a Mackey functor
that is an Q-module. Then, any pairing <,>: My X My — Ms is Q-bilinear.

PROOF If X is a B-object, ¢ : Y — X a B-morphism, a; € M;(X), we
show that < ¢,a1 >,a3 > = < aj,< p,as >=< p, < ay, az >.
Now, < ¢,a1 > = @.*, and so, we have

L p,a1 >,a2 > = < puptar,az > =@, < @la,@tay >y = " <ay,ap >

=< p,<a,az>.
Similarly, < a1, < ¢, a0 >=< ¢, < a1, as >. I
PROOF of Theorem 9.4.2  Define <, >x: Q(X) x M(X) — M(X) by
first defining <,>x: QT(X) x M(Y) —» M(X) :< p,a >x= p.p*(a) where
a € M(X),¢:Y — X in B/X and extend to Q& x M — M. Lemma 9.4.3

shows that <, > is indeed a pairing of bifunctors. We only have to show that
for ¢,d € Q(X), a,b € M(X):

<ct+d,a>=<ca>+<d,a>.

<ca+b>=<ca>+<cb>.
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< <da>»=<c¢,d>a> and<idx,a>=a.

But without loss of generality we can takec=¢:Y - X, d=V:Z — X in
QF c+d=p]]¥, <p,¥>=px¥:Y xZ — X, and the result follows
X X

from lemma 9.4.2.
The last statement follows from lemma 9.4.4. (

Remark 9.4.2 Note that if in 9.4.2 we have a Mackey functor M : B — R-
Mod, then M is an QF = R ® Q-module, and any Green functor G : B — R-
Mod is an QF-algebra.

(9.4)¢ Arithmetic structure of Q(B), B a based category

9.4.3 Let B be a based category with basis I. In 9.4.2, we defined the
Burnside ring Q(B) as the Grothendick ring associated with the semi-ring
Q7 (B) and showed that Q : B — Z-Mod is a Green functor while any Mackey
functor M : B — Z-Mod is, in a canonical way, an {-module. The aim of
this subsection is to study in some detail the arithmetic structure of Q(B).
We shall adopt the following notation: If X is a B-object and n a positive
integer, we write nX for X [[X]]---]] X (n summands) and we write oX

k
for . Also if X1, ;X are B-objects, we write > X; for X; [[ X2 - [ X&-

i=1
So any B-object has the form X = > n;X; where X; € I.

9.4.4 Let (B, I) be a based category, and T' € I. We define @7 : Q1 (B) — Z
by or(X) =| B(T,X) |, the number of elements in the set B(T, X). This
definition satisfies the following properties.

Lemma 9.4.5 Let X, X' be B-objects, T,T' € I, then
(i) pr(X x X') = or(X) - pr(X’).
(it) or (X [ X') = or(X) + or(X').
(iii) or(X) # 0 if and only if T < X.
() or(X) = o (X) VX € B if and only if T ~T".

PROOF
(i) Follows from the definition of products in categories.

(ii) Follows from property (ii) of based category.
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(iii) Follows from the definitions of “<” and ¢r.

(iv) or(X) = o (X) for all X € B implies TOT'. Now, if ¢ : T — T’
and ¢ : 7" — T two B-morphism, then ¢y € B(T",T') = Autp(T’),
and Yo € B(T,T) = Autg(T). Hence ¢ and ¢ are isomorphism. So,
T~T.

[

Remark 9.4.3 (i) and (ii) of lemma 9.4.5 imply that ¢or(-) : QT (B) — Z
induces a ring homomorphism @7 : Q(B) — Z, so we have also a ring homo-

morphism
[[er:0B) — [[z=2B).
Tel Tel
The next lemma generalizes a theorem of Burnside.
Lemma 9.4.6 Let (B,1) be a based category, and let X = 5 . nrT and

X' =3 rerngpT be two objects in B. Then, the following statements are
equivalent:

(i) X =X".
(i1) o7 (X) = pr(X’) for all T € 1.
(i) np = ngr for all T € 1.
In particular, B satisfies the Krull - Schmidt Theorem.

PROOF  “(i) = (ii)” and “(iii) = (i)” are trivial. Now, suppose o (X) =
ep(X') foral T € I and let I' = {T € I : np # n’.}. We have to prove that
I’ = (). Otherwise there exists Y € I’, which is maximal with respect to <,
and for this Y we have

0 =y (X)—oy(X') = (nr — np)ey (T) = (ny —ny )y (Y)

since all other summands vanish, either because ny = n/. or because in case
ny # nfp and thus T € I’, but Y ¢ T and therefore ¢y (T) = 0. But
¢y (Y) # 0 and therefore ny = n}-, contradiction.

Corollary 9.4.1 If XY, Z are B-objects, then
X[[Z=Y]]Z implies X =Y.
PROOF Bylemma9.4.6, ( X[[Z2)2Y][[Z=or(X][]Z2)2er(Y]][Z2)

VI €I = or(X)+or(Z) =er(Y)+ ¢r(Z) (by lemma 9.4.5) = ¢r(X) =
er(Y) =X 2Y (by 9.4.6).
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Theorem 9.4.3 Let (B,I) be a based category. Then,

(1) QT(B) (resp. Q(B)) is a free Abelian semi-group (resp. group) with basis
I, and the canonical map Q1 (B) — Q(B) is injective.

(ii) The map ¢ = [[or : UB) = [lre/Z = Q(B) is injective with finite
cokernel.

PROOF

(i) Follows from lemma 9.4.6 and corollary 9.4.1. Note that if we write [X] for
the image of X under the map Q*(B) — Q(B), then the last statement
says that “[X]=[Y] =X =Y",ie, “X[[Z=2Y]]Z for some Z € B
= X 2 Y"”, which is just corollary 9.4.1.

(ii) If a € Q(B), then a = [X] — [X'] for some X, X’ € B. Now, suppose
or(a) =0for all T € I, then pr(X) = pr(X’) for all T € I, and so, by
Lemma 9.4.6, X =2 X’ ie., a=0. So, [[¢r is injective.

Now by (i), Q(B) has Z-rank |I| = rankzQ(B), and since [Ter is in-
jective, then Im(]] ¢r) and Q(B) have the same rank |I|, and so, the
cokernel of Im([] ) is finite.

[

Remark 9.4.4 (i) Since ¢ = [[¢; 01 : QB) = [[rer Z = Q(B) is injec-
tive, we can identify Q(B) with its image in Q(B). Since Q(B)/Q(B) is
finite, it has a well-defined exponent ||B||. We call ||B|| the Artin index
of B. So, nQ(B) C Q(B) if and only if || B divides n.

(ii) Note that an element z € Q(B) is a non-zero divisor if and only if p(x)
has no zero component. Hence (NZ(B) ® Q is the total quotient ring of
Q(B). If y € Q(B) ® Q is integral over Q(B), then the components of y
are integral over Z and hence are in Z. Conversely, [ Z is integral over
©(Q(B)) (since, for example, [[Z is generated by idempotent elements
that are integral over any subring). So, ¢ is the inclusion of 2(B) into
the integral closure of Q(B) in its total quotient ring.

Lemma 9.4.7 Let (B,I) be a based category, X a B-object, T € I, then

TxX =pr(X)T+> ver nyY where the ny are some non-negative integers
YST

m 7.

PROOF We know from theorem 9.4.3 that we can write T x X =
> vernyY where ny € Z and ny > 0. Now, ¢z(T x X) = pz(T) - pz(X)



288 A.0. Kuku

(by lemma 9.4.5) = 0if Z £ T (by lemma 9.4.5). So, 0 = ¢z ( > TLyY) >
Yer
nzpz(Z)>ny >0.1e.,nz =0for Z £ T. Hence,

TxX=>Y nY (9.1)
Y<T

where ny € Z, ny > 0. Applying ¢r on both sides of I, we have or(T) -
or(X) = nrer(T), which implies that o7 (X) = np since o # 0.
Hence T'x X = op(X) - T+ > yernyY as required.

Vs

Theorem 9.4.4 Let (B,I) be a based category, R an integral domain, v :
Q(B) — R any ring homomorphism, and I, = {X € I : X # 0}. Then,
there exists exactly one element T € I, that is minimal with respect to < in
Iy. Moreover, Y(X) = or(X) - 1g for all X € Q(B) and this minimal T in
Iy.

PROOF Let T,T" € I be minimal, and let T x T" =" ., nx X. Since
YT x T = P(T)-(T") # 0 in R, there exists X € I with ¢(nxX) =
nxY(X) # 0, that is, X € I, and X < T, X < T’ since px(T) - px(T') =
ox(T'xT") > nxpx(X) > 0. Hence, by the minimality of 7" and T”, we have
T =X =T So, the minimal T in I is unique.

Now, using this 7" in 9.4.7, we have

B(T x X) = $(T) - 6(X) = or(X) - T+ 3 nxX = or(X) - 9(T)
Xel
YST

since one has ¥(X) < 0 for X S T by the minimality of 7. Since R is an
integral domain, we can divide both sides by ¥(T) # 0 and we then have
Y(X) = pr(X) - 1 as required.

Corollary 9.4.2 Let (B,I) be a based category, T' € I, p a characteristic (i.e.,
p = 0 or p aprime), p(T, p) the prime ideal {z € Q(B) : ¢r(x) = 0(p)}. Then,
any prime ideal p in (B) is of the form p(7',p) for some T' € I and some p.

PROOF  Consider the natural map 1 : Q(B) — Q(B)/p. Then ¢(zx) =
or(x) - 1g for some T € I by theorem 9.4.4.
So,

z € QB) : p(z) =0} =
x € QB) : pr(z) =0(p)

E:

{
{

where p = characteristic of Q(B)/p. I
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Remarks 9.4.1 (i) Let IF,, be a prime field of characteristic p. Note that
p=p(T,p) = Ker(QB) 17— F,).

It follows from corollary 9.4.2 that given any prime ideal p in Q(B),
the quotient ring Q(B)/p is a prime ring (i.e., either isomorphic to Z
or Fp, p # 0). In particular, if R is an integral domain, then two
homomorphisms ), v’ : Q(B) — R coincide if and only if they have the
same kernel.

(ii) Note that if ¢ : Q(B) — Q(B)/p = R where p is a prime ideal of (B),
then I, = I — (I Np). We shall sometimes denote the unique minimal
T € Iy by Ty,

(iii) If we define a relation “2” on B-objects by T X T” if p(T,p) = p(T", p),

Dy - . .
then “~” is an equivalence relation.

(9.4)” Arithmetic structure of Q(G), G a finite group

Henceforth, we restrict our study of Burnside rings to the case Q(B) where
B = GSet, i.e., to Q(G). First, we have the following definition:

Definition 9.4.2 Let G be a finite group, H < G. Define pg : GSet — Z by
o (S) = |SH|, the number of elements in S where

SH —{secS:gs=sVgec H}.

The following lemma is analogous to lemma 9.4.5 and also gives the connection
between ¢r(S) and ¢ (S).

Lemma 9.4.8 Let S, T be G-sets, H H' < G. Then:
(i) o (S) ~ or(S) if and only if T ~ G/H.
(i1) ¢ (S1 U S2) = ¢u(S1) + ¢vu(S2), where S1,S2 € GSet.
(iii) 1 (S1 x So) = @ (S1) - o (Sa), where Sy, 85 € GSet.
(iv) o (S) # 0 if and only if H € U(S), i.e., if and only if ST # (.
(v) If H H' < G, then pu(S) < ou/(S) for all GSets S if and only if

H' < H. In particular, o (S) = o/ (S) for all GSets S if and only if
H ¢ H.
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(vi) For any two simple GSets S, T with S ~ G/H, we have ¢s(S) =

|Autc(S)| = (Ng(H) : H), and ¢g(S) divides o1(S).

PROOF

(i) Follows from the fact that the map GSet(G/H,S) — S given by

¢ +— p(eH) induces a bijection GSet(G/H,S) ~ SH.

(ii) and (iii) are left as easy exercises.

(iv) Follows from the definition of ¢, <, and U(S).

(V) If ou(S) < @u/(S) for all G-set S, then in particular ¢/ (G/H) # 0

since oy(G/H) > 0, and so, H < H. On the other hand, if
H' < gHg '= K, then pg(S) = |SH| = |SE| < |SH| = pu (5).

(vi) Left as an exercise.

[

Remarks 9.4.2 (i) It follows from lemma 9.4.8(ii) and (iii) that we have a

ring homomorphism g : Q(G) — Z. Since I consists of only a finite
number of non-isomorphic G-sets, each isomorphic to some G/H, for
some H < G, (since G/HOG/H' if and only if H and H' are conjugate),
it means that we also have a homomorphism w = [[' . oom : UG) —

[ ecZ = Q(G) where ] is taken over representatives of conjugacy
classes of subgroups of G.

(ii) In view of lemma 9.4.8(i), one can restate the Burnside theorem as fol-

lows:

If S, 5" are G-sets, then S ~ S’ if and only if pr(S) = pu(S’) for all

subgroups H of G. It then follows that if

w = [I'" ¢un : UG) — [['y<gZ, then S ~ S if and only if
HLZG -

w(S) = w(S").

Hence w is injective.

(iii) It follows from theorem 9.4.4 that any homomorphism % : Q(G) — R (R

is an integral domain) factors through some ¢y : Q(G) — Z (H < G)
and the unique homomorphism Z — R given by n+— n - 1g.

(iv) If H < @G, p a characteristic, (i.e., p = 0 or prime), and if p = {x €

Q(G) : ggx = 0(p)}, then any prime ideal p € Q(G) is of the form
p(H,p) for some H < G and some rational prime p (see corollary 9.4.1).
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(v) If the number of conjugacy classes of G is k, then Q(G) = [[Z (k products
of Z) is a free Abelian group of rank k, Q(G) is also a free Abelian group
of the same rank by theorem 9.4.3, and the cokernel of w is finite.

Our main aim in this subsection is to compute more explicitly the cokernel of
w.

Lemma 9.4.9 Consider Q(G) and Q(G) as subrings of

H Q=03 UG) ={(z7)rer : zr €Q}, e,

Tel
Q(G) ={(z7)rer € HQ cxr €L} and
UG) =Y ZerS)rer C [[ @

Sel Tel

- - () ; : 0
Then, J' = {mS = (%)TEI’S € I} is a basis for Q(G).

PROOF By lemma 9.4.8, we know that |Autc(S)| = ¢g(5) divides pr(5),

and so, (‘PT(S)) is an element of (NZ(G) for any S € I. Now, compare the
vs(S) Tel

set J' with the canonical basis

0if S£T

J:{isz(a?g)TeI;SeI} of Q(G), where 5T{11f ST

Since |I| = |J| = |J'|, it is enough to show that ig € J is an integral linear
combination of elements of J’. This is done by induction with respect to <.
If S = G/e, then:

‘pT(|AutG1(G/€)\G/€> = 55/6, and so, ig = m S € J'. For arbitrary S,
we have @s(mS) =1 and (pT<7|Auti;(S)\S) =0for T £ S, and so,

1 . . . or(S)
R - nr.gir with nrg=
[Auta(S)]” TZ ne T 0s(9)

TS

€ Z.

Now, by induction hypothesis, any i with 7' < S is an integral linear combi-
nation of the elements of J’. So, the same is true of i5. I

Remark 9.4.5 One alternative way of visualizing the proof of the above

lemma is the following;:

If we order ¢ = {S; = G/¢, S2,--- } in such a way that S; < S; = ¢ < j, then

the matrix (Aij)i,j:(zz"—((?i) , which transforms J into J', is integral and
351 /4

triangular with 1’s on the diagonal and hence unimodular. So, J’ is a basis

of Q(m) as well as J.
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Corollary 9.4.3 Let H; =1, Hy, --- Hx, be a complete set of representatives
of conjugacy classes of subgroups of G. Then

k
(2(G): @) = ] IN(H

PROOF  Without loss of generality, assuming that ¢ < j implies |H;| <
|H;|. Theset {G/H; :i=1,---,k} forms a basis for Q(G). Now, consider the
k x k matrix M = (¢pg,(G/H;)). Note that ¢u,(G/H;) = 0 unless H;S Hj.
So, M is triangular and (Q(G) : Q@) = det(M) = Hle en,(G/H;) =
[T N (Ho). l

Theorem 9.4.5 {n € Z : nQ(G) C Q(G)} = |G|Z.

PROOF  For n € Z, nQ(G) C Q(G) if and only if [Aute(S)| divides n
for all simple G-sets S if and only if (Ng(H) : H) divides n for all subgroups
H < G if and only if |G| divides n.

Lemma 9.4.10 Let G be a finite group, H < G, S a G-set. Then SH is a
N¢(H)/H-set.

PROOF Put N(H) = Ng(H)/H. Define p : N(H) x S# — S by
(g,s) — gs, where g = g-H € N(H), g € Ng(H), s € SH. Then S¥ is a
well-defined N (H)-set since one has gs = gws, (gh)s = g(hs) for all z € H,
g,h € Ng(H), s € SH, and gs € SH (for, if h € H, then h(gs) = g(g~'hg)s = _|:|
gs).

Remark 9.4.6 In view of lemma 9.4.10, we now define a map ¥y : Q(H) —
Q(N(H)) by S+ SH. Tt is easy to see that Uy is a well-defined ring homo-
morphism and that we have a commutative diagram

G) —————=Q(N(H))
N /
Z
where §(X) = | X|, the number of elements of X.
Lemma 9.4.11 [Burnside’s Lemma)] Let S be a G-set. Then,
Y gec P<g>(8) =22, 18] equals |G| times the number of G-orbits in S.

PROOF Let S=5,USyU---USg be a decomposition of S into simple
G-sets. Note that for each s € S;, one has an isomorphism S; ~ G/Gs, i.e.,
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Gl = 5
Z‘p<(]> |{<97 ) gEG,SGS,gS:S}lz
geG
=216 =22 16 = (X 1g) = 2 (X UGl/isisi) = ol
seS i=1 s€S; i=1 sES; i=1 i=1

[

Lemma 9.4.12 Let G be a finite group. Then Q(G) is contained in the k-
ernel of the additive map Q(G) 2% Z/|G|Z given by © = (T<y>)gec —
>_gec T<g>mod|G].

PROOF  Let 2 = (2x)n<c be an clement of Q(G) C Q(G). Ifz =S5 —T,
then we have } S w<g> =3 ¢0<g>(5) = 2o ¢0<g>(T) =0 (mod |G|). 0

Remarks 9.4.3 Let H < L < G and let L = L/H < N(H). Then, for
any © € QG), or(eu(x)) = ¢r(x) since, if x = 5, we have (SH)E = §L.
Hence the ring homomorphism @ : Q(G) — Q(N(H) can be extended to a
ring homomorphism ® 5 : Q(G) — Q(N(H)) such that the diagram

commutes, where @5 : Q(G) — Q(N(H)) is given by (xr)i<q ™ (yf)lfgﬁ(H)

with yp =2 if L = Ugner9H.-

Theorem 9.4.6 If = [[ )< (M) ©®r) - UG) == [[}y<(Z/|N(H)|Z),
then,

(i) The sequence
/
wo N n v
0— Q(G) % Q(G) - HHSG(Z/|N(H)|Z) -0
18 exact.

(i) The sequence

0—QG) - &) = T [[ @/ (N@E),z) — 0

H<G p||G|
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is also exact where n; = H/HSG [ N (), OZI;’I){ with N (H), denoting
a Sylow-p-subgroup of N(H) and CI)% the composition

Q(G) 21 QN (H)) 2 QNT).

PROOF Since Q(G), identified with its image, is contained in the kernel
of 1 by lemma 9.4.12 and remark 9.4.3, and since the index of Q(G) in Q(G)
is equal to the order [[ ;. oZ/|N(H)|Z by remark 9.4.3, it is enough to show
that 7 is surjective.

To do this, we decompose 7 into the decomposition of the two maps p :

QG) — Q@) and p' : UG) — [Ty<gZ/IN(H)|Z, which are defined as
follows: -
I !
o6 =[] z— [[] z/N@H)zZ
H<G H<G
is just the obvious canonical surjection that maps each (zx)y<q € Q(G)
onto (xp + [N(H)|Z)y<q, and p : Q(G) — Q@) is defined by (zH)g<c
() <o with 27y = ﬁ deN(H) ZT<H,g>. Obviously, n = p’ o p, and so, we
only have to show that p is an isomorphism. However, using the canonical
basis of primitive idempotents in Q(G) (denoted by ig), in the proof of lemma

9.4.9 where S = {G/H : H < G} for computing the matrix of p, one sees
easily this matrix has the form

T % .00 %
01 = *
00 1 =«
00

0 1 %
00...... 01

i.e., it is upper triangular with 1’s on the diagonal, if the basis is ordered
appropriately. So, p is indeed an isomorphism.
(ii) is proved analogously. I

9.4.5 Before closing this section, we shall show that a finite group G is
solvable if and only if the prime ideal spectrum of Q(G) is connected, i.e., if
and only if 0 and 1 are the only idempotents in Q(G). This will be done in
9.4.8.

Definition 9.4.3 Let G be a finite group, H < G. We denote by HP the
(well-defined) smallest normal subgroup of H such that H/HY is a p-group,

and we denote by H, the pre-image of any Sylow-subgroup of Ng(HP) =
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Ng(HP)/HP. If H is any finite group, define H® as the minimal normal
subgroup of H such that H/H?® is solvable.

Recall from remark 9.4.2(iv) that if p is a characteristic and G a finite group,
then any prime ideal p of (G) has the form p = p(H,p) = {z € Q(G) :
vr(xz) = 0(p)} where "H is some appropriate subgroup of G (see corollary
9.4.2).

Theorem 9.4.7 Let H,H' be subgroups of a finite group G, p a rational
prime. Then the following conditions are equivalent

(i) p(H,p) = p(H’,p).
(ii) Hy & H',,.
(iii) H? & H'™.

(v) o = o+ (mod p).

PROOF  (ii) = (1) follows from (H,)P = HP.

(iii) = (iv): We first show that if H < H' < G , and (H' : H) = p*, a power
of p, then v = g+ (mod p), i.e., pu(S) = (S) (mod p)for all S € GSet,
Now, ¢ (S) = |SH|, and since H <t H', S is H'-invariant (since if s € S,
g € H', then h(gs) = (gg 'hg)s = gs for all h € H). Moreover, H'/H
acts on S, leaving S pointwise invariant, whereas S — §H "isa disjoint
union of non-trivial transitive H'/H-sets, all of which have a length #1 and
dividing |H'/H| = p*. So, p | |SH — S*'| ie., pp(S) = |S7| = |SH'| =
vr (S) (mod p). Now, let H, H be two arbitrary subgroups of G. Then,
since (H : HP) is a power of p, o (S) = ¢/ (S) (mod p) for all S € GSet.
Similarly, ¢p/(S) = @p»(S) (mod p) for all S € GSet (see lemma 9.4.8).
Hence (iii) = (iv).

(1v) = (1) is trivial since

p(H,p) ={z=5-T € QG) : ou(5) = ¢u(T) (modp)}.

(i) = (i1): Let L = Hp, and L' = H' and p = p(H,p) = p(L,p) = p(L',p).
Since HP = (H,)P, the subgroup HF is a characteristic subgroup of L, and so,
we have Ng(L) C Ng(HP). Since p{ (Ng(HP) : L) by definition of L = H,,
we get a fortiori, pt (Ng(L) : L) = ¢.(G/L).

Hence, G/L is, up to isomorphism, the unique minimal G-set T' = T with
T € P (see theorem 9.4.4). Since the same holds for G/L’, we have G/L =
G/L', and so, L <. I

Remark 9.4.7 Note that the above proof shows, in particular, that any two
Sylow-p-subgroups must be conjugate. To see this take H = ¢, the trivial
subgroup.
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Theorem 9.4.8 Two prime ideals p(H,p) and p(H', p) are the same connect-

ed components of Spec(QG)) if and only if H S H'. Hence the connected
components of Spec(Q(G)) are in one-one correspondence with the class of
conjugate perfect subgroups H of G (i.e., subgroups H with [H, H] = H ).

PROOF It suffices to prove the first statement. Let A be a Noetherian
ring. For any prime ideal p € Spec(A), let p = {a : a € Spec(A),p C a} be
the closure of p in Spec(A). Then, two prime ideals p and g are in the same
connected component of Spec(A) if and only if there exists a series of minimal

ideals p ,---,p withpe€p.qg€p . pNp,_, #0(i=1,2,---,n—1). But
for A = Q(G), we have p(H,0) N P(H',0) # 0 if and only if H? & H' for
some p, which implies that H? = (H?)* £ (H'?)* = H'®.

Hence, if p(H,p) and p(H',q) are the same connected component of
Spec(QUG)), we have H® < H'®.

On the other hand, p(H,p) and p(H*®,0) are always in the same connected
component since we can find a series of normal subgroups of H such that
H*=H"™ qH" D q...qHD qH®O® = H with H*~Y/H® a g;-group for
some prime ¢; (i = 1,- -+, n), which implies p(H,p) € p(H®,0), p(H~V,0)n
P(H®,0) # 0 for i =1,--- ,n and p(H*,0) € p(H™,0). I

Remark 9.4.8 Theorems 9.4.7 and 9.4.8 can also be deduced easily from
theorem 9.4.6 (ii) and (i), respectively. We indicate how theorem 9.4.6 (i)
implies theorem 9.4.8: Two prime ideals p(H,p) and p(H’, q) are in the same
connected component of Q(G) if and only if for any idempotent e € Q(G) one
has “e =1 € p(H,p) & e—1 € p(H',q)”. But an idempotent in Q(G) is an
idempotent in (~2(G)7 which is contained in the kernel of n, and an idempotent
in Q(G) is always of the form e = ey = (% )p<c € QG) = Hi‘{gGZ with
s — 1if Held
H= 0if Heu
But any such e is in the kernel of n if and only if for any H € U one has
< H,g > U for any g € Ng(H) and thus ey (Q(G)), if and only if U is a
disjoint union of ~-equivalent subgroups of G, if ~-equivalence is defined by
“HAH < H° & H'®. Thus p(H, p) and p(H', q) are in the same connected

component of Q(G) if and only if H and H' are ~-equivalent, q.e.d.

for some set U of conjugacy classes of subgroups of G.
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9.5 Induction Theorems for Mackey and Green functors

In this section, we obtain general induction theorems for Mackey functors,
and we shall see that these results are in fact generalizations of Artin’s induc-
tion Theorem.

Definition 9.5.1 Let B be a based category, M a Mackey functor from B into
Z-Mod, f: X —Y a B-morphism. Recall from lemma 9.53.1 that

Ki(M)=Ker(f*:M(Y)— M(X)) and I;(M) = Im(f. : M(X) — M(Y)).

Some properties of Kp(M) and I;(M) have been given in lemma 9.3.1. If
Y = %, the final object of B, and f is now the unique morphism fx : X — x,
we write Kx (M) and Ix (M) for K¢(M) and I;(M), respectively. Note that
if X, Z are two B-objects with X < Z, we have a commutative triangle

and so, we have Ix(M) C Iz(M) and Kz(M) C Kx(M). Hence, if XOZ,
then Kz(M) = Kx(M), and Ix(M) = Iz(M). So, Kx(M) and Ix(M)
depend only on the $-equivalence class of X .

Now, let B = GSet. Recall from theorem 9.1.1 and definition 9.1.8 that for
any two G-sets S and T, one has SOT if and only if U(S) = U(T) where
UWS) = {H < G : ST £ 0}. IfU is any collection of subgroups of G,
define S(U) € GSet by S(U) =Unpecy G/H. Denote Kgu(M) by Ky (M),
Isuy(M) by Iy(M), and write Kg(M), Ig(M) if U contains evactly one
subgroup H only. Clearly, if U is the subconjugate closure of U (as defined
in 9.1.8), then Ky (M) = Ky(M), and Iy(M) = L;(M). Also, we have
Ksor(M) = Ks(M) N Kr(M) and Isyr(M) = Is(M) + Ip(M).

In particular, Ky(M) = NgeuKua(M), Iy(M) =3 4y In(M).

Suppose P is a (possibly empty) set of prime numbers and P’ its complement
in the set of all prime numbers. So, any natural number n can be uniquely
written as the product of its P-part np and its P’'-party np where if n =
[1p°», then np = HpGP p*r, and né;) = Hp¢7, pr. IfU is a set of subgroups
of G, define hpld =U U J where

J={H<G:3peP with H”clU}.

Put hid = hpU if P is the set of all primes, i.e., P' = (. Then hpU contains

for any H € U all H' < G such that HP < g (i.e., such that p(H,p) =
p(H',p)), (see theorem 9.4.7) for some p € P.
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If T is a G-set, define Tp = S(hp(U(T))) = Unehpw(r)G/H. Then,
T < Tp, TOS implies that Tp = Sp and hp(U(T)) =U(Tp).

The following lemma will be useful in proving the general induction theorem
9.5.1 for Mackey functors M : GSet — Z-Mod as well as its generalization to
Mackey functors M : B — Z-Mod where B is a based category (see theorem
9.5.2).

Lemma 9.5.1 Let B be a based category, Z a B-object, ) : B — Z-Mod the
Burnside functor, and x the final object of B, with J a basis of B. Then,

(i) Kz() ={z € Q(x): opr(x) =0 foral TeclJ T<Z}.
(i) Iz(QY) ={z € Q%) :or(x) =0 forall TelJ T & Z}.

PROOF

(i) Let x = X — X' € Q(x), X, X' € GSet. Then = € Kz(Q) if and only if
the projections Pz : X x Z — Z and P’z : X' x Z — Z are isomorphic
in the based category B/Z, i.e., if and only if or_z(X x Z — Z) =
or—z(X' x Z — Z) for all objects (T, : T — Z) in J/Z. Now,
or—z(X X Z — Z) is by definition the number of elements in the set

T — X xZ
{Yp:T—->XXZ:a\ / Pz commutes }
zZ

i.e., in the set of all B/Z-morphism from (T, : T — Z) to (X x Z, Pz :
X x Z — Z). Moreover, a map ¢ : T'— X x Z is nothing else but a
pair (¢1,19) of maps 11 : T — X, Uy : T — Z, and so,

(pTﬁz(X X Z — Z) = |{(’(/11,’l/)2) T — X x Z|w2 = a}|
= : T — X} = pr(X).
So, =X — X' € Kz(Q) if and only if o7 (X) = or(X’) for all T < Z,
T € J, ie., if and only if or(x) =0 for all T € J as required.
(ii) It follows from the definition of () that 1z(Q) = >, c; 7., Z-T. So,

Iz(0) ={z =Y arT € Qx)|zr =0 forall T € J,T ¢ Z}
TeJ
ie, {z € Qx)|or(x) =0 for Te J T £ Z}.

Vice-versa, if © = Y ;x0T € Q(B) and @r(x) = 0 for all T € J,
with T' £ Z, we have x7 = 0 for all such T, since otherwise, choosing a
maximal element Ty with respect to < in {T' € J|T £ Z, andzy # 0},
we get

PTy (I) =TTy PTo (TO) 7é 0.
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We now state the general induction theorem for Mackey functors GSet — Z-
Mod. We shall later generalize this in theorem 9.5.2 to Mackey functors from
based category to Z-Mod.

Theorem 9.5.1 Let G be a finite group, M : GSet — Z-Mod a Mackey
functor, P a set of primes, and * the final object in GSet. Then, for any
G-set S, one has

(i) |Gl M(x) € Ks(M) + Is, (M).

(i) |Glp(Is(M) N Kgp, (M)) = 0.
In particular, if U is any set of subgroups of G, we have

(Gl M (%) C Ky (M) + Lpus(M) and

|Gl (I (M) N Kppr(M)) = 0.

PROOF  Since it has been shown in theorem 9.4.2 that the Burnside
functor Q : GSet — Z-Mod is a Green functor and that any Mackey functor
M : GSet — Z-Mod is an Q-module, the theorem would follow from lemma,
9.3.1(iv) once we show that |G|plo) € Ks(2) + Is, ().

Now let J be the basis of GSet, T € J. Define e, f¥ € Q(G) by

Py 1if T<Sp Py 0if T<Sp
s”T(es){oif T £ Sp prfs) =11 T ¢ Sp.

Then (6753 + f;)) = 1?2((;) = lowe). Now, |G|ploe) = |G|§;e7§ + |G|§;f§, and
|G|pel, |Gl fE € Q(G) by theorem 9.4.6(ii). (The reader is requested to
check that both elements are the kernel of 71 by small, direct computation).
But o7 - (|G|pek) = 0 for T ¢ Sp. So, by lemma 9.5.1, |G|pek € Is, ().
Also, or(|GlpfE) = 0 for T < Sp. So, by lemma 9.5.1, |G|pel € Ks(Q).
So, |Glplawe) = |Glpek + |GpfE € Is, () + Ks(2) as required.

Remark 9.5.1 (i) Putting P = ( in the above theorem, we get S<CSy,
|G| = |G|, and so, the theorem yields |G|M(x) € Kg(M) + Is(M).
This latter form of our induction theorem yields the Artin induction
theorem if we put M = K§(—,P(C)) and S = S(U) = -UG/H where
U = {H < G|H cyclic} see [38]. This is because K§(G/H,P(C)) is
isomorphic to the generalized character ring char(H) of H and the map

K§ (%, P(C)) ~ char(G) — H Kq(G/H,P(C))
Helu
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is injective, i.e., Kg(K§(—,P(C)) = 0. So,
|G| - K§'(+, P(C)) € Im(Kg (S, P(C)) = K§ (+, P(C))).

|G|char(G) C Z Im(char(H) — char(Q)).
Heu

(i) If P contains all the prime divisor of |G|, we have
M(*) - Ks(M) +Is, (M)

In the special case M = K§(—,P(C)) considered above, this is an in-
duction theorem of the type proved by R.Brauer and others in the 40’s
(see [38, 39]).

(iii) Let B be a based category. It was shown in theorem 9.4.3 that Q(B)
has finite index in Q(B) = [[;.;Z, and we defined, in remarks 9.4.4,

the Artin index ||B|| of B as the exponent of Q(B)/Q(B). It follows from
theorem 9.4.5 that |GSet|| = |G| for any finite group G.

Lemma 9.5.2 Let Q : B — Z-Mod be the Burnside functor. Then ||B|| -
Lo € Kx(Q) + Ix(Q) for any B-object X.

PROOF The proof is similar to theorem 9.5.1 in case P = () where we use
|B]| instead of |G| = |G| to conclude that ||BlleZ, ||B||f& € Q(B), and then
apply theorem 9.5.1 to conclude finally that ||B|| - 1oy € Ix(Q) + Kx (). I

Theorem 9.5.1 can now be generalized as follows.

Theorem 9.5.2 Let B be a based category, M : B — R-Mod a Mackey
functor. Then ||B| annihilates all cohomology groups Hx M (x) (see 9.2.2).
In particular,

(1) 1Bl M(x) € Kx (M) + Ix (M).

(@)|[B| - (Kx (M) N Ix(M)) = 0.

PROOF  Since the canonical map M(x) — H% M (%) has kernel equal
to the right-hand side of (i), (i) follows from ||B|HS% (M)(x) = 0. Now, by

theorem 9.4.2 it suffices to show that ||B||H%Q(*) = 0, which follows from
1Bl € Kx () + Ix(Q), i.e., from lemma 9.5.2.

(79) follows also immediately from lemma 9.5.2. I
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Remarks 9.5.1 (i) Theorem 9.5.2, apart from generalizing Artin’s induc-
tion theorem, also generalizes the fact that |G| annihilates all cohomol-
ogy groups H"(G, B) where B is ZG-module.

(ii) If | B||1r is invertible in a ring R, then (i) and (ii) of remark 9.5.2 imply
that M = Ker(M — Mx) ® Im(Mx — M), and in particular that
M (%) — M(X) is injective if and only if M (X) — M (x) is surjective.

Corollary 9.5.1 Let ||B||- R = R, G : B — R-Mod a Green functor and
M a G-module such that M (x) is a faithful G(*)-module. Then the following
statements are equivalent:

(i) M is X-projective.

(ii) M(X) — M(+) is surjective.
(iii) M (%) < M(X) is injective.
(iv) G(x) = G(X) is injective.
(v) G(X) — G(¥) is surjective.
(vi) G is X-projective.

PROOF  The implications (i) = (i1) = (i17) = (iv) = (v) = (vi) = (zEl
follow easily form remarks 9.5.1 (ii) and proposition 9.1.1.

Corollary 9.5.2 Assume ||B]|- R = R and let Qf : B — R-Mod : X
R ®7 Q(X) be the Burnside functor tensored with R. Then,

O/ Ker(QF — QF) ~ Im(QF — QF)
is X-projective for any B-object X.

PROOF Put M = Q& G =Im(Q% — QL) in remarks 9.5.1(ii) and and
corollary 9.5.1 I

Corollary 9.5.3 If |B]|- R = R and M : B — R-Mod is a Mackey functor,
then the following statements are equivalent:

(i) M is X-projective.
(ii) M(X xY) - M(Y) is surjective for all B-objects Y.
(iii) M(Y) — M(X x Y) is injective for all B-objects Y.

In particular, any subfunctor and any quotient functor of an X-projective
Mackey functor M : B — R-Mod is X-projective.
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PROOF
“(i) = (it)” follows from the definition of X-projectivity (see definition 9.1.4)
“(it) = (i1i)” follows from the remarks in remarks 9.5.1(ii)

“(ii) = (i)” Tt follows from (iii) that the Q®-module M is a module over
OF/Ker(QF — QF), which is an X-projective Green functor by corol-
lary 9.5.2. So, M is X-projective by corollary 9.5.1.

The last statement follows since (iii) holds for any subfunctor of M and (iiEl
holds for any quotient functor of M if it holds for M.

Remarks 9.5.2 It follows from above that if ||B||- R = R and M : B — R-
Mod is a Mackey functor, then Im(M — My) and H$ (M) are X-projective
as subfunctors of My, and Im(Mx — M) and H% (M) are X-projective as
quotient of Mx. Also, a Green functor G : B — R-Mod is X-projective if
and only if the image of Qf in G is X-projective.

Corollary 9.5.4 Assume ||B||- R = R and M : B — R-Mod is a Mackey
functor and J a basis of B. Define

MZ =Im(Mz — M)N (N ye; Ker(M — My))
Z'#2,7'<Z

for any Z € J. Then, M = @ zc;M?%. Moreover, M# can be characterized as
the largest Z-projective subfunctor of M, all of whose Z’-projective subfunc-
tors are zero for Z2' < Z (Z,Z' € J).

A Green functor G : B — R-Mod is also a direct product G = [],.,GZ of
Green functors GZ.

PROOF From definition of B and the fact that ||B]| - R = R, we have:

Q"(B)=RoQB)~ReQ®B) =[] R
zZelJ

So, we have a set ez(Z € J) of pairwise orthogonal idempotents of Qf(13)
QF (%) with > ez = 1. The statement then follows from MZ(Y) = ezy (Y

for any B-object Y (i.e., MZ = ez - M).

—a~—

9.6 Defect Basis of Mackey and Green functors

9.6.1 Let B be a based category, and M : B — R-Mod a Mackey functor.
Recall from proposition 9.1.1 that a vertex object or a vertex of M is a B-
object X, unique up to <-equivalence such that M is Y-projective for some
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B-object Y if and only if X < Y. Also, induction theory could be roughly
understood as one way of computing vertex objects for M.

If M is a G-module for some Green functor G : B — R-Mod, we saw in
theorem 9.3.1 that M is Y-projective if G is Y-projective, which in turn is
equivalent to the surjectivity of G(Y) — G(x). So, one can derive induction
theorems for M (i.e., prove that M is Y-projective) by constructing a Green
functor G which acts unitarily on M, and then proving that G(Y) — G(x) is
surjective. A vertex object for a Mackey functor M : GSet — R-Mod is also
called a defect object for M or just a defect set.

Our aim in this section is to study defect objects S for the case B = GSet,
and in particular the collection U(S) of subgroups of G, which is, of course,
uniquely determined by M (see proposition 9.1.1(c)). Since this collection
U(S) of subgroups of G does not depend on the particular defect object S
chosen but only on M, we shall denote it by Dj;. This collection Dy; of
subgroups of G, called the class of vertex subgroups of M in proposition
9.1.1(c), will also be called a defect basis of M.

Remarks 9.6.1 (i) Note that proposition 9.1.1(c) is a generalization to
Mackey functors of a result due to J.A. Green, that defect sets do exist
for Green functors. Moreover, if M is any Mackey functor GSets — Z-
Mod, proposition 9.1.1(c) then reduces the problem of determining all
G-sets S for which M is S-projective to that of determining the defect
basis of M.

(ii) If M : GSets — Z-Mod is a Mackey functor and X a G-set, let

M|x : GSets/X —L1s GSet 2L Z—Mod

denote the composition of M with the forgetful functor GSets/X —
GSets: (Y — X) +— Y. Then, it follows from proopostion 9.1.1(c) that
there exists a G-map « : S — X such that for any G-map 8 : T — X,
M]|x is B-projective if and only if there exists a morphism from « to
0 in GSets/X. Such a map « : S — X is called a defect map with
respect to X, and it is uniquely determined by M up to <-equivalence
in GSets/X.

X is said to be without defect with respect to M if the identity map
X — X is a defect map over X, ie., if for 3 : T — X a G-map,
M| x is B-projective only if there exists a G-map ' : X — T such that
Bp =idx.

In some sense a Mackey functor is determined by its behavior on GSets
without defect, and the theory of defects may be considered as a way of
reducing the study of Mackey functor in arbitrary G-sets to the case of
G-sets without defect.

From now on, we shall concentrate on the defect sets of Green functors rather
than Mackey functors in general.
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Theorem 9.6.1 Let B be a based category, G : B — Z-Mod a Green func-
tor, X a B-object, n € N a fized natural number, 6 : Q — G the unique
homomorphism from 0 into G. Consider the following statements

(i) n-1g( € Ix(G).

(i) n-G(x) C Ix(G).

(ii) n- Kx(G) = 0.

(iv) (n - Kx(g)) = 0.

(V) IB]| -1+ 1) € n- Ix(G) € Ix(G).
Then, (i) < (i1) = (iii) = (iv) = (v); in particular, if | B - G(x) = G(x),
then they are all equivalent.

PROOF

(i) < (ii) is trivial since Ix (G) is an ideal of G().

(ii) = (iii) n- Kx(G) =n-G(z) - Kx(G) € Ix(G) - Kx(G) = 0.

(#41) = (iv) Let nx : X — * be the unique map from X — x, and z € Kx(Q).
Then, in the commutative diagram

we have Q*(nx)(z) = 0= 0xQ*(nx)(z) = 0 = G*(nx)0(z) = 0. Now,
by (iii), nf.(x) = 0. So, O.(n - x) = nb.(x) = 0.

(iv) = (v) By theorem 9.5.2, we have that ||B - 1o € Kx(92) 4+ Ix(Q).
Hence

1B]| - - Log) € 0(n - Kx(€)) +6(n - 1x(2))

[

Corollary 9.6.1 If B = GSet and |G| - G(x) = G(x), then for any GSet S
one has Dg C U(S) if and only if Kg(G) = 0.

PROOF Put B=_GSet, n =1 in Theorem 9.6.1. (1
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Corollary 9.6.2 Let G’ C G be a sub-Green functor of G and assume |G| -
G'(x) = G'(x). Then Dg = Dg-.

PROOF Left as an exercise. I

Corollary 9.6.3 Let B be a based category, G : B — Z-Mod a Green functor.
If G(*) is torsion free, X € ob(B), and n-1g(x) € Ix(G), then (n, ||B||)-1g(.) €
Ix(9).

PROOF Left as an exercise. I

Notations 9.6.1 If G : GSet — Z-Mod is a Green functor and A a com-
mutative ring with identity, then A ®7 G : GSet — A-mod is also a Green
functor, which we shall sometimes denote by G4. We also write D‘g4 for the
defect basis of A %g. We shall write DZ; for D‘g4 in the special case A C Q,

P=Ps={p:paprime with pA=# A}, so that

1 1
A:ZPZZ[a:q¢P]=Z[E:qE'P']

where P’ is the complement of P in the set of all primes.

Lemma 9.6.1 Let G : GSet — Z-Mod be a Green functor, P,P1,Pa,---

sets or primes. Then,

(a) For a G-set S, we have DF C U(S) if and only if there exists a P'-number
n € N such that n - 1g(,) € Is(G).

(b) If P C Py, then DF C DS'. In particular, D;'"7* C DE* N DL?.

(c) DGV =D UDE?.

(d) If Py = {p € P : pG(x) # G(x)} = P N Pg(s), then DF =Dy

(e) If G(x) is torsion free, or more generally, if all torsion elements in G(x)
are nilpotent, and Po = {p € P:p divides |G|}, then Dg = Dgz.

PROOF

(a) The result follows from the fact that tensoring with Zp is the same as
localization with respect to {n-1g):n a P-number}.

(b) Since Zp, C Zp, we have a morphism Zp, ® § — Zp ® G, and so,
DL C D
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(c) It follows from (b) that D} UDE* C DS'“"2. Now, let S; (i = 1,2) be
defect sets for Zp, @ G, i.e., Dgi =U(S;) (i = 1,2). Then, there exists
a natural Pj-number n; such that n; - 1g(,) € Is,(G), and so,

(nlvnQ) : 1(}(*) € ISI (g) + ISz (g) = ISI'US2 (g)
Moreover, since (n1,n2) is a (P U Pz)’-number,

D§1UP2 C u(5’1U5’2) = 'DZ;I U'DZ;2 = U(Sl) UU<S2)

d) Since P; C P, it follows from (b) that DM C DE.. On the other hand,
g g

let S be the defect set for Zp, @G, i.e., U(S) = ’Dgl. Then, there exists
a natural P{-number n such that n-1g,) € Is(G). But n = np-np, and
np is a PNPy C Pg, -number, i.e., ng(x) = G(*), and so, np-1g(,) € np
since

npG(x) = nG(x) C Is(G). So, DF CU(S) =DE*.

(e) It follows again (b) that Dgz C DE. So, let S be a defect set for Zp, ®G.
Then, there exists a natural Pj-number n such that n - 1., € Is(G).
But then, (n,|Gl) - 1g(+) € Is(G) by corollary 9.6.2, and (n,|G|) is a
P’-number since P C P, U{p € P:p does not devide |G|}. So DF C
US) =Dg>.

[

Our next aim is to study the relations between the defect sets Dg for various
P, using theorem 9.5.1.

Lemma 9.6.2 Let G : GSet — Z-Mod be a Green functor and S a G-set
such that any element of Kg(G) is nilpotent. Then

(i) For any set P of primes, we have DY C hp(U(S)), in particular, Dg C
hU(5S))-

(i) |G|"Ks(G) = 0 for a certain power |G|" of |G|.

PROOF

(i) If P is any set of primes, then by theorem 9.5.1 we have |G| -1g(.) = z+y
where x € Kg(G) and y € Ig,(G). Suppose that 2™ = 0. Then,

Gl 160 = (z+y)" = 2" +y(na" 4 +y" 1) = 0+y-2 € Is,(G)

and so,
Dg CU(Sp) = hp(U(S)) by lemma 9.6.1 (a).
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(ii) If P is empty, we get |G|" - 1g() € Is(G) for some n € N, and so,
|G|"Ks(G) =0, by lemma 9.6.1.

[

Theorem 9.6.2 Let G : GSet — Z-Mod be a Green functor such that all
torsion elements in G(x) are nilpotent. Then, for any set P of primes, we
have DZ; C hng, in particular, Dg C hDg.

PROOF Let S be a defect set of Q ® G, i.e., DS = U(S). Then, by
lemma 9.6.1 (a) and theorem 9.6.1, we have n - Ks(G) = 0 for some n € N,
and so, by hypothesis, Kg(G) is nilpotent. Hence DF C hpld(S) = hng by
lemma 9.6.2. I

Remarks 9.6.2 (i) Note that the assumption in theorem 9.6.2 that al-
1 torsion elements in G(x) are nilpotent is equivalent to having
char(G(x)/p) = 0 for any minimal prime p of G(x). A particular ex-
ample is when G(x) is torsion free. -

(ii) Let G : GSet — Z-Mod be a Green functor and 0 : @ — G be the canon-
ical homomorphism. Then the image G’ = (2)G is a sub-Green functor
of G, and so, by lemma 9.6.2, ’DS = Dg,. So, with the assumption in
theorem 9.6.2 one can get useful upper bounds for Dg by considering on-
ly the image of 2 in G, tensored with Q. This is one of the reasons why
permutation representations are so important in the theory of induced
representations.

(iii) Through theorem 9.6.2, the problem of determining the defect basis of a
Green functor is partly reduced to studying those Green functors whose
images are Q-vector spaces, i.e., to Green functors: G : GSet — Q-Mod.
This in turn is reduced by theorem 9.6.3 to the study of simple G-sets
without defect. The next few results characterize sets without defects
in a particular way.

Lemma 9.6.3 Let R be an equivalence class of G-sets with respect to <.
Then one has

(¢) Ifa: X =Y is a G-map with X,Y € R, then a(X), considered as a
G-subset of Y, is in R.

(b) If Xg is a G-set in R with a minimal number of elements, i.e., | Xo| < |Y]
forallY € R, then

(i) Any G-map o : Xo — Y is injective and has a left inverse o :' Y —
Xo.
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(i) Any G-map B :' Y — Xy is surjective and has a right inverse
ﬁ/ : XO —Y.

(i1i) If X1 € R with |X1] = |Xo|, then any G-map o : Xo — X1
s an isomorphism. In particular, Xy is determined by R up to
isomorphism.

PROOF Left as an exercise. I

Remarks and definition 9.6.1 (i) A G-object X € R satisfying (b) of
9.6.3 is called a smallest G-set in R. If Y is any G-set in R, X is called
the smallest G-set with Xo<OY.

(i) fIg ={T €I :T <Y forsome Y € R}, and I, = {T € Ir :
T is maximal in Ig with respect to <}, then one can show Xy =
Urer, T is a smallest G-set in R.

Theorem 9.6.3 (a) Two maps oy : S1 — X1, as : So — X5 are defect
maps if and only if a;Uay : S2USy — X1UXs is a defect map over
X1UXs. In particular, X1UXo is without defect if and only if X1, Xo
are without defects.

(b) If M is a Mackey functor from GSet into Z-Mod and I is a basis of
GSet, and Iny = {T € I : T without defect with respect to M}, then
S = UT is a defect set with respect to M.

PROOF
(a) Follows from the definitions and lemma 9.6.3.

(b) Let X be a “smallest” defect set for M in the sense of lemma 9.6.3(b)
and assume that T" € Ip;. Since the X-projectivity of M implies that

M|z is (T'x X 22 T)-projective, there must exist a map a : T — T x X
with T -2 T x X 22 T being the identity of T. So , in particular,
T<X,andso, S= U T<X.

Teln
Vice-versa, let X be the disjoint union of simple G-sets 11,75, , T}
k
so that X = '91 T;. We have to show that T; € M for alli =1,2--- k.
Suppose not. Then there would exist an index ¢ € {1,--- ,k} and a G-

map Y; B, T; without a right inverse, such that M
which in turn would imply that M is

T, 18 [B;-projective,

Y =T1U- - UT;1UY;UT; U - - - UT,-projective

with Y S X, a contradiction.
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I

Remark 9.6.1 Although theorem 9.6.3(b) says that the disjoint union S of
all non-isomorphic simple sets without defect (which by (a) is a set without
defect) is a defect set, it does not follow that any S’ < S is without defect, i.e.,
S’ < S, and S without defect does not necessarily imply that S’ is without
defect.

Theorem 9.6.4 Let G : GSet — Q-Mod be a Green functor and S a simple
G-set. Then

(i) S is without defect with respect to G if and only if there exists a linear
map € : G(S) — Q such that

Q(S) 22 g(S)
7 @lQ

commutes, where the “augmentation” es = @iqs + QUS) — Z maps an
object o : 8" — S in GSet/S onto the number of simple components of
S’ isomorphic to S.

(i1) S is not without defect if and only if there exists an element x € Q(S)
with eg(x) # 0, i.e., if and only if Os(x) = 0 for one (all) element(s)
x € QS) with es(x) = iag(x) # 0 but @o(x) = 0 for all a« € Ig
a 2idg, where Is ={a:T — S:T €I} and po(8:5 — S)=[|{y¢€
GSet(T,S) : py = a}.

PROOF

(i) Suppose that there exists a commutative diagram

Q(S) —= G(9)
e L
Z — Q

and that o : 8" — S is a G-map with . : G(S’) — G(S5) surjective. We
have to show that « is a right inverse. For this, it is enough to show
that S < S’ since S being simple is a smallest GSet in its equivalence
class.

Since S’ < S, we only have to show that S < S’. Now, by theorem
9.4.5, there exists an element x € Q(x) = Q(G) such that pg(X) # 0
and o7 (z) = 0 for any simple G-set T with T' 2 S. Also, by lemma
9.5.1 (i), for any G-set Y with ny : Y — x the unique map from Y to ,
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we have (ny) * () # 0 if and only if S < Y. So, we have to show that
(ns/) * (X) # 0. Now consider the commutative diagram

7 < Q
ps
Eg €
(ns)*
Q(+) Q) —5——— G(5)
Q" (a) G* (o)
("s/)*
Q(s") —2 G(s")

where the commutativity of the upper left hand triangle follows from
the proof of lemma 9.5.1 (i) and the injectivity of G*(a) follows from
corollary 9.2.2.

By considering the various images of = in this diagram, we get

€(0s)(n)"(z) = @s(x) # 0 = 0s((ns)"(x)) # 0 = 0 # G*(a)0s((ns)*(z))
= 0s:((ns')*(x)) = (ns)"(x) # 0.

Now, suppose that S is without defect. Then, in GSet/S we have a
unique maximal ¢-equivalence class just below the final class that is
represented, for instance, by the sum og of all maps a: T — S (T € I)
such that

a#idg, ie., 05 =Ugerga: 8 =Urper, T — 8.
a#idg a#idgs

Note that by its definition og has no section and moreover,

AS) =Y Za=17-1ds®I,4(Q), Ker(es) =I5 ().

acls

Consider the following diagram:

0(s7) =74 o(s) = z \
0s 0s - Q
o\ Fx(0s) -
G(57) —— G(5) — G(9)/155(9)

One can see easily that the exactness of the two rows and the surjectivity
of €5 implies the existence of fs. Since 1g(gy € 05(€2(S)), but 1g(s) ¢
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I, (G) (because S has no defect and og has no section), the induced map

7 s, G(S)/1,,(G) is non-zero and hence injective, since G(5)/I,4(G) is
a Q-vector space. So, there exists the required map G(5)/I,,(G) — Q,
which makes the whole diagram commutative.

(ii) The proof of the first part follows from (i) above. Note that a map
€ : G(S) — Q with the properties in (i) exists if and only if Ker(fs :
Q(S) — G(S)) C Ker(es : Q(S) — Z). Now for x € Q(S), one has
es(z) # 0) if and only if z has the form = y+n-idgs where y € I, ()
and n = eg(y +n-ids) = es(x) # 0. Now, fg(z) = 0 if and only if

0="0s(y+n-ids)=0s(y)+n-1lgs) < n-lgs)
= —0s5(y) € Is5(G) & 1g(s) € Io5(G) = G(S) < S is not without defect

For the second part let y € Q(S) be such that eg(y) # 0, pq(y) = 0 for
all o € Ig, a 2 idg (e.g., y = (ng)*(z) with = € Q(*) as in the proof of
(i)). If Os(y) = 0, then, as has been shown above, S has a defect with
respect to G. On the other hand, if S has a defect with respect to G,
then there exists = € 2(S) with es(z) # 0 and fg(z) = 0, and then,

es(z-y) = es(x) - esly) #0,0s(x - y) = 0s(x) - Os(y) =0,
Yol y) = pa(x) paly) =0

for all @ € Ig, o # idg. So, there exists at least one such element (i.e.,
x-y) in Q(S), and since any other element z with ¢,(z) = 0 for all
a € Ig, a # idg differs from z - y only by a scalar, we have 0g(s) = 0
for any such element.

[

Remark 9.6.2 (i) In theorem 9.6.4, the field Q in the diagram can be re-
placed by any field of characterstic zero, e.g., R,C or @, (see [51]).

(ii) Our next aim is to characterize those Green functors G for which any
G-set S” with S’ < S for some S without defect is itself without defect.
Although this is not necessarily the case for arbitrary Green functors, it
is, however, true for all Green functors that occur naturally in integral
representation theory, or more generally, equivariant algebraic K-theory.
First, we prove a lemma 9.6.4 necessary for the proof of theorem 9.6.5
below.

Lemma 9.6.4 Let 3: S — S be a G-map. Then the only ideal contained in
ker(Q2..(06) : Q(S") — Q(S)) is the zero ideal.

PROOF Assume 0 # z € Q(5’) and Q(5') - x € ker(2.(08)). Since
x # 0, there exists (o : T — S’) € Is such that ¢, (x) # 0. Similarly, from
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lemma 9.4.7 we have z - & = o (2) + >__ <y, N4y Where n, # 0 only for such
(v:Y =8 eIs withy < a, v# «ain GSet/S’. In particular, |Y| = |T.

But -z € Q(S")z C Ker(Q.(8)) implies that 0 = Q. (8)(a - ) = pq(x)Ba +
Zvels/ n By in Q(S), and since S, By represents elements of the canonical
basis Is of Q(S) and ¢, (x) # 0, such an equation can hold ounly if Sa = v €
Q(9), ie, (Ba:T — S) =2 (By:Y — 5) in GSet for some v : Y — S with
n, # 0 — a contradiction to |Y| # |T. I

Theorem 9.6.5 Let G : GSets — Q-Mod be a Green functor, S a G-set.
Then, all G-sets S’ < S have no defect with respect to G if and only if the
canonical map Og : Q(S) — G(S) is injective.

PROOF  Suppose that any S’ < S has no defect with respect to G and
x € Ker(Ts : Q(S) — G(5)). We show that z = 0, i.e., po(x) = 0 for
all  : T — S in Is. Now, by lemma 9.6.4 and our assumption, we have a
commutative diagram

0s

Q(S) G(S)
Q" (a)
e Q(T) or G(T)
Z - Q

Note that ¢, = epQ* () since for 5 : 5" — S we have

ea(B)=Hy:T—=SBy=0a}=|{y:T — 8" xsT|prrvy" =idr}|
= er(prr) = er(2*(a)(B))

where prr = Q*(«)(3) is the projection of S’ x g T onto T. So, if Os(x) = 0,
then €(G*(a)fs(x)) = pa(x) = 0.

To prove the converse, we first show that if G : GSet — Z-Mod is a Green
functor (not necessary Q-vector spaces as images), then the injectivity of the
canonical map g : Q(S) — G(5) implies the injectivity of g : Q(S") — G(S5”)
for any S’ < S. To show this, choose a map 8 : S’ — S and consider the
diagram:
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Since g is injective, we have Ker(fs) C Ker(2.3). But Ker(fs/) is an
ideal, so, by lemma 9.6.4, Ker(fs/) = 0. Now, if G : GSet — Q-Mod is a
Green functor, it follows easily from 9.6.4 that a G-set S’ is without defect
with respect to G if Og : Q(S") — G(5’) is injective.

9.7 Defect basis for K{-functors

9.7.1 Let (C, L) be a symmetric monoidal category together with further
associative composition ‘o’ such that C is distributive with respect to ‘L’ and
‘o’, G a finite group. In example 1.3.2(iv) we defined a functor K§'(—,C) :
GSets — Z-Mod which, as we saw in example 9.1.1(iv), is a Green functor.
If § : H — G is a group homomorphism, we defined in example (1.3.3) (v) a
natural transformation of functors K (—,C) : GSets — Z-Mod to K 06 :
GSet — HSet — Z-Mod where 6 is a functor GSet — HSet induced by
restriction of the action of G on a G-set S to H via . These considerations can
be formalized with the introduction of the concept of inversal family of Green
functors as in definition 9.7.1 below. The aim of this section is to determine
the defect basis for K§(—,C) for various categories C. We shall derive these
results for symmetric monoidal categories (C, L). If (C, L) possesses additional
composition ‘o’ as above such that C is distributive with respect to ‘1’; and
‘o’ we shall call C a distributive category and denote it by (C,L,0). We
note, however, that most of our computations of defect basis will be on C =
P(R), which is also an exact category and so will apply also in chapter 10 on
equivariant higher K-theory for exact categories.

Definition 9.7.1 A universal family of Green functors is a family of Green
functors Gg : GSet — R-Mod, one for each finite group G, together with
natural transformations of Green functors ng : Ga — Gy - 0, one for any
group homomorphism 6 : H — G such that

5 0 5 1650 A2
mia = Id, o0, = (16,01) 0 Mo, = G —> Gz 00y 2= Grr 00200,

forany 0, : H— G,05: H — H and
Go(G/H) =% Gu(G/H|H) — Gu(H/H)
is an isomorphism for any embedding
0:H—G.
Remark 9.7.1 The relevance of definition 9.7.1 lies in the fact that any small
distributive category C defines a universal family of Green functors K§(—,C) :

GSets — Z-Mod such that K§(G/G,C) =: K(G/G,C) is the Grothendieck
ring of G-objects in C.
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Theorem 9.7.1 Let G be a universal family of Green functors with values in
R-Mod. Let D'(G) be the class of all finite groups H such that H/H is a defect
set of Gy, i.e., such that ZH’§H Gu(H/H') — Gy (H/H) is not surjective
(resp. such that Gg(S) — Gr () is surjective if and only if ST #0). Then,

(i) D(G) = {H' < G3H € D/(G) such that H' < H < G},

(i) D'(G) is closed with respect to epimorphic images, i.e., if 0 : H — L is
surjective and H € D'(G), then L € D'(G).

PROOF We show that

(i) > m<e G(H)=> n<c Gc¢(G/H) — Ga(G/G) = G(G) is surjective
HeD' (G) HeD'(9)
by induction with respect to |G|. If |G| = 1, or more generally, if

G € D'(G), then the required map is obviously surjective. Suppose G €
D'(G). Then by the definition of D’(G), the map Z'y<7r (H) - G(G)

is surjective, which implies by induction that

Y GH)= > Ga(G/H)~ Ga(G/G) =G(G)
<c H<G
HeD'(G) HED'(9)

is also surjective. On the other hand, if ), Ga(G/H) — Ga(G/G)
is surjective for some set D of subgroups of GG, we have to show that for

G
any H < G such that H € D'(G), there exists L € D such that H < L,
i.e., (G/L) # . However, by restricting the above formula to H via
Ny, We get a commutative diagram

> 1ep 96(G/L) = Go(ULen(G/L)) — Ga(G/G) .

| l

9(ULen(G/L)|u) ————— Ga(H/H)

Since 7);,, maps the unit e in Go(G/G) onto the unit ey in Gy (H/H)
and the upper arrow is surjective, we see that ey is contained in the
image of the lower arrow, which image is an ideal, and so, the lower arrow
is surjective too. Since H € D'(G), this implies that U(G/L)* # ¢ by
the definition of D'(G).

(ii) Let 6 : H — G be a homomorphism and S a G-set. Consider the diagram

Ga(9) Ga(G/G) .

| l

Gu(S|w) —=Gu(H/H)
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If H € D'(G) and if Go(S) — Ga(G/G) is surjective, then Gy (S|n) —
Gu(H/H) is also surjective, and so, (S|g)? # ¢. Butif§ : H — G
is surjective, one has (S|g)? = SH. So, H € D'(G) implies that G €
D'(G).

Definition 9.7.2 A universal family of Green functors G is said to be satu-
rated if D'(G) is also closed with respect to subgroups. So, in this case, part
(i) of theorem 9.7.1 could be written in the form

D(Ge) ={H < G|H € D'(G)}.

Also, a universal family of Green functors is not necessarily saturated. The
next result indicates that the K(?—functors in which we are interested are sat-
urated.

Theorem 9.7.2 Let (C, 1,0) be a distributive category, and K§(—,C) the
associated universal Green functor. Then A ® Kg"(f,C) is saturated for any
ring A.

PROOF If G is an universal Green functor, we write:

G(G)=6(G)/Im | >_ G(H) —G(G)
H<G
so that G(G) # 0 if and only if G € D'(G).
Now, if G = K§(—,C), we have to show that A G(H) = A® G(H) = 0
implies that A ® G(G) = 0 whenever H < G. To do this, it suffices to

construct a ring homomorphism G(H) — G(G). Note that

G(H) = K§'(H/H,C) ~ K%(G/H,C) = K([G/H,C]).
To the homomorphism ¢ : G/H — G/G are associated two functors

o [G/G,C] — [G/H,C] and o : [G/H,C] ~ [G/G,C),

the latter using the composition in C. (See 1.1.5.)

We also have a functor ¢, : [G/H,C] — [G/G,C], which associates to a G-
equivariant C-bundle ¢ over G/H, the G-object 0({x|K € G/H). The last
functor defines a f-multiplicative map from isomorphism classes in [G/H,C]|
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onto isomorphism classes in [G/G,C], and so, we have a diagram

K+(H/H,C)~ K+(G/H,C) — K*(G/G,C)
Kl(H/H,C) K$(G/G.C).

KC(H/H,C) — KG(G/G,0).

We show that the lower dotted arrow exists as a ring homomorphism. This
would follow from the following.

Lemma 9.7.1 (a) If (1, are two bundles over G/H, then 0(L ((1,(2)) =L
(0(¢1),0(¢2)) modulo Im (Y. K§(G/H',.C) — K§(G/G,0)), i.e.,
e

0(L (C1,G2)) =L (0(¢1),0(¢2)) in K(G,C).

(b) If v = o+ (C) for some C-bundle ¢ over some GSet S with ST = () with
respect to some G-map ¢ : S — G/H, then

0(y) € Im( > K§(G/H',.C) = K§(G/G,C)), i,
H'SG

0(y)=0 in K(G,C).

PROOF

(a) First note that if 1 is a G-equivariant C-bundle over T with T = ¢,
and I = Ker(K(G,C) — K(G,C)) = Im(¥ <, K§(G/H'.C) —
K§(G/G,C)), then L (m|t € T) € I. Now,

O(L (¢1,¢2)) = 0(L (Cix, C2x)|K € G/H)
= 20 (Care) x|K € G/Ha € Hom(G/H, {1,2}))

where Hom(G/H, {1,2}) is the G-set of all maps from G/H into {1, 2},
identified with the set of all sections of projection G/H x {1,2} — G/H.
We may consider 0((o(x),x|K € G/H)o (o € Hom(G/H,{1,2}))
as a G-equivariant C-bundle over Hom(G/H,{1,2}). However,
Hom(G/H,{1,2}) is a disjoint union of

Ty = Hom(G/H,{1}) 2~ G/G, T, = Hom(G/H,{2})~G/G and

T = {a € Hom(G/H,{1,2})|a not constant}. So,
T¢ =g and Laer, (0x (Catroy.i) = 0(G) (i=1,2). So,

0y, x| K € G/H)la € Hom(G/H,{1,2})) =L ((1,¢2) mod I
since by T¢ = ¢, L (---) applied to any bundle over T is contained
in .
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(b) We have 0(¢) = 0(¢x (¢)) =L (0(¢sx)|K € G/H|6 € T')) where I is the
G-set of all sections § : G/H — S of ¢ : S — G/H. Since S = p, we
have T'¢ = ¢, and so, 0(p+(¢)) € I

[

Remarks 9.7.1 Tt is clear from theorem 9.7.2 that D(A ® K§(—,C)) =
D'K§(—,C)) and we write D4 (C) for this defect basis. So, in order to prove
induction theorems for A® K§(—,C)), we just have to compute D4(C). This
we now set out to do.

First we fix some notations. If H < G, R a commutative ring, and N an
RH-module, we write N¥—¢ for the induced RG-module RG ®@ru N, i.e.,
the RG-module induced from the G-equivariant R-Mod-bundle G x g N over
G/H.

If S is a G-set, we write R[S] for the associated permutation representation,
i.e. the RG-module, which is induced from the trivial G-equivariant R-Mod-
bundle R x S/S over S. So, R[G/H] ~ R"—~% where R[H/H] = R is the
trivial R[H]-module.

Lemma 9.7.2 Let D be a class of finite groups closed under epimorphic im-
ages and subgroups, p a prime. If Z, x Z, and any non-Abelian group of order
p-q with q | (p — 1) (g another prime) is not contained in D, then any group
in D has a cyclic Sylow-p-subgroup and is p-nilpotent.

PROOF If G € D, and G, a Sylow-p-subgroup of G, then any factor
group of G, is in D. But Z, x Z, ¢ D . So, G, is cyclic.
Suppose G was not p-nilpotent. Then, by a popular transfer argument, there
would exist some g € G such that g € Ng(G,) but g ¢ Co(Gp). Since the
p-part of ¢ is necessarily contained in G, < Cg(Gp), we may assume g to be
p-regular and then assume as well that g9 € Cq(G,) for some prime ¢ # p.
But then, with G, =< h >, the group < h,g > / < h?, g% > is non-Abelian
of order pq with ¢ | (p — 1), a contradiction to

GeD=<hg>D=<h,g>/<h? g? > D.

[

Lemma 9.7.3 Let R be a commutative ring with identity, p a prime such
that pR = R. Then Do(P(R)) =: Dg(R) contains neither Z, x Z, nor any
non-Abelian group of order pq with q | (p — 1).

PROOF The proof follows from the following I

Lemma 9.7.4 (a) Under the hypothesis of lemma 9.7.3, let pR = R, G =
Zy X Ly, and Ho, H1,--- , H, the (p+ 1) subgroups of order p in G.
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Then, RO R® ---® R® R[G/e] ~ & _R[G/H;| where R here is the

p times

trivial RG-module representing 1 in K (G, R).

(b) Let R = Z(%,() where ¢ is a primitive p-th root of unity, G the semi-
direct product Z, x A where A = Aut(Z,) is cyclic of order p-1.

Let R be R considered as a Zy-module with z;r = C'r (where r € R,
i € F) and the elements z = z; in Z, indexed by the elements i € F),

such that z; - zj = zi+j. Then, R[G/A]~ R& REZ»—G

PROOF

(a) Define for any finite group G, G-set S, and commutative ring R, Ir[S] =
Ker(R[S] — R) where R[S] — R is defined by s — 1 (s € S). Then,
pR = R implies that R[G/e] ~ & I[G/H;]. An explicit isomorphism

=0
is given by first restricting the canonical maps R[G/e] — R[G/H,],
g-e— gH; to I[---] and taking their product, its inverse being the sum
of the restriction to I[---] of the maps

R[|G/H;] — R[G/e] : gH; — ! Z x-e.
zegH;

(b) We index the elements in A by the elements in Fy, a = a; (j € Fp,j # 0)
such that a;(z;) = z;;. Note that R[G/A] has an r-basis z; = zA
(i € Fp) such that z;a; = xiy;, aju; = x;;. Consider y; =3 5 Ty
(j € Fp). Since the determinant

1 1 --- 1

1 ¢ - gp—l . .
= I W=
0<i<j<p—1

i Cp.—l C(p.—l)2

is invertible in R(p = []/-) (1—¢?) is a unit in R), the set {y;|j € F,}
is also an R-basis for R[G/A]. But zy; = (Ity;, a; 'y; = v, and Ry
is a trivial RG-module, whereas the sub-R-modules Ry; (j € F,) are
blocks of imprimitivity with Z, being the stabilizer subgroup of the first
(and — being normal — of any) block and Ry1yz, ~ f{, and so,

R[G/A] ~ EBjerRyj ~R D EZ"_}G.
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Theorem 9.7.3 If pR = R for p any prime, R a commutative ring with
1 (i.e. if R is a Q-algebra), then Dg(R) C {H|H cyclic}. If any prime,
except one, say ¢, is invertible in R (e.g., R is a local ring with residue class
characteristic £), then Dg(R) C {H|H cyclic mod £} where a group H is
cyclic mod £ if the £-Sylow subgroup Hy is normal in H and H|H, is cyclic.

PROOF If pR = R for any p , then any group in Dg(R) is p-nilpotent

and has a cyclic Sylow-p-subgroup for any p, and so, it is nilpotent with only
a cyclic Sylow-subgroups, and hence cyclic.
If pR = R for p # £, then any group H in Dg(R) has a normal p-complement
for any p # ¢, and so, the intersection of all these normal p-complements,
i.e., the Sylow-¢-subgroup Hy of H is normal. Moreover, H/H, is p-nilpotent
with cyclic Sylow-p-subgroup for any p dividing |H/Hy|, and so, by the above
argument, it is cyclic.

Lemma 9.7.5 Let R be a Dedekind ring. Then Da(R) = UnDa(Ry) where
m runs through the maximal ideals in R, and A is a commutative ring with
1eA.

PROOF  For any commutative ring A, we shall write K§(—, A4) =
K§(~P(A)).
Since K§'(—, Ry,) is a K§(—, R)-algebra, we have D4(R,,) € Da(R). Now

suppose that G € D4(R), but G ¢ U, Da(Ry,). Then, for any m, there exist
elements zy € @K (H < G) such that

_ H—G
lA®K(G,Ry) = E Th
HSG

(where £H7~¢ is the image of z € G(H)) with respect to the induction map
G(H) — G(G).

Since we have only finitely many R,,H-modules and only a finite number of
isomorphisms involved in the above equation, it can be realized already in a
finite subextension of R in R,,, and so, there exists an element a,, in R —m
such that the above situation can be realized already over Ri,n jneny = Ra,, -
In particular, G ¢ Da(Ry). So it is enough to show that the set I = {a €
Rla=0o0r G ¢ Ds(R,)} is an ideal of R — since a,, € I would imply I ¢ m
for all m and so I = R 51 and G ¢ D4(R) — a contradiction. So, assume
a,b € I. Then, without loss of generality, we may assume that a + b # 0 and
even that a +b =1 since R, C (Raﬂ,)#b, Ry C (Raﬂ,)#b. Our result now
follows from the next two lemmas. In 9.7.6 below, we shall write K (G, A) for
K§(G/G,P(A)) for any commutative ring A.

Lemma 9.7.6 Let C C R be a multiplicatively closed subset of Dedekind
ring R with 0 € C, and let R¢ denote the associated ring of C-quotients of
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R with 0 ¢ C, and ic C A® K(G,R) is the ideal generated by all [L] —
[N] € A® K(G,R) such that there exists ¢ : L — N,¢p : N — L with
pot =c-idy,pop = c-idy for some ¢ € C. Then, the canonical map
A® K(G,R) - A® K(G,R¢) : [L] — [Rc ® L] induces an isomorphism
A® K(G,R)/ic — A® K(G,Rc).

PROOF Clearly, i¢ is the kernel of A® K(G,R) - A® K(G,Rc). We

now construct an inverse of
A® K(G,R)/ic — A® K(G, Rc).

If L' is a finitely generated Rc-projective RoG-module, choose a finitely gen-
erated R-projective RG-module L such that Rc ® L ~ L', which is possible
since R is a Dedekind ring. We then define the inverse A ® K(G,R¢) —
A® K(G,R)/ic by [L'] — [L] + ic, which is well defined since it can easily
be shown that Rc ® L ~ Rc ® N implies that [L] — [N] € ic. I

Lemma 9.7.7 Let C1,Co C R be multiplicative closed subsets of R and as-
sume ciR+ caR =R for ¢y € Cy, ca € Cy. Then, ic, -ic, = 0.

PROOF If [L,] — [N,] € i¢, with maps ¢, : L, — N,, ¥, : N, — L,,
euthy = cidn, , Yo, = cidr, (cveo, ), and r1¢1 + Raca = 1, then we have
an isomorphism from (L1 ® La) ® (N1 ® Na) into (L1 ® Na) @ (N1 @ La) given
by the matrix

_idLl & ¥2 1/)1 ® TlidN2 1
_501 & isz 77”27;le ® 1/)2 i
whose inverse is given by

[ roidr, @ o 1 ® ryidp, |

| p1 ®idy, —idN, ® 2 |
So, ([L1] = [N1])([L2] — [N2]) = 0. 0

Conclusion of proof of 9.7.5 Using lemma 9.7.6, we have that there exists el-
ements zy,yg € A® K(H,R) (H < G) with

r=1- Z 2% € ifanineny = i
HSG

and
y=1-— Z ngG € i{b"|n6N} =0,
HSG
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By multiplying, we get 0 =z -y =1 — ZH:EG zg_’G € 14 - 1p for appropriate
zp € AQK(H, R), and our claim that G ¢ Da(R,), G ¢ Da(Rp) and a+b =1
implies that G ¢ D4(R) follows from 9.7.7.

Remark 9.7.2 Lemma 9.7.5 holds even for arbitrary commutative rings R
once we work with finitely presented R-modules (see [48]).

Theorem 9.7.4 If R is a commutative ring with identity, then Dg(R) =
{H|H cyclic mod ¢ for some characteristic £ such that {R # R}=

UrrzrCe where Cy ={H|H cyclic mod (}.

PROOF Let R = Z[%|pR = R]. Then R’ is a Dedekind ring and R is
an R'-algebra. So, Dg(R) C Dg(R’) Um Do(R,,). Moreover, Dg(R],) C Cy, if
¢ = char(R'/m), by theorem 9.7.3, and so, /R’ # R'. So, /R # R and hence
Do € Upr#rCo.

To show that C; C Dg(R) for /R # R, choose a maximal ideal m in R with
char(R/m) = £ (resp. with arbitrary residue class characteristic if £ = 0).
In any case, we have Dg(R/m) C Dg(R), and so, it is enough to show
C¢ C Dg(R) whenever R is a field of characteristic £. So, let G be cyclic
mod ¢, Gy its Sylow-¢-subgroup (resp. e if £ = 0), and G = Gy < g > for some
appropriate g € G. We construct a non-zero linear map K (G, R) — C) which
vanishes on Im(Zch(K(H, R) — K(G,R)) (and thus proves G € Dg(R))
by associating to any RG-module N with direct decomposition N >~ @7_; N;
into indecomposable RG-module the sum 3"y, (g) of the Brauer characters
of g on those direct summands N; that have vertex G in the sense of proposi-
tion 9.1.1(c). (That is, are not a direct summand in any L#~¢ with H < G,
L any RH-module). This is well defined and additive by the Krull - Remark
- Schmidt theorem. It is non-zero since the trivial RG-module R is mapped
to 1 and it vanishes on any N that is induced from a proper subgroup H.

If N = LH~C for some RH-module L that without loss of generality may be
indecomposable, then either the vertex of L and thus the vertex of any inde-
composable summand of L is properly contained in Gy, and so, 0 = 3" xN;(g),
an empty sum, or Gy < H and L is a direct summand of LF~# for some
indecomposable RGy-module Ly with vertex Gy, and then, any indecompos-
able summand N’ of N restricted to Gy is isomorphic to a direct sum of
copies of G-conjugates of L, and so has vertex Gy, too, in which case, we get

ZI xn:(9) = xn,(9) = x5.(g) = 0 since Gy < G implies g ¢ H.

Remarks and definition 9.7.1 A commutative ring R with identity is
called a A\-ring if there exists a map

At R— R((t)) tar > A'(a)t"
n=0
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of R into the ring of formal power series over R such that
(a) Mi(a) =14 at+--- for alla € R.
(b) Ai(a+b) = A(a)Ae(b) for all a,b € R.

Note that for any ring R, the exterior powers define a A-ring structure on
K (G, R), and the next lemma that says that any torsion element in a A-ring
is nilpotent enables us to compute D4 (R) for arbitrary R via earlier results.

Lemma 9.7.8 [G.Segal] Let R be an arbitrary A-ring. Then any torsion
element R is nilpotent.

PROOF Suppose p"z = 0 for some p. Then,
=X - z)=M(z)? = 4at+--- )P =142z -t* +...mod (p).

So, zP" = py for some y € R and hence z("tDP" = 2P" = (p. 2)a? 1.y = 0.
Since any p-torsion element in R is nilpotent for any p, then any torsion
element R is nilpotent.

Definition 9.7.3 Let q,¢ be primes, H a finite group. Then H is said to be
a q-hyperelementary mod £ if there exists a normal series e < Hy << Hy < H
with Hy an £-group, Ha/H; cyclic, and H/Hs a q-group.

A group H is said to be g-elementary mod ¢ if the Sylow-¢-subgroup Hy of H
is normal and H/Hy is a direct product of a cyclic group and a q-group. Note
that for g =0 or £ =0, a group (resp. an l-group) is always meant to be the
trivial group.

By combining the above results with theorem 9.7.7, we have

Theorem 9.7.5 Let A, R be commutative rings with identity. Then Da(R) C
{H|H q-hyperelementary mod? for some q with ¢A # A and R # R}.

Theorem 9.7.6 If R contains a primitive pt* root ¢ of 1 (i.e., R is a Z[(]-
algebra) and H € Da(R), then there exists a normal series e < Hy < Hy < H
such that H/Hs acts trivially on the p-part of Ho/H;.

PROOF  Note that R is an R'-algebra where R’ = [(,2[rR=R, r¢€N]
is a Dedekind ring. So, H € Da(R) C Da(R') = UDa(R;,), and so, we may

already assume R to be local Dedekind ring with residue class characteristic
¢ (possibly £ = 0). So, H has a normal series e < Hy 4 Hy < H with H;
and f-group, (H; = 0 for ¢ = 0), Ho/H; cyclic, and H/Hs a g-group for
some g with ¢4 # A. If { = p or ¢ = p, we may assume that Hs/H; is
p-regular, in which case our statement is trivial. If ¢ # p # ¢, we use the
fact that D4(R) is closed with respect to subgroups and quotients, and so,
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if H/H5 does not act trivially on the p-part of Hy/H;, we may even assume
H to be non-Abelian of order pg with ¢ | (p — 1). But the isomorphism of
lemma 9.7.4 (b) holds for any Z(%,C)—algebra, and so, especially for a local
ring R of residue characteristic £ # p, and by restriction, this isomorphism
to H =17, %%y <Zy,xA, RIHZ)) ~ R& R»~ " @ ... R%~H  and so,
(p—1) times
¢ € K(H,R) is induced from proper subgroups, i.e., H ¢ D(R), and hence
H ¢ Dy(R) is a contradiction. I

Remark 9.7.3 It follows from theorem 9.7.6 that for any finite group G and
a ring R, which contains a p*® root of unity for any prime p dividing |G|, A®
K§ (-, R) has a defect basis contained in C¥(G) := {H < G|H g-elementary
mod ¢ for some characteristic ¢ with ¢A # A and some characteristic £ with
R # R}. More precisely, we have the following.

Theorem 9.7.7 If G is a finite group, R a commutative ring with identity
such that for any prime p dividing |G|, R contains a primitive p™ root of
unity, then the defect basis of A ® K§(—,R) : GSet — A-Mod is precisely
CR(G) for any commutative ring A with identity.

PROOF We have to show that for any subgroup H € CE(G) of G, we
have A ® K(H,R) # 0. So, let H be g-elementary mod ¢ with ¢A # A
and /R # R. Without loss of generality, we may assume that A and R are
algebraically closed fields of characteristic ¢ and ¢, respectively. It will be
enough to construct a non-zero linear map x : K(H,R) — A that vanishes
on Im(ZH,gH K(H',R) — K(H,R)). So, let H; be the Sylow-{-subgroup
of H. By our assumption, we have Hy < H and H/Hy ~ (H, - Hy/H;) x (<
g, Hy > /Hy) for some appropriate g € H of order n with (n,q) = (n,¢) = 1.
Choose a fixed isomorphism of the group of n*® roots of unity in R onto
the same group in A so that for any R-module N, we have a well-defined
Brauer character xn(g) with values in A. Now define x(N) = 3" xn,(9)
where N = @N; is a decomposition of N into indecomposable RH-modules
and the sum Y. xn,(g) is taken over all N; with vertex H,. Note that y is
non-zero since it maps the trivial representation into 1, but it vanishes on any
N = ®&N; ~ LH'—H if g/ % H, since otherwise N must have a vertex Hy,
and in particular, Hy < H’, in which case all the N; have vertex H, (as above
since Hy is normal in H). So, 32 xn,(g9) = xn,(g) = 0 unless also g € H',
in which case xn(g) = (H : H')x1(g) since H, acts trivially on < g >. But
then, again, xn(g) = 0 since (H : H') is a power of ¢ and hence zero in A
unless H = H’, which had been excluded.
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Exercises

9.1 Let B be a based category, p a prime ideal of (B), and p = characteristic
of Q(B)/p. Define a relation on B-objects by T p7" if p(T,p) = p(T”,p) (see
remarks 9.4.1). Show that ‘~’ is an equivalence relation.

9.2 In the notation of definition 9.4.2, show that for G-sets S, So,
(i) (pH(SlUSQ) :goH(Sl)—i—(pH(Sg), and
(ll) @H(Sl X SQ) = @H(Sl) . C,OH(SQ) where Sl,SQ € GSet.

9.3 Let B be a based category, G : B — Z-Mod a Green functor. If G(x) is
torsion-free X € ob(B) and n - 1g(x) € Ix(G), show that (n, ||B]]) - 1{g()} €
Ix(G).

9.4 Let G : GSet — Z-Mod be a Green functor such that G(S) — G(G/G) is
surjective. If 7 : M — N is a morphism of G-modules such that 7¢ : Mg — Ng
is an isomorphism, show that 7: M — N is also an isomorphism.

9.5 Let G be a finite group, B a ZG-module. For any G-set S, let Hq (S, B)
denote the set all G-maps f : S — B. Show that Hg(—, B) : GSet — Z-Mod
takes sums into products.

9.6 Let B be a based category. Show that the category Mg of Mackey functors
B — Z-Mod is an Abelain category satisfying AB5, i.e., M is co-complete
and filtered limits of exact sequences are exact.

9.7 Let H, H' be two subgroups of G. Show that the orbit space G/H x G/H'
can be identified with the set D(H, H') = {HgH'|g € G} of double cosets of
H,H in G.

9.8 Let G be a finite group and let G,G’ : GSet — Z-Mod be Green functors

such that there exists a morphism 6 : G — G’. Show that Dg: C Dg.
If G’ is a subfunctor of G such that |G|-G’(x) = G'(x), show that Dg = Dg-.

9.9 Let (C, 1) be a symmetric monoidal category, S a G-set. Show that
([S,C], L) is also a symmetric monoidal category where for ¢,n € [S,C], ((Ln)

(5) = ¢ Lns and (CLn)(g,s) = (CLm)s — (CLm)gs.

For all n > 0, define K$(S,C) as K;-((S,C), ). Show that K& (—,C) :
GSet — Z-Mod is a Mackey functor.
9.10 Let G be a finite group, S1, S2 G-sets. Show that

(a) If a Mackey functor M is Si-projective and Se-projective, then it is
S1 X Se-projective

(b) If M is Si-projective and there exists a G-map S; — Sy, then M is
So-projective.



Chapter 10

Equivariant higher algebraic
K-theory together with relative
generalizations — for finite group
actions

In this chapter, we construct and study equivariant higher K-groups whose
computations will depend on those of defect basis for K§ functors obtained
in 9.7. We shall also apply the theory in the computations of higher K-theory
of grouprings. The results in this chapter are due to A. Dress and A.O. Kuku
(see [52, 53]).

10.1 Equivariant higher algebraic K-theory

10.1.1 Let G be a finite group, S a G-set. Recall from (1.1.5) that we can
associate to S a category S as follows: The objects of S are elements of .5,
while for s, s’€S, a morphism from s to s’ is a triple (s', g, s) where geG is such
that gs = s’. The morphism are composed by (s, h,s")(s',g,s) = (s”, hg, s).
Note that any G-map ¢ : S — T gives rise to an associated covariant functor
g5 — T where o(s) = o(s) and o((s'.9.5)) = (o(s').. 0(s).

Theorem 10.1.1 Let C be an exact category, S a G-set. The category [S,C]
of covariant functors from S to C is also exact.

PROOF  let (1, (2, and (3 be functors in [S,C]. Define a sequence of
natural transformations (1 — (3 — (3 to be exact if the sequence is exact
fiberwise, i.e., for any s € S, (1(s) — (2(s) — (3(s) is exact in C .It can be
easily checked that this notion of exactness makes [S,C] an exact category. (I

Definition 10.1.1 We shall write for all n > 0 KS(S,C) for the n'* alge-
braic K-group associated to the category [S,C] with respect to fiberwise exact
sequences.

We now have the following.

325
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Theorem 10.1.2

K%(—,C): GSet — Ab is a Mackey functor for all n > 0.

n

PROOF Let ¢: 51 — Sz be a G-map. Then ¢ gives rise to a restriction
functor ¢* : [S,,C] — [S;,C] given by ¢ — ( o ¢ and hence a homomorphism
K&(¢*,C) : K&(S2,C) — K& (S1,C). Also ¢ gives rise to an induction functor
s 1 [S1,C] — [Ss,C] defined as follows: for ¢ € [S;,C], we define p.(¢) €
[5276] by

e(Q)(s2) = D ((s1) and pu(gs2, g, 52)

s1€p~ 1 (s2)

= @ C(gslvgvsl)'

s1€p~1(s2)

If & : ( — (' is a natural transformation of functors in [S;,C], then we
define a natural transformation of functors in [Sy,C], w«(a) : v« (¢) — @« ({)
by

pu(@)(s2) = P als1): @u(Q)(s2)

s1€p~1(s2)

= D ) —el)s)

s1€p~1(s2)

= @ e

s1€p~1(s2)

So, we have a homomorphism K& (p,,C) : K(S1,C) — K&(Ss,C). It can be
easily checked that

(i) (p)x = @uthy if p : Sp — S1 and ¢ : S — S are G-maps.

(i) [S1USa,,C] = [S1,C] x [S2,C], and hence
K§(5108,,€) = KS(51,C) P K (52.C)
(iii) Given any pull-back diagram
Sl X7 SQ L> SQ

F T

S, —*2 o7
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in C, we have a commutative diagram

[S1 X7 S5,C) L [Se,C] .

I

[S2,C] —=—[T,C]

and hence the corresponding commutative diagram obtained by applying
K&. Hence K&(—,C) is a Mackey functor.

[

We now want to turn K§(—,C) into a Green functor. We first recall the
definition of a pairing of exact categories (see [224]).

Definition 10.1.2 Let C1,Co,C3 be exact categories. An exact pairing <, >:
C1 xCq — C3 given by (X1, X2) —< X1, X2 > is a covariant functor such that

Hom<<X17X2)’(X{7X§)) =
= Hom(X1,X]) x Hom(X2, X3) — Hom(< X1, X2 >, < X1, X5 >)

is biadditive and biezact (see (7.6) for more details).

Recall from (7.6) that such a pairing gives rise to a K-theoretic product
K;(C1) x K;(C2) — K;+;(Cs), and in particular a natural pairing K¢(C1) X
Now, if C; = C3 = C3 = C, and the pairing C x C — C is associative and
commutative and also has a natural unit, that is, there exists an object E in
C such that < E/M > = < M,E > = M for all M € C, then K,(C) is a
unitary Ko(C)-module. We shall apply this setup in the proof of 10.1.3 below.

Theorem 10.1.3 Let C1,C2,C3,C be exact categories and C; X Co — C3 an
exact pairing of categories. Then the pairing induces fiberwise a pairing
[S,C1] x [S,Ca] — [S,C3] and hence a pairing K§'(S,C1) x KS(S,Cq) —
K’r?(Sv C3)

Suppose C is an exact category such that the pairing C x C — C is naturally
associative and commutative and there exists E € C such that

< E,M >=< M,E > = M. Then, K§(—,C) is a Green functor and
K&%(—,C) is a unitary K§(—,C)-module.

PROOF Let ¢, € [S,C1], G2 € [S,Co]. Define < (1,¢2 > by < (1, >
(s) = < (1(s),C2(s) >. This is exact with respect to fiberwise exact sequences.
Now, any ¢; € [S,C;] induces an exact functor (f : [S,C2] — [S,C5] given
by (o —< (1,¢2 > and hence a map K& ((1,C1) : KS(S,C3) — KS(S,C3).
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We now define a map K§(9,C1) 2, Hom(K$(S,C2), K& (S,C3)) by (1 —
K%(¢1) and show that this is a homomorphism. This homomorphism then
yields the required pairing K§(S,C1) x K& (S,Cs) — K$(S,C3). To show that
d is a homomorphism, let {{ — {3 — ¢}’ be an exact sequence in [S, C;]. Then
we obtain an exact sequence of exact functors (1, — (1« — (i, : [S,Ca] —
[S, Cs] such that for each (5 € [S, Ca], the sequence (1, ((2) — (14((2) — (1. (o)
is exact in [S,C3] . Then, by applying Quillen’s result (see theorem 6.1.1), we
have K((,) + KS(CL) = KS(Cio).

It can be checked that given any G-map ¢ : T'— S, the Frobenius reciprocity
law holds, i.e., for ¢; € [S,Ci],m € [T,Ci], i = 1,2,3 we have a canonical
isomorphism

(1) ¢ <G, G >=< 9" (C1), 9" (C) >.

(i) pu <" (1), m2 >=<C1y u(m2) >

(i) ox < 71,9"(C2) >=< @i«(m), 2 >. It is clear that the pairing
C x C — C induces K§(S,C) x K§(S,C) — K§(S,C), which turns
K§(S,C) into a ring with unit such that for any G-map ¢ : S — T,
K§(,0) (1xg(s.c)) = 1kg(s,c)
It is also clear that 1xgc(gc) acts as the identity on K§(S,C). So,
K&(S,C) is a K§'(S,C)-module.

10.2 Relative equivariant higher algebraic K-theory

In this section, we discuss the relative version of the theory in 10.1.

Definition 10.2.1 Let S, T be GSets. Then the projection map S x T —2» S
gives rise to a functor S X T 5 8. Suppose that C is an ezact category. If
¢ € [5,C], we write ' for Cop : SXT 2 8 S c. Then, a sequence
G — G — (3 of functors in [S,C] is said to be T-exact if the sequence
¢y — & — & of restricted functors S x T — S — C is split exact.

Ifv : S1 — Sy is a G-map, and ¢ — (2 — (3 is a T-exact sequence in [Sa,C],

then ¢{ — ¢y — (3 is a T-exact sequence in [Sy,C]| where (] : S1 N Sz N
Let K&(S,C,T) be the n' algebraic K -group associated to the exact category
[S,C] with respect to T-exact sequences.

Remark 10.2.1 The use of the restriction functors ¢/ in both situations in
10.2.1 constitute a special case of the following general situation. Let C be
an exact category and B, B’ any small categories. We can define exactness
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in [B,C] relative to some covariant functor § : B/ — B. Thus a sequence
(1 — (2 — (3 of functors in [B,C] is said to be exact relative to § : B/ — B if
it is exact fiberwise and if the sequence ¢f — ¢4 — (4} of restricted functors

¢l:=¢(od:8B 2B Cis split exact.

Definition 10.2.2 Let S, T be GSets. A functor ( € [S,C] is said to be
T-projective if any T-exact sequence (1 — (o — ( is exact. Let [S,C]r be
the additive category of T-projective functors in [S,C] considered as an ex-
act category with respect to split eract sequences. Note that the restriction

functor associated to Sq 2, Sy carries T-projective functors ¢ € [S,,C] into
T-projective functors ¢ o) € [Sy,C] . Define PS(S,C,T) as the n™ algebraic
K -group associated to the exact category [S,Clr, with respect to split exact
sequences.

Remark 10.2.2 Here are some properties of the constructions above. The
proofs are left as exercises.

(i) Let ¢ : S — C be an object in [S, C], T an arbitrary non-empty G-set, and
let ¢ : S xT — S denote the canonical projection. Then the following
conditions are equivalent:

(a) ¢ is T-projective.

(b) The canonical map ¢*(¢(¢)) — ¢, given by the “co-diagonal”:
02 (£"()(5) = BuerC(s) — C(s), 5 € 5, is split surjective.

(¢) ¢ is isomorphic to a direct summand of ¢, ({) for some appropriate
(:SxT—C.

(d) The canonical map ¢ — @.(¢*(()), given by the “diagonal”: {(s) —
Brerp«(0*(Q))(s), s € S, is split injective.

(e) ¢ is T-injective, i.e., any T-exact sequence ( — (2 — (3 is exact.

(ii) Let ¢ : Sy — S be a G-map. Then the induced functor ¢, : [S1,C] —
[S2,C] maps fiberwise / T-exact sequences from [S;,C] into fiberwise
/ T-exact sequences in [S3,C] and any T-projective functors into 7-
projective functors.

Theorem 10.2.1 K&(—,C,T) and PS(—,C,T) are Mackey functors from
GSet to Ab for all n > 0. If the pairing C x C — C is naturally associative and
commutative and contains a natural unit, then KS;(—,C, T): GSet — Abis a
Green functor, and K& (—,C,T) and PS(—,C,T) are K§(—,C,T)-modules.

PROOF For any G-map v : S; — Sz, the restriction functor ¢* : [S3,C] —
[S1,C] given by ¢ — ( o1 carries T-exact sequences into T-exact sequences,
and any T-projective functor into a T-projective functor. Hence K& (—,C,T)
and P%(—,C,T) become contravariant functors.
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Also, the induction functor v, : [S1,C] — [S2,C] associated to ¢ : S; — Sz p-
reserves T-exact sequences and T-projective functors and hence induces homo-
morphisms KG(1,C,T). : K$(51,C,T) — K%(S,,C,T) and PS(y,C,T). :
P&(S1,C,T) — PS(Ss,C,T), thus making K& (—,C,T) and PS(S1,C,T) co-
variant functors. Other properties of Mackey functors can be easily veri-
fied. Observe that for any GSet T, the pairing [S,C1] X [S,Cs] — [S,Cs]
takes T-exact sequences into T-exact sequences, and so, if [S,C;], i = 1,2
are considered as exact categories with respect to T-exact sequences, then
we have a pairing K§'(S,C1,T) x K¢(S,C2,T) — KS&(S,C3,T). Also if (y is
T-projective, so is < (1, (2 >.

Hence, if [S,C1] is considered as an exact category with respect to T-
exact sequences, we have an induced pairing K§(S,C1,T) x PS(S,Ca, T) —
P%(8,C3,T). Now, if we put C; = C2 = C3 = C such that the pairing CxC — C
is naturally associative and commutative and C has a natural unit, then, as in
theorem 10.1.3, K§(—,C,T) is a Green functor and it is clear from the above
that KG(—,C,T) and PS(—,C,T) are K§(—,C, T)-modules.

Remarks 10.2.1 (i) In the notation of theorem 10.2.1, we have the follow-
ing natural transformation of functors: P¢(—,C,T) — K& (—,C,T) —
K&(—,C), where T is any G-set, G a finite group, and C an exact cate-
gory. Note that the first map is the “Cartan” map.

(ii) If there exists a G-map T» — T, we also have the following natu-
ral transformations P¢(—,C,Ty) — PY(—,C,T1) and K&(—,C,T1) —
K,? (—,C,Ty) since, in this case, any Tj-exact sequence is Th-exact.

10.3 Interpretation in terms of group-rings

In this section, we discuss how to interprete the theories in previous sections
in terms of group-rings.

10.3.1 Recall that any G-set S can be written as a finite disjoint union of

transitive G-sets, each of which is isomorphic to a quotient set G/H for some
subgroup H of G. Since Mackey functors, by definition, take finite disjoint
unions into finite direct sums, it will be enough to consider exact categories
[G/H,C] where C is an exact category.
For any ring A, let M(A) be the category of finitely generated A-modules
and P(A) the category of finitely generated projective A-modules. Recall from
(1.1.8)(i) that if G is a finite group, H a subgroup of G, A a commutative ring,
then there exists an equivalence of exact categories [G/H, M(A)] — M(AH).
Under this equivalence, [G/H,P(A)] is identified with the category of finitely
generated A-projective left AH-modules.
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We now observe that a sequence of functors (; — (2 — (3 in [G/H, M(A)] or
[G/H,P(A)] is exact if the corresponding sequence (1 (H) — (o(H) — (3(H)
of AH-modules is exact.

Remarks 10.3.1 (i) It follows that for every n > 0, K¢(G/H,P(A))can
be identified with the n*® algebraic K-group of the category of finite-
ly generated A-projective AH-modules while K& (G/H, M(A)) =
G,(AH) if A is Noetherian. It is well known that K& (G/H,P(A)) =
K& (G/H, M(A)) is an isomorphism when A is regular.

(ii) Let ¢ : G/Hy — G/Hy be a G-map for Hi < Hy < G. We
may restrict ourselves to the case Ho = (G, and so, we have p* :
[G/G, M(A)] — [G/H,M(A)] corresponding to the restriction func-

tor M(AG) — M(AH), while ¢, : [G/H, M(A)] — [G/G, M(A)]

corresponds to the induction functor M(AH) — M(AG) given by

N — AG® apg N. Similar situations hold for functor categories involving

P(A). So, we have corresponding restriction and induction homomor-

phisms for the respective K-groups.

(iii) If C = P(A) and A is commutative, then the tensor product defines a
naturally associative and commutative pairing P(A) x P(4) — P(A)
with a natural unit, and so, K$(—,P(A)) are K§(—, P(A))-modules.

10.3.2 We now interpret the relative situation. So let T" be a G-set. Note
that a sequence (; — (3 — (3 of functors in [G/H, M(A)] or [G/H,P(A)]
is said to be T-exact if ¢{(H) — (o(H) — (3(H) is AH'-split exact for all
H' < H such that TH" # () where TH = {t € T| gt =t Vg e H'}. In
particular, the sequence is G/H-exact (resp. G/G-exact) if and only if the
corresponding sequence of AH-modules (resp. AG-modules) is split exact. If
€ is the trivial subgroup of G, it is G/e-exact if it is split exact as a sequence
of A-modules.

So, K¢(G/H,P(A),T) (vesp. KG(G/H, M(A),T)) is the n'" algebraic K-
group of the category of finitely generated A-projective AH-modules (resp.
category of finitely generated AH-modules) with respect to exact sequences
that split when restricted to the various subgroups H’ of H such that T ' £ (.
Moreover, observe that P& (G/H,P(A),T) (resp. PS(G/H, M(A),T)) is an
algebraic K-group of the category of finitely generated A-projective AH-
modules (resp. finitely generated AH-modules) that are relatively H'-
projective for subgroups H' of H such that TH / # () with respect to split
exact sequences. In particular, P¢(G/H,P(A),G/e) = K,(AH). If A is
commutative, then K§(—,P(A),T) is a Green functor, and K& (—, P(A),T)
and P%(—,P(A),T) are K§(—,P(A), T)-modules.

Now, let us interpret the map, associated to G-maps S; — S3. We may spe-
cialize to maps ¢ : G/Hy — G/H for H; < Hy < G, and for convenience we
may restrict ourselves to the case Hy = G, in which case we write H; = H. In
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this case, ¢* : [G/G, M(A)] — [G/H, M(A)] corresponds to the restriction
of AG-modules to AH-modules, and ¢, : [G/H, M(A)] corresponds to the
induction of AH-modules to AG-modules.

We hope that this wealth of equivariant higher algebraic K-groups will satisfy
a lot of future needs, and moreover, the way they have been produced sys-
tematically will help to keep them in some order and to produce new variants
of them whenever desired.

Since any GSet S can be written as a disjoint union of transitive G-sets iso-
morphic to some coset-set G/H, and since all the above K-functors satisfy the
additivity condition, the above identifications extend to K-groups, defined on
an arbitrary G-set S.

10.4 Some applications

10.4.1 We are now in position to draw various conclusions just by quoting
well-established induction theorems concerning
K§(—,P(A)) and K§(—,P(A),T), and more generally R ®z K§(—,P(A))
and R®z K§(—,P(A),T) for R, a subring of Q, or just any commutative
ring (see 9.6, 9.7). Since any exact sequence in P(A) is split exact, we have
a canonical identification K§'(—,P(A4)) = K§(—,P(A),G/e) (e the trivial
subgroup of ) and thus may direct our attention to the relative case only.

So, let T be a G-set. For p a prime and ¢ a prime or 0, let D(p, T, q) denote
the set of subgroups H < G such that the smallest normal subgroup H; of H
with a g-factor group has a normal Sylow-subgroup Hs with 772 #£ () and a
cyclic factor group Hy/Hs. Let H, denote the set of subgroups H < G, which
are g-hyperelementary, i.e., have a cyclic normal subgroup with a g-factor
group (or are cyclic for ¢ = 0).

For A and R being commutative rings, let D(A, T, R) denote the union of
all D(p, T, q) with pA # A and ¢R # R, and let Hgr denote the set of all H,
with ¢R # R. Then, it has been proved (see [47, 48, 49]), or theorem 9.7.5
that Rz K§(—,P(A),T) is S-projective for some G-set S if ST # () for all
H € D(A, T, R)UHR. Moreover (see [49)), if A is a field of characteristic p # 0,
then K§'(—,P(A),T) is S-projective already if S¥ # ) for all H € D(A, T, R).
(Also see theorems 9.7.5, 9.7.7, and remarks 9.7.3).

10.4.2 Among the many possible applications of these results, we discuss
just one special case. Let A = k be a field of characteristic p # 0, let R =
Z(3), and let S = Upep(k,r,r)G/H. Then, R @ K§(—,P(k),T), and thus
R®z KG(—,P(k),T) and R®z P¢(—,P(k),T) are S-projective. Moreover,
the Cartan map P (—, P(k),T) — KS(—,P(k),T) is an isomorphism for any
G-set S for which the Sylow-p-subgroups H of the stabilizers of the elements
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in X have a non-empty fixed point set TH in T, since in this case T-exact
sequences over X are split exact and thus all functors ¢ : X — P(k) are
T-projective, i.e., [X,P(k)lr — [X,P(k)] is an isomorphism if [X,P(k)] is
taken to be exact with respect to T-exact and thus split exact sequences.
This implies in particular that for all G-sets X, the Cartan map

PS(X x S,P(k),T) — K¢ (X x S,P(k),T)

is an isomorphism since any stabilizer group of an element in X x S is a sub-
group of a stabilizer group of an element in S, and thus, by the very definition
of S and D(k, T, Z(zlv))’ has a Sylow-p-subgroup H with TH # (). This finally
implies that PS¢ (—,P(k),T)s — KS(—,P(k),T)s is an isomorphism. So, by
the general theory of Mackey functors,

Z(é) PE(—,%),T)HZ<§>®K§<—,7></€>,T>

is an isomorphism. The special case (T = G/e) P¢(—,P(k),G/e), is just the
K-theory of finitely generated projective kG-modules and K& (—,P(k), G/¢)
the K-theory of finitely generated kG-modules with respect to exact se-
quences. Thus we have proved the following.

Theorem 10.4.1 Let k be a filed of characteristic p, G a finite group. Then,
for all m >), the Cartan map K, (kG) — G,(kG) induces isomorphisms

Z(%) ® K, (kG) — Z(%) ® Gp(kG).

Here are some applications of 10.4.1. These applications are due to A.O. Kuku
(see [108, 112, 114]).

Theorem 10.4.2 Let p be a rational prime, k a field of characteristic p, G
a finite group. Then for allm > 1,

(i) Kon(kG) is a finite p-group.

(i) The Cartan homomorphism @on—1 : Kop_1(kG) — Gap—1(kG) is sur-
jective, and Kerpa,_1 is the Sylow-p-subgroup of Kon—1(kG).

PROOF

(i) In theorem 10.4.1, it was proved that for all n > 0, the Cartan map
Yan : Kon(kG) — G2, (kG) induces an isomorphism K, (kG) ® Z(=) =

1

P
Gn(kG) ® Z(%) i.e., @, is an isomorphism mod p-torsion. Now, for all
n > 0, G2, (kG) = 0 since kG is a finite ring (see theorem 7.1.12(ii)).
So, Kon(kG) = Kerya, is a finite group. It is also a p-group since vy,

is a monomorphism mod p-torsion. So (i) is proved.
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(ii) G2n-1(kG) is a finite group of order relatively prime to p. So,

|Cokerga,—1] is power of p and divides |Ga,—1(kG)|, which is = —1
(mod p). This is possible if and only if Cokerys,—1 = 0. Hence
Cokerypsp—1 =0 for all n > 1, and so, each g, _1 is surjective.
Now, by theorem 7.1.12(i) Ks,(kG) is finite, and so, Kerys,_1 is a fi-
nite p-group since g, is a monomorphism mod p-torsion. Moreover,
G2n—1(kG) has order = —1 (mod p). Hence Kerps,_1 is a Sylow-p-
subgroup of K, 1(kG).

[

Corollary 10.4.1 Let k be a field of characteristic p, C a finite £ category.
Then, for all n > 0, the Cartan homomorphism K, (kC) — G, (kC) induces
isomorphism

Z(%) @ Ko (KC) = Z(%) 2 G (kC).

Corollary 10.4.2 Let R be the ring of integers in a number field F', m a
prime ideal of R lying over a rational prime p. Then for all n > 1,

(a) the Cartan map K, ((R/m)C) — G, ((R/m)C) is surjective.
(b) Ko, ((R/m)C) is a finite p-group.

Finally, with the identification of Mackey functors : GSet — Ab with Green’s
G-functors 0G — Ab as in 9.1.1 and above interpretations of our equivariant
theory in terms of grouprings, we now have, from the forgoing, the follow-
ing result, which says that higher algebraic K-groups are hyperelementary
computable. First, we define this concept.

Definition 10.4.1 Let G be a finite group, U a collection of subgroups of
G closed under subgroups and isomorphic images, A a commutative ring
with identity. Then a Mackey functor M : 6G — A-Mod is said to be
U-computable if the restriction maps M(G) — [] ey M(H) induces an i-
somorphism M(G) ~ thHeuM(H) where limpey is the subgroup of all
(z) € [1yey M(H) such that for any H,H' € U and g € G with gH'g~* C H,
o : H' — H given by h — ghg™!, then M(¢)(xy) = xp.

Now, if A is a commutative ring with identity, M : G — Z-Mod a
Mackey functor, then A ® M : 6G — A-Mod is also a Mackey functor
where (A® M)(H) = A® M(H). Now, let P be a set of rational primes,
Zp = Z[% | g ¢ PJ], C(G) the collection of all cyclic subgroups of G,
hpC(G) the collection of all P-hyperelementary subgroups of G, i.e.,

hpC(G)={H <G|3H' < H,H' € C(G),H/H' a p-group for some p € P}.

Then, we have the following theorem.
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Theorem 10.4.3 Let R be a Dedekind ring, G a finite group, M any of the
Green modules K,(R—), G,(R—), SK,(R—), SG,(R—), Cl,, over Go(R—);
then Z, @ M is hp(C(G))-computable.

PROOF In view of theorem 9.3.1, it suffices to show that
SHehpcenlpr @ Go(RH) — Z, ® Go(RG) is surjective. To do this, it
suffices to show that for each p, ©pen,c(a))Zp @ Go(RH) — Z, @ Go(RG) is
surjective. Now, it is known that any torsion element in Go(RG) is nilpotent
(see remarks and definition 9.7.1 and lemma 9.7.8 or [48, 209]). It is also
known that ©rep,(c(q)Q® Go(RH) — Q ® Go(RG) is surjective (see theo-
rem 9.7.5 or [48, 207]). Hence, ©pep, (@)L @ Go(RH) — Z, @ Go(RG) is

surjective, and the theorem is proved. I

Exercises

10.1 Let C be an exact category, S,T G-sets, ¢ : S — C an object of [S,C].
Show that ¢ is T-projective if and only if it is T-injective.

10.2 Let ¢ : S; — S3 be a G-map (S1, S2 G-sets, G a finite group) C an exact
category. Show that the induced functor ¢, : [S;,C] — [S,,C] maps T-exact
sequences in [S;,C] to T-exact sequences in [S,,C] and T-projective functors
to T-projective functors.






Chapter 11

Equivariant higher K-theory for
profinite group actions

In this chapter, we extend the theory and results in chapter 10 to the case of
profinite group actions. This extension is due to A.Kuku (see [109]).

11.1 Equivariant higher K-theory — (Absolute and rela-
tive)

11.1.1 Let I be a filtered index set (i.e., I is a partially ordered set such
that for 4,5 € I there exists k € I such that i <k, j <k).
Note that I is a category whose objects are elements of I, with exactly one
morphism from ¢ to j if ¢ < j, and no morphism otherwise.
Suppose that C'is a category. A projective (resp. injectively) filtered system of
C-objects is covariant (resp. contravariant) functor F : I — C. A projective
limit (X, ;) of a projectively filtered system of C-objects is a covariant (resp.
contravariant) functor F': I — C. A projective limit (X, ;) of a projectively
filtered system of C-objects is a C-object X together with maps p; : X — F;
such that for all ¢,j € I with ¢ < j and C-morphisms ¢;; : F; — F}, we
have p; = @i, and moreover, given another C-object ¥ and morphisms
v; + Y — F; with the same properties, then there exists exactly one map
p:Y — X such that u;p = v; for any i € I.
Note that (X, u;) is well defined up to isomorphism by F. We shall denote
the limit by limF’ or limF;. The injective limF" is analogously defined.
Although we shall apply the above definition to some other situations, we
mention a particular example just to fix notations. Let I be the set of open
normal subgroups H of a profinite group G, ordered by set inclusion, F =
G/H, and for H < H', ogpus : G/H — G/H' the canonical map. Then
G =lmF.
Note that each G/H is a finite group. We shall henceforth denote G/H by
Gg.

11.1.2 (a) Let G be a profinite group. A G-set is a finite set with discrete
topology on which G acts continuously by permutations on the left, i.e.,
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G x S — S is continuous. The G-sets form a category GSet with an
initial object that we shall denote by ¢, final object that shall denote by
*x = G/G, sums (disjoint union) and products (Cartesian products), and
more generally, finite projective and injective limits. If S,T are G-sets,
we write GSet(S,T) for the set of GSet-morphism from S to T

(b) A simple G-set has the form G/H where H is some open subgroup of G,

and so, any G-set S has the form UG/H where H runs through some
finite collection of open subgroups of G.

(c) If S is a G-set, we can associate with S a category S as follows — the

objects of S are elements of S, while for s,t € 5,8 = {(g,5)|g € G, gs =
t}, with composition defined for t = gs by (h,t)o(g,s) = (hg's) and the
identity morphism s — s given by (e, s) where e is the identity element
of G.

(d) Now, let C be an exact category, [S,C] the category of covariant functors

from S to C, which factor through some finite quotient of G, that is, such
that we have a functor h_n)lH[ﬂ, C] — [S,C] where H runs through all

open normal subgroups of G that act trivially on S, and S¥ corresponds
to S as a G/H-set. If ¢ € [S,C], we shall write (, for {(s). It can easily
be checked that [S, C] is an exact category (just as in the case for G finite)
where a sequence ¢’ — ¢ — (" is said to be exact if it is exact fiberwise,
ie., ¢! — (s — (! is exact for all s € S. We now define KG(S,C) as
the n** algebraic K-group associated with [S,C] with fiberwise exact
sequences.

(e) Let S, T be G-sets. Just as for G finite (see definition 10.2.1), we have the

notion of a sequence of functors in [S,C] being T-exact, and hence the
definition of n'" algebraic K-group associated with the category [S,C]
with respect to exact sequences that we denote by K& (—,C,T).

(f) Finally, the definition of T-projective functors in [S,C] is as in defini-

tion 10.2.2, and so, we define P¥(S,C,T) as the n'® algebraic K-group
associated with the full subcategory [S,C|r of T-projective functors in

1S, C].

We now record the following theorem whose proof is similar to that for
finite groups.

Theorem 11.1.1 Let G be a profinite group, T a G-set, C an exact category.
Then K&(—,C), K¢(—,C,T), PS(—,C,T) : GSet — Z-Mod are Mackey
functors. If the pairing C x C — C : (M,N) — Mo N s naturally associative
and commutative, and C has an object E such that Eo M = Mo E =
M for all M € C, then K§(—,C), K§(—,C,T) become Green functors and
K&(—,C) becomes K§(—,C)-modules, while K& (—,C,T), P%(—,C,T) become
K§(—,C, T)-modules.
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Remarks 11.1.1 Since we saw in 11.1.2(b) that a G-set S has the form
UG/H where H runs through a finite collection of open subgroups of G, and
the K-functors 11.1.1, being Mackey functors, take disjoint union into direct
sums, then to understand how the functors behave on a G-set S, it suffices
to understand their behavior on transitive G-sets G/H. The interpretation
of the behavior for the functors in the latter case in terms of group-rings is
similar to that for G finite, and we omit the details (see 10.3). However, we
observe that if e is the identity of G, and H an open subgroup of G, P(R) the
category of finitely generated projective modules over a commutative regular
ring R, we can identify K$(G/H,P(R),G/e) with G,,(RH) while we identify
PS(G/H,P(R),G/e) with K,,(RH) for any ring R with identity.

In this section, we indicate how to obtain the following result, which is an
extension of a similar result in 10.4.1 for finite groups.

Theorem 11.1.2 Let G be a profinite group, k a field of characteristic p.
Then for each n > 0, the Cartan homomorphism K, (kG) — G,(kG) induces
an isomorphism Z(%) ® Kn(kG) — Z(%) ® Gn(kG).

Remarks 11.1.2 (a) In view of the identifications in 11.1.1, we on-

ly have to see that for each n > 0, the Cartan homomorphism
P%(G/G,P(k),G/e) — K& (—,P(k),G/e) induces an isomorphism

Z(%) © PS(—, P(k),GJe) ~ Z(%) © KS(~, P(k),G/e).

(b) Let G <% G be a homomorphism of profinite groups. Then ¢ induces
a functor ¢ : G1Set — GSet given by S — S|¢ where S| is obtained
from S by restriction of the action of G; on S to G via ¢, i.e., for s € 5,
g€ G, gs=p(g)s.

Also, if @ : S — T is a Gi-map, then « is also a G-map a|g = ¢(a) :
Slg = Tla

So, we have a canonical functor S LN S given by s — s; (g,5) —
(0(g), ).

If C is an exact category, then § induces an exact functor [S,C] —
[S)G+C] (see 1.1.5 for definitions). Note that (|¢ has the same fibers
as ¢ with G-action defined by restricting the Gi-action to G via ¢.
Hence, we have a homomorphism § : K&1(S,C) — K%(S|g,C) of K-
groups. In particular, if S = G1/G1, then S|¢ = G/G, and we have
a homomorphism K& (G1/G1,C) — KS(G/G,C). We now apply this
situation to the canonical map G — Gy from a profinite group G to
Gug = G/H where H is an open normal subgroup of G and C = P(R),
and get a homomorphism KS# (G /Gu,P(R)) = K%(G/G,P(R))
where P(R) is the category of finitely generated projective R-modules.
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(c) Note that the functor I — Z-Mod given by H — KS#(Gy/Grm, P(R))
is an injectively filtered system of Abelian groups since if H, H' € I
and H < H’, then we have a homomorphism Gy — Gpgs, and
hence a functor Gy /Gy — Gpg/Gp/, which induces an exact func-
tor [Gu'/Gr,P(R)] — [Gu/GHu,P(R)] which then induces a homo-

morphism K$" (G /Gur, P(R)) 4 KGu(Gy /G, P(R)) of K-
groups. Moreover, the homomorphisms xg : K¢#(Gy /Gy, P(R)) —
K% (G/G,P(R)), are compatible with X p/, and so, we have a well-
defined map @HKSH (Gu/Gu,P(R)) — K$(G/G,P(R)).

By a similar argument, if T is Gpg-set, we have a homomorphism
K& (Gy/Gu,P(R),T) — K¢(G/G,P(R),T|g), and in particular, if
er is the identity element of Gy and e the identity element of G, we
have homomorphisms

KSH(GH/GH,P(R),GH/eH) — KS(G/G,P(R),G/e), and hence

limp K" (Gu/Gr,P(R),Gu/en) — K (G/G, P(R),G/e).

Similarly, we obtain
Py (G /G, P(R), G /en) — Py (G/G,P(R),G/e).
We now have the following.

Theorem 11.1.3 Let G be a profinite group, I = {H} the filtered index set
of open normal subgroups of G, P(R) the exact category of finitely generated
projective R-modules. Then, in the notation of remarks 11.1.2(c), the induced
maps

(i) impg K7 (G /G, P(R)) — K7 (G/G,P(R))
(1) imp K$" (G /Gu, P(R), G /en) — K (G/G,P(R),G/e)

(i) limpy P (G /Gu, P(R), G Jenr) — PY(G/G, P(R),G/e)

are tsomorphisms.

PROOF Note that KX (Gy/Gu,P(R)) = K, of the exact category
[Gu/Ga,P(R)] where |Gy /Gy, P(R)] can be identified with the category
P(R)g, of Gy-objects in P(R), i.e., with the category [Gm, P(R)] of func-
tors from Gp (considered as a category with one object with morphisms
elements of G) to P(R). So, limpy K,,(Gx/Gr, P(R)) = limp K, (Gw, P(R)).
Now, the functor H — [Gp, P(R)] from I to the category of small categories

is a filtered injective system of small categories (with the homomorphisms
PH,H! ¥YH,H'

Gy —— Gp) inducing exact functors [Gg/, P(R)] — [Gy,P(R)], and
moreover, the canonical homomorphisms G 28, Gy induces exact functors
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(G, P(R)] 22 [G,P(R)] : ¢ — C o g, which commutes with the @y g and
hence induces a map limpy[Gy, P(R)] £, [G, P(R)], which is easily checked
to be an isomorphism of categories since G = limyGp.

Now, KF(G,P(R)) = Ky(limg|Gu,P(R)]) = limpK,|Gu P(R)] by
Quillen’s result (see [165] page 96.), i.e.,

KS(G/G,P(R)) = limpg KS" |G /Gu, P(R)] as required.

The proof of (ii) and (i) are similar and are omitted. In fact, (ii) is a restate-
ment of (i) via the identification in remarks 11.1.1. I

PROOF of 11.1.2  Now, let G be a profinite group, I = (H) the filtered
index set of open normal subgroups of G. Then by 11.1.3 we have

1 . 1
Z() @ limy K7 (Grr /G, P(k), Grr fen) = Z() @ K (GG, P(k),G/e)
and
1 ) 1
Z()® limK$" (G /G, P(k), G /en) ~ Z(;)® KS(G/G,P(K),G/e).
Now, consider the following commutative diagram

Z(3) ® P (G/G,P(k),G/e) - L(3) ® K7 (G/H, P(K),G/e)
T T
lim Z(1) ® PP (Gu /G, P(k), G /en) — lim Z(1) @ KW (Gu /Gu, P(k), Gu/en)
H

= |5

Note that each Gy is a finite group, and so, it follows from theorem 10.4.1
that the Cartan map

P (Gu /G, P(k), Gu/en) — K" (Gu /Gu, P(k), G /en)
induces an isomorphism
1 1
Z(;)@PSH(GH/GH,'P(k),GH/eH) ~ Z(;)@KSH(GH/GH,'P(/C),GH/eH)
So, the bottom arrow of the square is an isomorphism. Since the vertical

arrows are also isomorphisms, it means that the top arrow is also an isomor-
phism.

11.2 Cohomology of Mackey functors (for profinite
groups)

In this section, we call attention to the fact that if G is a profinite group,

the category GSet of G-sets is a category with finite sums, final object, and
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finite pull-backs, and cohomology theory can be defined for Mackey functors
GSet — Z-Mod.

Consequently, vanishing theorems are obtained for the cohomology of the K-
functors of sections 11.1 and also for the cohomology of profinite groups.

11.2.1 (a) First note that if S is any G-set, M : GSet — Z-Mod a Mackey
functor, then Mg : GSet — Z-Mod defined by Mg(T) = M(S x T) is
a Mackey functor, and moreover, the projection map pr : S x T — T
defines natural transformations if fg : Mg — M (resp. 6° : M — My),
and M is then said to be S-projective (resp. S-injective) if g (resp.
%) is split surjective (resp. injective). Note that M is S-projective
if and only if M is S-injective (see proposition 9.1.1 for various other
equivalent properties of S-projectivity).

(b) Let S, T be G-sets, and f : S — *, g : T — * the unique maps from S to
x and T to x, respectively.
If M : GSet — Z-Mod is a Green functor, we write Kg(M) =
Ker(M(x)
L5 M(9)) and Is(M) = Im(M(S) L= M (x)).
Now, If G : GSet — Z-Mod is a Green functor such that M is a G-
module, it follows from sections 9.2, 9.3 that the pairing G x M — M de-
fines a pairing H'G x H/ M — H*J M (i, j > 0) and also HIGxHIM —
HIIM (i, j € Z). In particular, putting i = j = 0, M = G, we see that
HOG, HOG are Green functors, H'*M are H°G-modules, and H,; are HOG-
modules. Hence, if one can find n € N such that nlge) € KsG + IrG,
then nlﬂog(*) € I+H°G, and so, n annihilates KTﬂfg, foralli e Z. In

particular, when T'= S (i.e., f = g) and hence KrH'G = H'G, we have
n~Hgg:0foralli€Z.

11.2.2 Our next step is to indicate how to get a suitable n that annihilates
the cohomology groups in terms of the order of G. This would come from
theorem 11.2.1 that follows. First, we need some preliminary definition and
remarks.

(a) A super-natural product is a formal product []p"» where the product is
taken over all prime numbers and n,, is an integer 0 < n, < co. If G is
a profinite group, H' a closed subgroup of G, then the index (G : H')
of H' in G is defined by (G : H') =1 cm. (G/H,H'/(H' N H) where
H ranges over all open normal subgroups of G. The order of G written
|G| is defined by |G| = (G : 1) =1 c.m. |G/H]|, H ranging over open
normal subgroups of G.

(b) Let U be a family of open subgroup of G, Sy = UgeyG/H. Suppose that
P is a set of rational primes. Define hpU = {H < G| there exist p €
P,H < H,g € G,H' € U with H open in G, H'/H a p-group, and
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gH'g~t < H}. If for any G-set S, we write Gs = {g € Gl|gs =
s for all s € S}, and N = Nyeq (9Kg™1), then N = Gg, .
U

K¢
Note that any G-set has the form Sy for some U.

Theorem 11.2.1 Let U be a finite set of open subgroups of G, P a set of
rational primes, S = Sy, (G : Gg)p the mazimal divisor of (G : Gg), which
contains no prime divisor in P. Then, for any Mackey functor M : GSet —
Z-Mod, we have

(G:Gg)pM(x) C ngPU(M) + Kg(M).

PROOF  Similar to that of theorem 9.5.1. I

Theorem 11.2.2 Let C be an exact category such that the pairing C x C —
C:(X,Y)— X oY is naturally associative and commutative, and C has an
object E such that Eo X = X oFE for all X € C. Let S, T be G-sets, P
a set of rational primes. Suppose that M 1is any of the functors Kf(f,C),
KCG(—,C,T), PS(—,C,T), then (G : Gs)wHi(M) =0, for alli € Z.

PROOF By 11.2.1 (b) and theorem 11.2.1 (G : Gg)H4G = 0 for G =
Ko (—,C) and g K§(-,C,T). Now, K&(—,C) is a K§(—,C)-module, and
K& (-,C,T), PS(—, ,T) are Ko (—,C,T)-modules. So, for M = K&(—,C),
n( ,C,T), G (—,C,T), we have (G Gs)pHM =0 for all i € Z. I

Our second conclusion concerns the vanishing of cohomology groups of G.

11.2.3 Let G be a profinite group, A any ZG-module. For S € GSet, let
A(S) = GSet(S, A).
Then, GSet(S, A) is an Abelian group where, for f1, fo € GSet(S, A) we define
(f1 + f2)(s) = fi(s) + f2(s). One can prove that A : GSet — Z-Mod is a
Mackey functor (see 9.1.1 for a similar proof for G finite). If H is an open
normal subgroup of G, A(G/H) = GSet(G/H,A) = A" = HO(H,A), the
zerot" cohomology group of H with coefficients in A. Moreover, HlA( ) =
Hi(G, A), and the HA are HOA-modules by 11.2.1(c). More generally, if we
write H'A(S) = H;(S, A) for any G-sets S, then we have as below.

Theorem 11.2.3 Let G be a profinite group, S a G-set, A a ZG-module, P
a set of rational primes, then (G,Gg)pH' (S, A) =0 for all i € Z.

PROOF
_Similar to that of 11.2.2 by applying 11.2.1(b) and theorem 11.2.1 since
HA are H° A-modules.
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Remarks 11.2.1 The above result 11.2.3 applies to G = Galks/k, the Galois
group of the separable closure ks of a filed k, A = k¥, the units of ;.

Exercises

11.1 Let G be a profinite group. For any G-set B, define functor B:GSet —
Z-Mod by B(S) = Homgset(S, B). Show that B is a Mackey functor.

11.2 Let G be a profinite group, S a G-set.
(a) Show that the category GSet, GSet/S are based categories.

(b) Define the Burnside ring Q(G) of G by Q(G) := Q(GSet/x). Also for
any closed subgroup H of G, define ¢y : Q(G) — Z by o (S) = |SH].
Now, let R be an integral domain. Show that any homomorphism ¢ :
Q(G) — R factors through some . Hence, show that for any prime
ideal p of Q(G), there exists some closed subgroup H < G and some
characteristic p (prime or zero) such that

p=p(H,p) = {z € UG)|pu(z) = 0(p)}.

Show also that p(H,p) = p(H',p) iff H and H' are conjugate in G.

11.3 Let G be a profinite group and let U be a finite set of open subgroups of
G, P a set of rational primes, S = Sy = HUM G/H (G : Gs)p the maximal
€

division of (G : Gg) that contains no prime division in P. Show that for
any Mackey functor M : GSet — Z-Mod, we have (G : Gg)p(M(x)) C
Is, . (M) + Ks(M) (in the notation of 11.2.2(b).

11.4 Let G be a profinite group and let G : GSet — Z-Mod be a Green
functor such that multiplication G(*) x G(*) — G(x) is surjective. Show that
there exists a unique family Dg of closed subgroups of G such that

(i) Dg is a closed subset of the totally disconnected space C(G) of all closed
subgroups of G.

(ii) If H, H' are subgroups of G, g € G, H € Dg, and gH'g~! C H, then
H' € Dg.

(iii) For any map ¢ : S — %, M a G-module, the map ¢, : M(S) — M (x) is
surjective iff for any H € Dg there exists s € S such that H < Gg (i.e.,
iff SH £ () for all H € Dg).
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11.5 Let K be a field and E a finite or infinite Galois extension of K with
Galois group G. Let A(K,E) be the category of K-algebras R such that
E ®k R is a product of a finite number of copies of E. Show that there is an
equivalence of categories A(K, E) ~ GSet where R € A(K, E) goes to S and
S is the set of K-algebra homomorphisms R — FE, which becomes a G-set
via the action of G on E, the inverse equivalence being given by S € GSet
going to Rg := Homgset(S, E).

Show that if G = Gal(E/K), then the Burnside ring (G) can be interpret-
ed as the Grothendieck ring Q(K, E) generated by objects R in A(K, E) ~
GSets with sums given by direct sum and products by ®x-.

11.6 Let G be a profinite group, S(G) the set of all closed subgroups of G.
For any pair (H, H') of open subgroups H, H' of G with H < H' and H’ open
normal in G, define Oy, g = {K € S(G)|K - H = H'}. Show that S(G) is a
topological space with the O, g forming a sub-basis of open sets. Show also
that S(G) is a compact, totally disconnected Hausdorff space and that the set
of open sets in dense in S(G).

Prove that G acts continuously on S(G) and that the orbit space S(G)\G
is the set S.(G) of conjugacy classes of closed subgroups, and that S.(G) is
also a compact totally disconnected Hausdorff space.






Chapter 12

Equivariant higher K-theory for
compact Lie group actions

The aim of this chapter is to extend the theory in chapter 10 to compact Lie
groups. The work reported here is due to A. Kuku [116] based on T. Tom
Dieck’s induction theory for compact Lie groups [219].

12.1 Mackey and Green functors on the category A(G) of
homogeneous spaces

(12.1)4 The Abelian group U(G, X), G a compact Lie group,
X a G-space; the category A(G)

12.1.1 Let G be a compact Lie group, X a G-space. The component cate-
gory mo(G, X) is defined as follows : Objects of mo(G, X) are homotopy classes
of maps a: G/H — X where H is a closed subgroup of G. A morphism from
[o] : G/H — X to [#] : G/K — X is a G-map o : G/H — G/K such that So
is G-homotopic to a.

Note that since Hom(G/H, X) ~ X" where ¢ — p(eH), we could consid-
er objects of my(G, X) as pairs (H,c) where ¢ € mo(X*) = the set of path
components of X .

12.1.2 A G-ENR (Euclidien Neighborhood Retract) is a G-space that is

G-homeomorphic to a G-retract of some open G-subset of some G-module
V. Let Z be a compact G-ENR, f: Z — X a G-map. For a : G/H — X
in 7o(G, X), we identify o with the path component XX into which G/H is
mapped by a.
Put Z(f,a) = Z% N f~1(XH):= subspace of Z mapped under f into X
The action of NoH/H on Z induces an action of N, H/H on Z(f, ), i.e.,
Z(f,a) is an Aut(a)-space (see [219]). Note that Aut(a) = {o : G/H —
G/H |ao ~ a}, and N,(H)p, the isotropy group of a € my(G, X), is iso-
morphic to Aut(a).

347
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12.1.3 Let {Z;} be a collection of G-ENR, f; : Z; — X, G-maps. Say
that f; : Z; — X is equivalent to f; : Z; — X if and only if for each
a: G/H — X in m9(G, X), the Euler characteristic x(Z(f;, «)/Aut(a)) =
\(Z(f;, o))/ Aut(a).

Let U(G, X) be the set of equivalence classes [f : Z — X| where addition is
given by [fo : Zo — X|+ [f1 : Z1 — X] = [fo+ f1 + Zo +Z1 — X]; the
identity element is ¢ : X — X; and the additive inverse of [f : Z — A] is
[fop:ZxA— Z — X], where A is a compact G-ENR with trivial G-
action and x(A) = —1. Then, U(G, X) is the free Abelian group generated
by [o], @ € mo(G, X), i.e., [f: Z — X]| = En(a) where G/H x E™ C Z is an
open n-cell of Z, and the restriction of f to G/H x E™ defines an element [«
of U(G, X).

The cell is called an n-cell of type a. Let n(a) = >_(—1)'n(a,i) = number of
i-cells of type « (see [219]).

If X is a point, write U(G) for U(G, X).

12.1.4 For a compact Lie group G, the category A(G) is defined as follows:
0bA(G):= homogeneous spaces G/H. The morphisms in A(G)(G/H,G/K)
are the elements of the Abelian group U(G,G/H x G/K) and have the
form o : G/L — G/H x G/K, which can be represented by diagram

{G/H & G/L LA G/K}, so that U(G,G/H x G/K) = free Abelian group

on the equivalence classes of diagrams G/H < G/L LNYe: /K where two such
diagrams are equivalent if there exists an isomorphism o : G/L — G/L’ such
that the diagram

G/L
/
G/H la G/K
G/L

commutes up to homotopy.
Composition of morphisms is given by a bilinear map

Z/{(G,G/Hl X G/HQ) XU(G,G/HQ X G/H3) HU(G,G/Hl X G/H3)
where the composition of (a, 1) : A — G/H; x G/Hz and (f2,7) : B —

G/Hy x G/Hj; yields a G-map (aa,v¥) : C — G/H; x G/Hs, where 7, @ are
maps 7 : C — B and a: C' — A, respectively.

12.1.5 (i) Each morphism G/H & G/L LA G/K is the composition of
special types of morphisms

G/HEG/LYG/L and G/L¥ /L2 G/K
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(ii) Let m (or G) be the homotopy category of the orbit category or (G),
that is, the objects of my (or G) are the homogeneous G-spaces G/H,
and morphisms are homotopy classes [G/L — G/K] of G-maps G/L —

G/K. We have a covariant functor 7y (or G) — A(G) given by [G/L LA

G/K]— (G/L & G/L LA G/K) and a contravariant functor my (or G)
— A(G) given by

[G/H — G/L] — (G/H «— G/L 4 G/L).
(iii) Addition is defined in A(G)(G/H,G/K) =U(G,G/H x G/K) by
(G/H « G/L — G/K) +(G/H «— G/L' — G/K)

= (G/H « (G/L)U(G/L") — G/K)
where (G/L)J(G/L’) is the topological sum G/L and G/L'.

(12.1)® Mackey and Green functors on A(G)

12.1.6 Let R be a commutative ring with identity. A Mackey functor M
from A(G) to R-Mod is a contravariant additive functor. Note that M is
additive if

M : A(G)(G/H,G/K) — R-Mod(M(G/K),M(G/H))
is an Abelian group homomorphism.

Remarks 12.1.1 M comprises of two types of induced morphisms:

(i) f «: G/H — G/K is a G-map, regarded as an ordinary morphism «; :

G/H & G/H % G/K of A(G), we have an induced morphism
M(a)=M"(a)=:a": M(G/K) - M(G/H)

(i) If e in (i) is induced from H C K, i.e., a(¢gH) = gK, call a* the restriction
morphism.

(iii) If we consider « as a transfer morphism o' : G/H «+— G/K — G/K in
A(G), then we have

M(a') =: M.(a) =: . : M(G/H) — M(G/K)

and call o, the induced homomorphism associated to a.
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12.1.7 Let M, N, L be Mackey functors on A(G). A pairing M x N — L
is a family of bilinear maps M (S) x N(S) — L(S) : (z,y) — z-y (S € A(G))
such that for each G-map f: G/H =S — T = G/K, we have

L f(z,y) = (M"f(x) - (N"f(y))) (z € M(T),y € N(T));
z- (Nufy) = L f(M*fx) - y) (x € M(T),y € N(T));
(M*fx) -y = Luf(z- (N*fy)) (z€ M(T),y e N(T)).

A Green functor V : A(G) — R-Mod is a Mackey functor together with a
pairing V' x V' — V such that for each object S, the map V(S) xV(S) — V()
turns V'(S) into an associative R-algebra such that f* preserves units.

If V is a Green functor, a left V-module is a Mackey functor M together
with a pairing V x M — M such that M (S) is a left V(S)-module for every
S e A(G).

Remarks 12.1.2 The Mackey functor as defined in 12.1.6 is equivalent to the
earlier definitions in 9.1.1 as well as in chapter 10, 11 defined for finite and
profinite groups G as functors from the category GSet to R-Mod. Observe
that if (M., M*) = M is a Mackey functor (bifunctor) GSet — R-Mod, we
can get M : A(G) — R-Mod by putting M(G/H) = M.(G/H) = M*(G/H)
on objects while a morphism G/H < G/L LA G/K in A(G) is mapped onto

M(G/H) Mele) M(G/L) M) M(G/K) in R-Mod. Then, M is compatible

with composition of morphisms.

Conversely, let M : A(G) — R-Mod be given and for (a,8) €
A(G)(G/H,G/K), let M (a) and M,(c) be as defined in remark 12.1.1.
Then, we can extend M additively to finite G-sets to obtain Mackey functors
as defined in 9.1.1.

12.1.8 (Universal example of a Green functor) Define V(G/H) :=
UG,G/H), UH,G/G) = V(H). Now, consider U(G,G/H) =
U(G,G/G x G/H) as a morphism set in A(G). Then, the composition of

morphisms
UGG/GxG/K)xUG,G/H xG/K) —-U(G,G/G x G/H)

defines an action of V' on morphisms.

Theorem 12.1.1 V : A(G) — Z-Mod s a Green functor, and any Mackey
functor M : A(G) — Z-Mod is a V-module.
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12.2 An equivariant higher K-theory for G-actions

12.2.1 Let G be a compact Lie group, X a G-space. We can regard X as a
category X as follows. The objects of X are elements of X, and for z, 2’ € X,
X(x,2')={g9€ G |gx=2a'} (see [135]).

12.2.2 Let X be a G-space, C an exact category.
Let [X, C] be the category of functors X — C. Then [X, C] is an exact category
where a sequence 0 — ¢’ — ¢ — ¢” — 0 is exact in [X,C] if and only if

0—((x) —¢(x) = ("(x) =0

is exact in C, for all z € X. In particular, for X = G/H in A(G), [G/H,C] is
an exact category.

Example 12.2.1 The most important example of [G/H,C] is when C is the
category M(C) of finite-dimensional vector spaces over the field C of com-
plex numbers. Here, the category [G/H, M(C)] can be identified with the
category of G-vector bundles on the compact G-space G/H, where for any
Ce[G/H,M(C)], z € G/H, ((x) € M(C) is the fiber , of the vector bundle
é associated with (. Indeed, (A is completely determined by (z where € = eH
(see [184, 186)).

Definition 12.2.1 For X = G/H and alln >0, define K$(X,C) as the n™
algebraic K-group of the exact category [X,C] with respect to fiberwise exact
sequence introduced in 12.2.2.

Theorem 12.2.1 (i) for alln > 0, K&(—,C) : A(G) — Z-Mod is a Mackey

functor.

(i) If there is a pairing C x C — C, (A,B) — A o B which is naturally
associative and commutative, and there exists E € C such that E o M =
MoE = M for all M € C, then K§ (—,C) is a unitary K§(—,C)-modules
for each n > 0.

Before proving 12.2.1, we first briefly discuss pairings and modules structures
on higher K-theory of exact categories.

12.2.3 Let C, Cy, and Cy be three exact categories and C; x Co the prod-
uct category. An exact pairing C; X Co — C : (M1, M) — M; o Ms is a
covariant functor from C; x C2 — C such that C; x Co((My, Ma), (M1, M})) =
C1(My, M7) x Co( My, M%) — C(Mj o My, M{ o MJ) is bi-additive and bi-exact,
that is, for a fixed Ms, the functor C; — C given by M7 — Mj o M5 is additive
and exact, and for fixed M7, the functor Co — C : My — M o M> is additive
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and exact. It follows from [ | that such a pairing gives rise to a K-theoretic
product K;(C1) x K;(C2) — K;4+;(C), and in particular to natural pairing
Ky(Cy) o K, (C2) — K,,(C) which could be defined as follows.

Any object M; € C; induces an exact functor My : Co — C : My — My o My
and hence a map K,(M;) : K,(C2) — K,(C). If M{ — M; — MY is
an exact sequence in C1, then we have an exact sequence of exact functors
My — M; — M;" from Cy to C such that for each object My € Cy the
sequence M; (Ms) — M;(My) — M;" (Ms) is exact in C, and hence, by a re-
sult of Quillen (see 6.1.4), induces a relation K, (M;' )+ K, (M;") = K, (M;).
So, the map My — K,(M;) € Hom(K,(C2), K,(C)) induces a homomorphis-
m Ko(C1) - Hom(K,(Cz2), K,,(C)) and hence a pairing Ko(C1) x K,(C3) —
K,(C).

If ¢4 = C3 = C and the pairing C x C — C is naturally associative (and com-
mutative), then the associated pairing Ko(C) x Ko(C) — Ko(C) turns Ko(C)
into an associative (and commutative) ring that may not contain the identity.
Now, suppose that there is a pairing C o C; — C; that is naturally associative
with respect to the pairing C o C — C; then, the pairing Ko(C) x K¢(C1) —
Ko(Cy) turns Ko(Cy) into a Ko(C)-module, which may or may not be uni-
tary. However, if C contains a unit, i.e., an object E such that £ o M =
M o C are naturally isomorphic to M for each C-object M, then the pairing
Ko(C) x Kp(C1) — K,(Cy) turns K,(C1) into a unitary Ko(C)-module.

Proof of 12.2.1
(i) It is clear from the definition of K& (G/H,C) that for any G/H € A(G),
K$(G/H,C) € Z-Mod. Now suppose that (G/H & G/L LA G/K) €
A(G)(G/H,G/K), then G/H & G/L % G/K) € AG)(G/H,G/K)

goes to
K7 (G/H,C) — K (G/L.C) — KJ(G/K.C)

in R-Mod (K$(G/K,C)), K¢(G/H,C). If we write K& for K&(—,C),
then
KS(G/H — (G/L)U(G/L") — G/K)

=K¢(G/H — G/L - G/K)+KS(G/H — G/L' — G/K).
Hence K% (—,C) is a Mackey functor.
(ii) From the discussion in 12.1.2, it is clear that if we put C; = C2 = C =
[G/H,C], then
K§(G/H,C) x K (G/H,C) — K (G/H,C)

turns
KS(G/H,C) into K§(G/H,C)-modules.

Hence the result.
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Examples 12.2.1 (i) In general [G/H,C] = category of H-representations
in C. Hence [G/G,C] = category of G representations in C = M(C), the
category of finite dimensional vector space over the complex numbers C,
K§(G/G, M(C)) is the complex representation ring denoted by Re(G)
or simply R(G) in the literature.

(ii) If C = M(R):=category of finitely generated R-modules, where R is a
Noetherian ring compatible with the topological structure of G, then

K& (G/H, M(R)) ~ G, (RH).

(iii) If C = P(R) = category of finitely generated projective R-modules, we
have
KS¢(G/H,P(R)) = G.(H,R), and

when R is regular, Gy, (R, H) ~ G, (RH).

12.3 Induction theory for equivariant higher K-functors

In this section, we discuss the induction properties of the equivariant K-
functors constructed in section 12.2 leading to the proof of Theorem 12.3.3
below.

Definition 12.3.1 Let G be a compact Lie group and M : A(G) — Z-Mod
a Mackey functor. A finite family ¥ = (G/Hj)jes is called an inductive
system. Such a system yields two homomorphisms, p(X) (induction map) and
i(X) (restriction maps) defined by

p(X) : ®jesM(G/H;) — M(G/G)

(zlj € J) — Zp

jed
i(X): M(G/G) — ©jesM(G/H;)
z— (p(H;) x|j € J)
Note that p(H) denotes the unique morphism G/H — G/G. X is said to be

projective if p(X) is surjective and X is said to be injective if i(X) is injective.

Note that the identity [id] of U(G,G/K x G/H) has the form
(I) [id] = Zanala: G/Ly — G/K x G/H].  see 12.1.4.

12.3.1 Let S(K, H) be the set of o over which the summation (I) is taken,
and let a = (a(1), (2)) be the component of o, where «(1) : G/Lo, — G/K,
a(2) : G/L, — G/H. Define induction map

p(3,G/H) : @jes(Dacsm, myM(G/La)) — M(G/H)
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by
@Ga) = > (> naa(2).2(j,q))

jeJ a€S(H; H)
and restriction maps
i(5,G/H) : M(G/H) — &jei(Baesu,m)M(G/La))
by
x— (2)z|(a € (S(Hy,H))j €J)).

Theorem 12.3.1 Let M = KS(—,C), V = K§(—,C) be, respectively, Mack-
ey and Green functors A(G) — Z-Mod as defined in 12.1.6. If ¥ is projective
for V, then for each homogeneous space G/H, the induction map p(X,G/H)
is split surjective, and the restriction map (X, G/H) is split injective.

PROOF Since p(X) is surjective for V, there exist elements z; € V(G/H;)
such that 3(H;).x; = 1. Define a homomorphism
9(X,G/H) : M(G/H) — @;(©aM(G/La))

by ¢(2,G/H)z = a(l)*z; - «(2)*z such that a« € S(H;,h), j € J. Then,
p(%,G/H)q(%,G/H)

— Z(Z na(2).(a(1)* - a(2)*z))
= Y (Y naal2).a())e

=" p(H)*p(H; s - @
= 3" p(E)* (S p(Hj) )z

=pH)*Dz=1-z==x.
So, p(X,G/H)q(X,G/H) is the identity. Hence, ¢(X,G/H) is a splitting

for p(3,G/H). We can also define a splitting j(X,G/H) for «(X,G/H) by
J(E,G/H) : ®;(®a(MG/Ly)) — M(G/H) where

z(j,a) = Y (D naa(2)a(1) a; 0 z(j,a)).

[

Remarks 12.3.1 As will be seen in lemma 12.3.1, V = K§(—C) has “defect
sets” D(V), and so, ¥ = {G/H |H € D(V)} is projective for V. It would
then mean that an induction theorem for K§'(—,C) implies a similar theorem
for K&(—,0C).
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Definition 12.3.2 A finite set E of conjugacy classes (H) is an induction
set for a Green functor V if ®V(G/H) — V(G/G) given by

— Zp(H)*x(H) is surjective.

Define E < F if and only if for each (H) € E there exists (K) € E such that
(H) < (K), i.e., H is a subconjugate to K. Then, < is a partial ordering on
induction sets.

Lemma 12.3.1 Fvery Green functor V possesses a minimal induction set
D(V), called the defect set of V.

For proof see [219]. Hence K§(—,C) has defect sets.

12.3.2 Let V be a Green functor and M be a V-module. Define homomor-
phisms
P1,D2 : Bijes Daes(ij) M(G/La) — SresM(G/Hy)

p Z], Z Z Na & *.’,EZ], )

i,j€J a€S(1,5)

(i, 5,0) =D > naa(l).a(i,j,a)

i,J€J a€S(3,5)

where S(i,5) = S(H;,H;) and o € S(¢,7) is in the decomposition of [id] €
U(G,G/H; x G/H;).

by

and

Theorem 12.3.2 Let M = KS(—,C). Then there exists an exact sequence

Bijes(Baesi,j)yM(G/La)) =" @re; M(G/Hy) 2 M(G/G) — 0.

PROOF We have seen in 12.3.1 that p is surjective through the con-
struction of a splitting homomorphism ¢ such that pg = identity. We now
construct a homomorphism ¢; such that (p2 — p1)g1 + ¢p = id from which
exactness follows.

Since py is defined as @resp(XG/Hy) we define ¢1 = @resq(G/Hy) and ob-
tain, as in the proof of lemma 12.3.1, that psq; = identity. One can also show
that p1q1 = gp. Hence the result.

Definition 12.3.3 A subgroup C of G is said to be cyclic if powers of a
generator of C are dense in G. If p is a rational prime, then a subgroup K
of G is called p-hyperelementary if there exists an exact sequence 1 — C —
K — P — 1 where P is a finite p-group and C a cyclic group such that the
order of C/Cy is prime to p. Here, Cy is the component of the identity in C.
It is called hyperelementary if it is p-hyperelementary for some p.
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Let H be the set of hyperelementary subgroups of G. We now have the
following result, which is the goal of this section and typifies results that can
be obtained.

Theorem 12.3.3 Let M = K& (—, M(C)). Then &M (G/H) — M(G/G)
is surjective (i.e., M satisfies hyperelementary induction, i.e., M(G/G) can
be computed in terms of p-hyperelementary subgroups of G.)

PROOF It suffices to show that if V = K§(—, M(C)), then
enV(G/H) — V(G/G) (I) is surjective since K& (—, M(C)) is a V-module.
Now, it is clear from example 12.2.1 that K§(G/G, M(C)) is the complex rep-
resentation ring R(G). Moreover, it is known (see [184, 186]) that R(G) is
generated as an Abelian group by modules induced from hyperelementary
subgroups of G. This is equivalent to the surjectivity of ®yenV(G/H) —
V(G/G). I

(12.3)* Remarks on possible generalizations

12.3.3 Let B be a category with finite sums, a final object, and finite pull-
back (and hence finite coproducts).
A Mackey functor M : B — Z-Mod is a bifunctor M (M., M*), M, covariant,
M* contravariant such that M (X) = M, (X) = M*(X) for all X € B and

(i) For any pull-back diagram

A=A, in B
Jpl lfl
Al &A

the diagram
M(A") — M(A;)

116 Tff

M(4;) —2 = m(a)

(if) M* transforms finite coproducts in B over finite products in Z-Mod.
Example 12.3.1 Now suppose that G is a compact Lie group. Let B be

the category of G-spaces of the G-homotopy type of G-CW-complex (e.g., G-
ENR, see [137, 219]). Then B is a category with finite coproducts (topological
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sums), final object, and finite pull-backs (fibered products) (see [2]). Hence a
Mackey functor is defined on B along the lines of 9.1.

Hence, in a way analogous to what was done in chapter 10, we could define for
X,Y € B the notion of Y-exact sequences in the exact category [X,C] (where
C is an exact category) and obtain K& (X,C,Y) as the n'" algebraic K-group
of [X,C] with respect to Y-exact sequences.

We could also have the notion of an element ¢ € [X, C] being Y -projective and
obtain a full subcategory [X,C]y of Y-projective functors in [X,C] so that
we could obtain P%(X,C,Y) as the n'™ algebraic K-group of [X,C]y with
respect to split exact sequences and then show that K&(—,C,Y), P%(—,C,Y)
are K§(—,C,Y)-modules in a way analogous to what was done in chapter 10.

Exercise

Let G be a compact Lie group. Construct an equivariant higher K-theory
for G-actions along the lines suggested in example 12.3.1.






Chapter 13

Equivariant higher K-theory for
Waldhausen categories

The aim of this chapter is to extend the constructions in chapter 10 from exact
categories to Waldhausen categories. In a way analogous to what was done in
chapter 10, we shall construct, for any Waldhausen category W and any finite
group G, functors K&(—W),K&(—,W,Y) and PS(—,W,Y) : GSets — Z-
Mod as Mackey functors for all n > 0, and under suitable hypothesis on
W show that K& (—, W), KS(—W,Y) are Green functors. We then highlight
some consequences of these facts and also obtain equivariant versions of Wald-
hausen K-theory additivity and fibration theorems. Our main applications are
to Thomason’s “complicial” bi-Waldhausen categories of the form Ch;(C) (see
example 5.4.1(ii) and example 5.4.2) where C is an exact category and hence to
chain complexes of modules over grouprings. In particular, we prove (see theo-
rem 13.4.1) that the Waldhausen’s K-groups of the category (Chy(M(RG), w)
of bounded chain complexes of finitely generated RG-modules with suitable
quasi-isomorphism as weak equivalences are finite Abelian groups (see the-
orem 13.4.1(2)). We also present an equivariant approximation theorem for
complicial bi-Waldhausen categories.

We have worked out in some detail the situation for finite group actions.
However, one could work out the situation for discrete group action via the
procedure outline in examples and remarks 9.3.1(ii). Also, it should be possi-
ble to construct equivariant K-theory for Waldhausen categories for profinite
and compact Lie groups as was done for exact categories in chapters 11 and
12.

We already introduced Waldhausen’s higher K-groups with relevant exam-
ples in 5.4. So, unexplained notations and terminologies are those used in
5.4, (6.1)8 and 6.4. We recall that if W is a Waldhausen category, we shall
write K(E) for the Waldhausen K-theory space or spectrum, and K, (W) for
Waldhausen’s n‘" K-group 7,(K(W)) (see definition 5.4.5). The results in
this chapter are due to A. Kuku (see [122]).

359
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13.1 Equivariant Waldhausen categories

Definition 13.1.1 Let G be a finite group, X a G-set. The translation cat-
egory of X is a category X whose objects are elements of X and whose mor-
phisms Homx (x, ') are triples (g,x,z’) where g € G and g = z'.

Theorem 13.1.1 Let W be a Waldhausen category, G a finite group, X the
translation category of a G-set X, [X, W] the category of covariant functors
from X to W. Then [X, W] is a Waldhausen category.

PROOF Say that a morphism ¢ — n in [X, W] is a cofibration if {(z) —
n(x) is a cofibration in W. So, isomorphisms are cofibrations in [X, W]. Also,
if ¢ — n is a cofibation and n — § is a morphism in [X, W], then the push-
out (%5 defined by ((%5)@) = ((x) %J) 0(x) exists since ((x) %J) o(x) is a

nmx n(x

push-out in W for all z € X. Hence, coproducts also exist in [X, W].
Also, define a morphism ¢ — 7 in [X, W] as a weak equivalence if {(z) —
n(x) is a weak equivalence in W for all z € X. It can be easily checked that the

weak equivalences contain all isomorphisms and also satisfy the gluing axiom,
§ «— ¢ — n

ie., if I~ I~ I~ is a commutative diagram where the vertical maps are
6/

HC,}_},

weak equivalences and the two right horizontal maps are cofibrations, then
the induced maps n LCJ 0—1 %J/ 0" are also a weak equivalence.

Remarks and definitions 13.1.1 (i) Note that each cofibration ¢ — 7
has a cokernel /¢ = ¢ defined by 6(x) = n(x)/{(x) for all x € X. We
shall call ¢ — n — § a cofibration sequence in [X, W].

(ii) One can easily check that the cofibration sequences ¢ — 1 — d in[X, W]
also form a Waldhausen category, which we shall denote by £[X, W] and
call an extension category of [ X, W].

(iii) If W is saturated, then so is [X,W]. Forif f : ( — {',g9: (' — n are
composable arrows in [X, W], and gf is a weak equivalence, then for
any x € X, (gf)(z) = g(x)f(z) is a weak equivalence in W. But then,
f(x) is a weak equivalence iff g(z) is for all x € X. Hence f is a weak
equivalence iff g is.

Example 13.1.1 (i) Let W = Chy(C), (C an exact category) be a compli-
cial bi-Waldhausen category. Then, for any small category ¢, [¢, W]
is also a complicial bi-Waldhausen category (see [57]). Hence, for
any G-set X, [X,Chy(C)] is a complicial bi-Waldhausen category. We
shall be interested in the cases [X,Chy(P(R))] [X, Chy(M'(R)] and
[X, Chy(M(R))], R a ring with identity.
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(ii) Here is another way to see that [X,Chy(C)] is a complicial bi-
Waldhausen category.

One can show that there is an equivalence of categories [X, Chy(C)] ER
Chp([X,C]) where F is defined as follows:

For ¢, € [ X, Chp(C)], Ce(x) = {G(2)}, ¢ (z) € C where a < r < b for some
a,b € Z, and where each (. € [X,C]. Put F({) = ¢, € Chy[X,C] where
G=AG) G@) = G (w).

Definition 13.1.2 Let X <Y be G-sets, and X xY 5 X the functor induced

by the projection X X Y% X. Let W be a Waldhausen category. If ¢ €
ob[X, W], we shall write ¢’ for (op : X xY — X — W. Call a cofibration
¢—nin[X, W] aY-cofibration if ' — 7 is a split cofibration in [X X Y, W].
Call a cofibration sequence ¢ — n — 0 in [X, W] a Y -cofibration sequence if
¢ —n' — 4§ is a split cofibration sequence in [X x Y, W].

We now define a new Waldhausen category Y [X,W] as follows:
ob(Y [X,W]) = ob|X,W]. Cofibrations are Y-cofibrations and weak equiv-
alences are the weak equivalence in [X, W].

Definition 13.1.3 With the notations as in definition 13.1.2, an object ¢ €
[X, W] is said to be Y -projective if every Y -cofibration sequence { — 1 — ¢
in [X, W] is a split cofibration sequence. Let [X, W]y be the full subcatego-
ry of [X, W] consisting of Y -projective functors. Then, [X, W]y becomes a
Waldhausen category with respect to split cofibrations and weak equivalences

in [ X, W].

13.2 Equivariant higher K-theory constructions for
Waldhausen categories

(13.2)* Absolute and relative equivariant theory

Definition 13.2.1 Let G be a finite group, X a G-set, W a Waldhausen
category, [ X, W] the Waldhausen category defined in 13.1. We shall write
K% (X, W) for the Waldehausen K -theory space (or spectrum) K([X, W]) and
K% (X, W) for the Waldhausen K -theory group m,(K([X, W]).

For the Waldhausen category ¥ [X, W], we shall write K& (X, W,Y) for the
Waldhausen K -theory space (or spectrum) K(Y [X, W) with corresponding n*"

K -theory groups KG(X,W,Y) := 7, (KY [ X, W]).
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Finally, we denote by P% (X, W,Y') the Waldhausen K -theory space (or spec-
trum) K([X, W]y) with corresponding n'" K-theory group m,(K([X, W]y)),
which we denote by PG (X, W,Y).

Theorem 13.2.1 Let W be a Waldhausen category, G a finite group, X
any G-set. Then, in the notation of definition 13.2.1, we have K& (—, W),
KG (-, W,Y), and PS(—,W,Y) are Mackey functors GSet — Ab.

PROOF Any G-map f : X; — X, defines a covariant functor f : X; —
X, given by x — f(x),(g,z,2') — (g, f(z), f(2')), and an exact restriction
functor f*: [X,, W] — [X;, W] given by ( — (o f. Also f* maps cofibration
sequence to cofibration sequences and weak equivalence to weak equivalences.
So, we have an induced map K& (f, W)* : K¢(X2, W) — K% (X1, W) mak-
ing K&(—, W) contravariant functor GSet — Ab. The restriction functor
[X,5, W] — [X1, W] carries Y-cofibrations over X, to Y-cofibrations over X
and also Y-projective functors in [X,, W] to Y-projective functors in [ X, W].
Moreover, it preserves weak equivalences in both cases. Hence we have induced
maps

K'rcj(fvvvvy)* (X27W7Y)*>K7CL;(X17W7Y)

- KE
P (f,W,Y)* : P¢(Xo, W,Y) — PC (X, W,Y)

making K& (—, W,Y)* PS(—,W,Y,)* contravariant functors GSet — Ab.

Now, any G-map f : X; — X, also induces an “induction functor”
fe o [ X1, W] — [X,, W] as follows. For any functor ¢ € ob[X,, W], define
f+(Q) € [Xo, W] by fi({)(22) = % (1) : £ (Q)(g, 22, 25) =

z1€f™ (22

¢(g,x1,9x1). Also, for any morphism ¢ — ¢’ in [X, W], define
1

$1Ef71(12)
(fe(a)(z2) = & a@); fulQ)(z2) = S5 Cz1) = fil(()(z2) =
z1E€f 1 (z2) z1E€f 1 (z2)
¢'(x1). Also, f. preserves cofibrations and weak equivalences.
z1€f " (z2)

Hence, we have induced homomorphisms K& (f, W) : K&(X;, W) —
K& (X9, W), and K&(—,W) is a covariant functor GSet — Ab. Also, the
induction functor preserves Y-cofibrations and Y-projective functors as well
as weak equivalences. Hence, we also have induced homomorphisms

K’rcj(fv va)*
and PS(f,W,Y).

(KE(X,W,Y) — K¢ (X, W,Y)
PY(X,,W,Y) — PY(Xy, W,Y).

making K& (—, W,Y), and PS(—, W,Y) covariant functions GSet — Ab.
Also, for morphisms f1 : X1 — X, fo : Xo — X in GSet and any pull-back
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diagram

[
Xix Xl x, 0

g lfz

X ——X

we have a commutative diagram

[X1;<< Xo, Wl 5 [X,, W] (1I)

| |

(X1, W] ——— [X, W]

and hence, the commutative diagrams obtained by applying K& (—, W),
K% (—,W,Y) to diagram (II) above and applying PS(—, W,Y) to diagram
(III) below

(X1 x Xo Wy — X, W]y (I11)
[XZ»W]Y [Xv W]Y

show that Mackey properties are satisfied. Hence K&(—, W), K% (—, W,Y),
and PS(—, W,Y) are Mackey functors.

Theorem 13.2.2 Let Wy, Wo, W3 be Waldhausen categories and W1 x Wy —
Ws, (A1,A2) — Ay o As an exact pairing of Waldhausen categories. Then,
the pairing induces, for a G-set X, a pairing [ X, W1] x [X,Ws] — [X, W3]
and hence a pairing

K§ (X, Wh) x K5 (X, Wa) — KJ (X, Ws).

Suppose that W is a Waldhausen category such that the pairing is naturally
associative and commutative and there exists £ € W such that F o X =
X o E = X; then K§(—, W) is a Green functor and K& (—, W) is a unitary
K§ (—, W)-module.

PROOF The pairing Wy xWy — W3, (X1, X2) — X;10X5 induces a pairing
[X, Wh] x [X, Wa] — [X, W3] given by ((1,¢2) — (1o ¢ where ((1 0 G2)(2) =
G1(z)oCa(x). Now, any ¢1 € [X, W] induces a functor (f : [X, Wa] — [X, W3]
given by (2 — (3 o (2, which preserves cofibrations and weak equivalences and
hence the map

K$(¢h) : KG(X, Wy) — K§ (X, Ws).
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Now, define a map:
K& (X, W1) - Hom(KS (X, Ws),KS (X, W3)) (I)

by [¢1] — K&(¢f). We now show that this map is a homomorphism. Let
(1 — ¢ — ¢ be a cofibration sequence in [X,W;]. Then, we obtain a
cofibration sequence of functors (* — (§ — (" : [X, W3] — [X, W3] such
that for each {3 € [X,Wh], the sequence (1*(¢2) — (F(¢2) — (&) is a
cofibration sequence in [S, W5]. Then, by applying the additivity theorem for
Waldhausen categories (see (6.1)7), we have K& (¢1*)+KS (¢)*) = KG(¢F). So,
§ is a homomorphism and hence we have a pairing K§ (S, W1) x KG(S, Wy) —
KS(Sv W3)

One can easily check that for any G-map ¢ : X’ — X the Frobenius reci-
procity law holds, i.e.,
for & € [ X, W;],m; € [X',W;], i = 1,2, we have canonical isomorphisms

Fo(f(C1) 0 G2) = 1o fu(C2),
[e(Cro f7(G)) = fu(C1) 0 (2, and
fr(Go¢) = f(C1) o f(¢2)-

Now, the pairing W x W — W induces K§(X,W) x K§(X,W) —
K§ (X, W), which turns K§ (X, W) into a ring with unit such that for any
G-map f : X — Y, we have Kg(f,W)*(lKg;(XyW)) = lkgoy,w)- Then,
Lo (x,w) acts as the identity on K§' (X, W). So, K§ (X, W) is a K§' (X, W)-

module. 0

Theorem 13.2.3 LetY be a G-set, W a Waldhausen category. If the pairing
W x W — W is naturally associative and commutative, and W contains
a natural unit, then Koc(f,I/V,Y) : GSet — Ab is a Green functor, and
KE (=, W,Y) and PG (—,W,Y,) are K§(—, W, Y)-modules.

PROOF Note that for any G-set Y, the pairing [X, W] x [X, W] —
[X, W] takes Y-cofibration sequence to Y-cofibration sequences, and Y-
projective functors, to Y-projective functors, and so, we have induced pair-
ing Y[X,W] x¥ [X, W] =Y [X,W] inducing a pairing K§(X,W,Y) x
KS(X,W,Y) —
KS$(X,W,Y), as well as induced pairing ¥ [X, W] x [X, W]y — [X, W]y
yielding K-theoretic pairing K§ (X, W,Y) x P§(X,W,Y) — P§ (X, W,Y). If
W x W is naturally associative and commutative and W has a natural unit,
then K§(—, W) is a Green functor, and P¢(—, W,Y) and KG(—,W,Y) are
K§ (—, W, Y)-modules.

Remarks 13.2.1 (1) It is well known that the Burnside functor Q :
GSet — Ab is a Green functor, that any Mackey functor M
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GSet — Ab is an Q-module, and that any Green functor is an -
algebra (see theorems 9.4.1 and 9.4.2). Hence, the above K-functors
KG(—, W,Y),PS(—, W,Y) and K&(—, W) are Q-modules, and under
suitable hypothesis on W, K§'(—, W.Y)) and K§ (—, W) are Q-algebras.

(2) Let M be any Mackey functor GSet — Ab, X a G-set. Define
Ky (X) as the kernel of M(G/G) — M(X) and Ip(X) as the im-
age of M(X) — M(G/G). An important induction result is that
|GIM(G/G) C Kp(X) 4+ In(X) for any Mackey functor M and G-
set X. This result also applies to all the K-theoretic functors defined
above.

(3) If M is any Mackey functor GSet — Ab, X a G-set, define a Mackey
functor My : GSet — Abby Mx(Y) = M (X xY'). The projection map
pr: X XY — Y defines a natural transformation ©x : Mx — M where
Ox(Y)=pr: M(X xY)— M(Y). M is said to be X-projective if ©x
is split surjective (see definition 9.1.4).

Now, define the defect base Dy of M by Dy = {H < G|XH # 0}
where X is a G-set (called the defect set of M) such that M is Y-
projective iff there exists a G-map f : X — Y (see proposition 9.1.1(c)).
If M is a module over a Green function G, then M is X-projective iff
G is X-projective iff the induction map G(X) — G(G/G) is surjective
(see theorem 9.3.1). In general, proving induction results reduce to
determining GSets X for which G(X) — G(G/Q) is surjective, and this
in turn reduces to computing Dg (see 9.6.1).

Hence, one could apply induction techniques to obtain results on higher
K-groups, which are modules over the Green functors K§(—, W) and
K§(—,W,Y) for suitable W (e.g., W = Chy(C), C a suitable exact
category (see example 5.4.2).

(4) One can show via general induction theory principles that for suit-
ably chosen W, all the higher K-functors K& (—, W), K&(—, W,Y) and
P& (— W,Y) are “hyperelementary computable” (see chapters 10, 12).

(13.2)5 Equivariant additivity theorem

In this subsection, we present an equivariant version of additivity a theorem
for Waldhausen Categories. First wse review the non-equivariant situation.

Definition 13.2.2 Let W, W' be Waldhausen categories. Say that a sequence
F'— F — F" of exact functors F', F, F" : W — W' is a cofibration sequence
of exact functors if each F'(A) — F(A) - F"(A) is a cofibration in W',
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and if for every cofibration A — B in W, F(A) F/L(JA) F'(B) — F(B) is a

cofibration in W'.

Theorem 13.2.4 (Additivity theorem) [165, 224] Let W, W' be Wald-
hausen categories, and F' — F — F" a cofibration sequence of ezact functors
from W to W’. Then, F., ~ F. + F! : K,(W) — K,(W’).

Theorem 13.2.5 (Equivariant Additivity Theorem) Let W, W’ be Wald-
hausen categories, X, Y, G-sets, and F' — F — F" cofibration sequence of
exact functors from W to W'. Then, F' +— F — F" induces a cofibration se-
quence F'+— F — F" of exact functors from [ X, W] to [X, W'], from ¥ [X, W]

YIX, W', and from [X, W]y to [X,W']y, and so, we have induced homo-
morphisms

F,~F +F' KSX, W) - KS(X, W),
K (X, W,Y) — KJ(X, W',Y),
and PS(X,W,Y) — PS(X, W' Y).

PROOF  First note that [X, W], [X,W']; Y[X,W], Y[X,W’]; and
(X, Wy,
[X, W]y are all Waldhausen categories. Now, define F° F'.F and F" : [ X, W],
X W) by PO = FC@), FQW) = FE@), and PO =
F"(¢(z)). Then one can check that F/ — F — F" is a cofibration se-
quence of exact functors [X,W] — [X,W’], Y[X,W] — Y[X,W’], and
[X, W]y — [X,W]y. Result then follows by applying theorem 13.2.4. I

(13.2)¢ Equivariant Waldhausen fibration sequence

In this subsection, we present an equivariant version of Waldhausen fi-
bration sequence. First, we define the necessary notion and state the non-
equivariant version.

Definition 13.2.3 (Cylinder functors) A Waldhausen category has a
cylinder functor if there exists a functor T : ArW — W together with three
natural transformations p, j1, jo such that to each morphism f : A — B, T
assigns an object Tf of W and j1 : A —= Tf, jo: B—-Tf, p:Tf — B,
satisfying certain properties (see [224, 225]).

Cylinder Axiom. For all f,p:Tf — B is in w(W).

13.2.1 Let W be a Waldhausen category. Suppose that W has two classes of
weak equivalences v(W),w(W) such that (W) C w(W). Assume that w(W)
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satisfies the saturation and extension axioms and has a cylinder functor T,
which satisfies the cylinder axiom. Let W be the full subcategory of W whose
objects are those A € W such that 0 — A as in w(W). Then, W becomes a
Waldhausen category with co(W«) = co(W)NW* and v(W¥) = v(W)N(W¥).

Theorem 13.2.6 (Waldhausen fibration sequence) [225].  With the
notations and hypothesis of 18.2.1 suppose that W has a cylinder functor,
T, which is a cylinder functor for both v(W) and w(W). Then, the exact
inclusion functors (W« ,v) — (W,v) and (W,v) — (W,w) induce a homotopy
fiber sequence of spectra

K(W"wr) — K(W,v) = K(W,w)
and hence a long exact sequence

Kpt1(W,w) = K, (W, v) = K,(W,v) - K,(W,w) — .

13.2.2 Now, let W be a Waldhausen category with two classes of weak
equivalences v(W) and w(W) such that v(W) C w(W). Then, for any G-set
X, [X,W] is a Waldhausen category with two choices of weak equivalence

P[X, W] and &[X, W], and P[X, W] C &[X, W] where a morphism CL ¢ is
in o[ X, W] (resp. O[X, W]if f(x): {(x) — ¢'(z) is in vW (resp. w(W)). One
can easily check that if w(W) satisfies the saturation axiom, so does &[X, W].

Suppose that w(W) has a cylinder functor T' : ArW — W, which also
satisfies the cylinder axiom such that for all f : A — B, in W, the map
p:Tf — Bisin w(W); then T induces a functor T : Ar([X,W]) — [X, W]
defined by T(¢ — ¢)(z) = T(C(z) — '(z)) for any z € X. Also, for
amap f: ¢ — ¢ in [X,W] the map p : T(f) — ¢ € &(X,W]). Let
[X, W]“ be the full subcategory of [X, W] such that {y — ¢ € &[X, W] where
Co(w) =0 € W for all » € X. Then [X, W]“ is a Waldhausen category with
co([X, W]?) = co([X, W) N [X,W)?) and 7[X, W) N [X, W]*. We now have
the following

Theorem 13.2.7 (Equivariant Waldhausen fibration sequence) Let W
be a Waldhausen category with a cylinder functor T and which also has a cylin-
der functor for v(W) and w(W). Then, in the notation of 13.2.2, we have
ezact inclusions ([X,W]*, ) — ([X,W],?) and ([X,W],?) — (X, W],®)

which induce a homotopy fibre sequence of spectra
K([X, W]?,0) — K(IX, W], ) — K([X, W], &)
and hence a long exact sequence

K1 ([X, W],0) = K ([X, W2, 9) — Ka([X, W], ) — Kn([X, W], &)

PROOF  Similar to that of theorem 13.2.6. I
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13.3 Applications to complicial bi-Waldhausen -cate-
gories

In this section, we shall focus attention on Waldhausen categories of the
form Chy(C) where C is an exact category.

13.3.1 Recall from definition 10.1.1 that if C is an exact category, and X,Y,
G-sets, K¢(X,C) is the n*"* (Quillen) algebraic K-group of the exact cate-
gory [X,C] with respect to fiberwise exact sequences; K¢ (X,C,Y) is the n*"
(Quillen) algebraic K-group of the exact category [X,C] with respect to Y-
exact sequences; while PY(X,C,Y) is the n** (Quillen) algebraic K-group
of the category [X,C] of Y-projective functors in [X,C] with respect to split
exact sequences.

We now have the following result.

Theorem 13.3.1 Let G be a finite group, X,Y, G-sets, C an exact category.
Then,

(1) KJ(X,C) = KF (X, Chy(C)).
(2) KE(X,C,Y)=2KG(X,Chy(C),Y).
(3) PS(X,C,Y) = PS(X,Chy(C),Y).

PROOF

(1) Note that [X,C] is an exact category and [X, Chy(C)] ~ Chy([X,C]) is
a complicial bi-Waldhausen category. Now, identify ¢ € [X,C] with the
object (. in Chy[X, C] defined by (. (z) = chain complex consisting of a
single object {(z) in degree zero and zero elsewhere. The result follows
by applying the Gillet - Waldhausen theorem.

(2) Recall that K& (X, Chy(C),Y) is the Waldhausen K-theory of the Wald-
hausen category ¥ [X, Chy(C)] where 0bY [X, Chy(C)] = ob[X, Chy(C)],
cofibrations are Y-cofibrations in [ X, Chy(C)], and weak equivalences are
the weak equivalences in [X, Chy(C)]. Also, K¢(X,C,Y) is the Quillen
K-theory of the exact category [ X, C] with respect to Y-exact sequences.
Denote this exact category by Y[X,C]. We can define an inclusion func-
tor [X,C] € Chy(Y[X,C]) = Y[X,Chy(C)] as in (1) and apply the Gillet
- Waldhausen theorem.

(3) Just as in the last two cases, we can define an inclusion functor from
the exact category [X,Cly to the Waldhausen category Chy([X,Cly ~
[X, Chy(C)]y and apply the Gillet - Waldhausen theorem.
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Theorem 13.3.2 (Equivariant Approximation Theorem) Let

W = Chy(C) and W' = Chy(C') be two complicial bi- Waldhausen categories
where C,C" are exact categories. F : W — W' an exact functor. Suppose
that the induced map of derived categories D(W) — D(W') is an equivalence
of categories. Then, for any G-set X, the induced map of spectra K(F) :
K([X, W]) — K([X, W']) is a homotopy equivalence.

PROOF  An exact functor F' : Chy(C) — Chy(C’) induces a functor
F: [X,Ch(C)] = [X, Clu(C)], ¢ = F(Q),

where F(¢)(z) = F(¢(2)). Now, suppose that the induced map D(Chy(C) —
D(Chy(C")) is an equivalence of categories. Note that D(Chy(C)) (resp.
D(Chy(C")) is obtained from Chy(C) (resp. Chy(C')) by formally inverting
quasi-isomorphisms. Now, a map ¢ — 7 in [X, Chy(C) is a quasi-isomorphism
iff ((x) — n(x) is a quasi-isomorphism in Ch(C). The proof is now similar
to [57] 5.2.

13.4 Applications to higher K-theory of grouprings

13.4.1 (1) Recall from examples 1.1.5(1) that if X = G/H where
H is a subgroup of G and R is a commutative ring with identi-
ty, we can identify [G/H, M'(R)] with M'(RH) and [G/H,P(R)]
with Pr(RH). Hence, we can identify [G/H,Chy(M’'(R)] with
Chy(M'(RH)) and [G/H,Chy(P)] with Chy(Pr(RH)). So, we can
identify K¢ (G/H, M'(R)) with K,(M'(RH)) = G, (RH) when R is
Noetherian. By theorem 13.3.1, we can identify K& (G/H, Chy(M'(R)))
with K,,(Chy(M'(RH))) ~ Gy, (RH) by the Gillet - Waldhausen theo-
rem. Also, K¢(G/H,P(R)) ~ K,(Pr(RH)) ~ K,(ChyPr(RH)) =~
G.(R, H) by the Gillet - Waldhausen theorem.

(2) With the notations above, we can identify K& (G/H, M'(R),Y) (re-
sp. K¢(G/H,P(R),Y) with Quillen K-theory of the exact category
M'(RH) (resp. Pr(RH)) with respect to exact sequences that split
when restricted to the various subgroups H' of H with a non-empty
fixed point set TH' (see 10.3.2). In particular,

KS(G/H,M'(R),G/e) ~ K¢(G/H,M'(R)) ~ K,(M'(RH) ~ G, (RH).

KS(G/H,M(R),G/e) ~ KS(G/H,P)(R)) ~ K,(P(RH) ~ G.(R, H).
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Hence, we also have
Ky (G/H,Chy(M'(R),G/e) = K (G/H,Chy(M'(R))

K, (Chy(M'(RQG))) ~ K,,(M'(RG)) ~ G.,(RG).
by the Gillet - Waldhausen theorem.

(3) Recall from 10.3.2 that PS(G/H, M'(R),Y) (resp. PY(G/H),P(R),Y))
are the Quillen K-groups of the exact category M'(RH) (resp.
Pr(RH)) that are relatively projective with respect to D(Y, H) = {H' <
H|YH £ @}. 1In particular, PS(G/H,P(R),G/e) = Kn(P(RH) ~
K,.(RH). Hence, we can identify PS(G/H,Chy(P(R)),G/e) with
K, (Chy(P(RH)) ~ K,(RH) by the Gillet - Waldhausen theorem.

(4) In view of the identifications in (1),(2),(3) above, we recover the relevant
results and computations in chapter 10.

13.4.2 We now record below (theorem 13.4.1) as an application of Wald-
hausen fibration sequence theorem 13.2.7 and Garkusha’s result [56] 3.1.

Theorem 13.4.1 (i) In the notations of 13.4.1, let R be a commutative
ring with identity, G a finite group, M’(RQG) the category of finite-
ly presented RG-modules, Chy(M'(RG)) the Waldhausen category of
bounded complexes over M'(RG) with weak equivalences being stable
quasi-isomorphism (see examples 5.4.2(iw),(v)). Then, we have a long
exact sequence for allm > 0:

— Kpni1(Chy(M'(RG),w) — PS(G/G, Chy(P(R)), GJe) ...
— K% (G/G,Chy(M'(R),G/e) — K,,(Chy(M'(RG),w) — ...
(ii) If in (i), R is the ring of integers in a number field, then for alln > 1,
Ky11(Chy(M'(RG),w) is a finite Abelian group.

PROOF From theorem 13.3.1 we have
PS(G/G,Chy(P(R)),G/e) = PY(G/G, P(R),G/e) ~ K, (RG).

K¢ (G/G.Chy(M'(R),G/e) ~ K¢ (G/G, M'(R),G/e) = G (RG).

Hence, the long exact sequence follows from [56] 3.1.

Now, if R is the ring of integers in a number field F, then RG is an R-
order in a semi-simple F-algebra F'G, and so, by theorems 7.1.11 and 7.1.13,
K, (RQG),G,(RG) are finitely generated Abelian groups for all n > 1. Hence,
for all n > 1, K, 41(Chpy(M(RG),w) is finitely generated. So, to show that
Kp+1(Chpy(M(RG),w) is finite, we only have to show that it is torsion.
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Now, let oy, : K, (RG) — Gn(RG) be the Cartan map that is part of the
exact sequence

-+ = Kn 11 (Chy(M(RG),w) — Kn(RG) =
Gn(RG) — Kp(Chy(M(RG),w) — ... (I
From this sequence we have a short exact sequence
0 — Coker a1 — K1 (Chy(M(RG),w) — Ker o, — 0 (IT)

for all n > 1. So, it suffices to prove that Kera,, is finite and Cokera,, 41 is
torsion.
Now, from the commutative diagram

Qn

Kn(RG)

Bn
’Yn

Kn(FG)

Gn(RG)

we have an exact sequence 0 — Ker o, — SK,(RG) — SG,(RG) —
Coker ap, — Coker 8, — Coker v, — 0. Now, for all n > 1, SK,(RG)
is finite (see theorem 7.1.11). Hence Ker ay, is finite for all n > 1.

Also, SG,(RG) is finite for all n > 1 (see theorem 7.1.13) and Coker £,
is torsion (see theorem 7.2.6, 1.7). Hence Coker «, is torsion. So, from (II),
K1 (Chpy(M(RG),w) is torsion. Since it is also finitely generated, it is
finite.

Exercise

Let k be a finite field of characteristic p, G a finite group not divisible by
p, (A, w) the Waldhausen category of bounded chain complexes over M (kG)
with weak equivalences being stable quasi-isomorphisms. Show that p does
not divide |Kap+1(A,w)| for all n > 1.






Chapter 14

Equivariant homology theories and
higher K-theory of grouprings

One of the major goals of this book is to highlight techniques for the com-
putations of higher K-theory of grouprings of finite and infinite groups. In
particular, chapters 9 - 13 have been devoted to induction techniques for
such computations in the spirit of Mackey functors and equivariant higher
K-theory. Chapters 5 to 8 highlighted other techniques from higher K-theory
for such computations.

In this chapter, we also aim at computing higher algebraic K-groups of
discrete groups via induction techniques under the umbrella of equivariant
homology theories. Indeed, an equivariant homology theory is the result of
linking G-homology theories for different G with induction structure. In fact,
an important criteria for G-homology theory HS : GSet — Z-Mod is that it
is isomorphic to some Mackey functor GSet — Z-Mod (see theorem 14.2.4
or [14)).

We shall be particularly interested in Farrell - Jones conjecture (for alge-
braic K-theory) and Baum - Connes conjecture (for topological K-theory) as
induction results under a unified approach through a metaconjecture due to
Davis - Liick (see [40] and [138]) as well as specific induction results due to
W. Liick, A. Bartels, and H. Reich (see [16]).

We only cover a rather limited aspect of this topic in this book. One
should see the excellent article [138] where W. Liick and H. Reich discuss this
subject in its various ramification including L-theory and many topological
and geometric applications.

The significance of also discussing Baum - Connes conjecture in this unified
treatment is inspired by the fact that it is well known by now that algebraic
K-theory and topological K-theory of stable C*-algebras coincide (see [205]).
Hence Baum - Connes conjecture also fits into the theme of this book.
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14.1 Classifying space for families and equivariant

homology theory

(14.1)4 Classifying spaces for families and G-homology
theory

Definition 14.1.1 Let G be a discrete group. By a family F of subgroups
of G, we shall mean a set of subgroups closed under conjugation and taking
subgroups. We shall be interested in the following examples:

(i) All:= all subgroups of G.

(i) Fin:= all finite subgroups of G.

(iii) VCy:= all virtually cyclic subgroups of G (see 4.5.3 for definition).

(v) Triv:= trivial family consisting of only one element, i.e., the identity

element of G.

(v) FCy:= all finite cyclic subgroups of G.

Note: As we shall see later, computations of some K-groups of G can be
reduced to computations of equivariant homology groups for “Fin” or “VCy”.

14.1.1 Remarks on G-spaces (G-discrete). Before proceeding further, we
recall the following properties of G-spaces. Readers are referred to [29].

(i)

A G-space is a topological space X equipped with a left G-action (i.e.,
continuous map G x X — X (g,z) — gz such that g(hz) = (gh)z.

For x € X,G, = {g € G|gz = z} is the stabilizer of = in G and
Gr = {gz|zr € X} is the orbit of z in G. Note that every discrete
G-space X has the form

X =UG/H, H=G, forsome X € X.

If H< G, N(H)= N¢g(H) ={g € GlgH = Hg} is the normalizer if H
in G. Note that X is an N(H)/H-space. Call W(H) := N(H)/H the
Weyl group. If K < G, (G/H)X = {gH|¢g~'Kg C H}.

If X,Y are G-spaces, the mapping space Map(X,Y) is the set of con-
tinuous maps with compact open topology. Map(X,Y) is a G-space
given by (g9,9) — gp(9™'),9 € G, ¢ € Map(X,Y). If H < G,
Map(G/H, X) ~ XH.
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(iv) Let a: H — G be a homomorphism of discrete groups, X an H-space.
The induced G-space Ind, X := Gx X := (G x X)/H where H acts

on G x X by h(g,z) = (9a(h™1), hz) and where G-action on Ind,X
is given by left G-action on (G x X), which passes on to G-action on
Gx X by (g,(k,x) — (gk,z). If @ is a monomorphism, H can thus

be regarded as a subgroup of GG, and we write G x X for G x X and
H a

Ind$ for Ind,. One defines a coinduced G-space analogously. We have
Mapp (G, X), G considered as an H-space via left H-action, and a map
Gx mapy (G, X) — mapy (G, X) (9,¢) — g9 : G — X given by y —

¢(yg). Then, gy is also an H-map since (9)(hy) = ¢(hy g) = hp(yg) =
h(ge)(y). So, if Z is any G-space, the H-map Z — X corresponds to

G-map Z — mapy (G, X).

14.1.2 Remarks on G-CW complexes

(i) Recall that a G-CW-complex consists of a G-space X together with a
filtration X° C X! C X2 C --- C X by G-subspace X' such that the
following are satisfied:

(1)
(2)
(3) X is a discrete subspace of X.
(4)

Each X™ is closed in X.

For each n > 1, there exists a discrete G-space A, together with
G-maps f: S" ' x A, — X"~ 1,f.B"><An—>X"suchthatthe
following diagram

Sl % A, — B" x A"

l l i is a push-out
Xn—l [N XxXn

where B™ = unit ball in Euclidean n-space (note that each A, =
UG/ K, where K, is an isotropy group).

(5) A subspace Y C X is closed iff Y N X™ is closed for each n > 0.
Note that if G = (e), then a G-CW-complex is just an ordinary
CW-complex.

(ii) A G-CW-complex is said to be finite dimensional iff X™ = X for some
n : dim X := least n > —1 for which X" = X.

(iii) If X,Y are CW-complexes, X x Y is in general not a CW-complex.
However, if we endow X x Y with weak topology (A C X x Y closed
iff AN (X, xY,) is closed for all finite subsets X, C X,Y3 C Y), then
X XY becomes a CW-complex.
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(iv) For G-CW-complexes, weak G-equivalences are actually G-homotopy
equivalences. This is because of Whitehead theorem, which says that
“A G-map f : X — Y between G-CW-complexes is a G-homotopy
equivalence if for all H < G and all zg € X, the induced map
T (X, 20) — (Y, 20) is bijective, i.e., f is a weak G-equivalence”.

(v) The geometric realization functor | | : Spaces — CW-complexes extends
to a functor I' : G-Spaces — G-CW-complexes together with a natu-
ral transformation I'’X — X which is a weak equivalence for every G-
space X. E.g., if X, Y are G-spaces, I'(Map(X,Y)) is a G-CW-complex
(see [138]).

(vi) A G-CW-complex is a proper G-space iff all its point stabilizers (isotropy
groups) are finite (see [24, 138]).

Definition 14.1.2 Let F be a family of subgroups of G. A classifying space
for F or a universal G-space with stabilizers in F is a contractible space
Ex(G) endowed with a G-action such that Ex(G)* is non-empty and Ex(G)?
is contractible iff H € F.

Definition 14.1.3 Let G be a discrete group, F a family of subgroups also
closed under taking finite intersections. A model for Ex(G) is a G-CW-
complex E such that all cell stabilizers lie in F, and for any H € F, the fized
point set ET is contractible.

Remarks 14.1.1 (i) We shall by abuse of notation also write Ex(G) for
the model for Ex(G) when the context is clear.

(ii) Ex(G) is unique up to G-homotopy, i.e., for any G-CW-complex X all
of whose isotropy groups belong to F, there exists up to G-homotopy
precisely one G-map X — Ex(G).

(i) Erripn(G) = EG where EG is the universal covering of BG, i.e., EG is
the total space of the G-principal bundle G — EG — BG.

(iv) Erin(G) is the classifying space for proper G-actions and is denoted in
the literature by EG.
Note that a G-CW-complex is proper iff for all z € G, G, (stabilizer of
x) is finite.

(v) A model for E4;(G) is the one-point space G/G.

(vi) If G is a discrete subgroup of a Lie group L with finitely many path
components, then for any maximal compact subgroup K C L, the space
L/K with its left G-action is a model for Er;,(G).
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14.1.3 Let G be a discrete group and R a commutative ring with identity.
A G-homology theory HE with values in R-Mod is a collection of covariant
functors HS : (G-CW-pairs) — (R-Mod) indexed by n € Z together with
natural transformations 9 (X, A) : HG (X, A) — HE | (A) :== HS (A, ¢) for
n € Z such that the following axioms hold:

(1) G-homotopy invariance

For G-homotopic maps fo, f1 : (X, A) — (Y, B) of G-CW-pairs, we have
HE (fo) = HS (f1) for all n € Z.

(2) Long exact sequence of a pair
If (X, A) is a pair of G-CW-complexes and i: A — X, j: X — (X, A)
the inclusion maps, then there exists a long exact sequence
e 01 o a MG ar e HeG) G e
(3) Excision
Given a G-CW-pair (X, A) and a cellular G-map f: A — B of G-CW-
complexes, we can endow (X U B, B) with the induced structure of a
G-CW-pair. Then, the canonical map (F, f) : (X, A) — (XLJQ B, B)

induces for each n € Z an isomorphism

il (B, f)  HT (X A) 2 HE(X U B, B).

(4) Disjoint union axiom
Let {X;|i € T} be a collection of G-CW-complexes, and j; : X; — [[ X;
iel
the canonical inclusion. Then the map

P i) : P HI(X) ~ HI(L X5)

el
icl il €
is an isomorphism.

14.1.4 Next, we indicate how to construct homology theories relevant to our
context. We are interested in equivariant homology theories with coefficients
in spectra. We now set out towards defining this concept.

14.1.5 Let C be a small category (e.g., Orz(G) = {G/H|H € F}. A con-
travariant C-space (resp. C-spectrum) X is a contravariant functor X : C —
Space (resp. X : C — Spectra). Define a covariant C-space or C-spectra
analogously.

Now, let Gpoids be the category of small groupoids with covariant functors
as morphisms. We want to describe a way of getting Ox(G)-spectrum from
gpoids-spectrum in order to obtain the desired induction results.



378 A.0. Kuku

14.1.6 In (5.2)¢, we discussed spectra in general and their basic properties.
Recall from (5.2)¢ that given a spectrum E and a pointed space Y, , we can
define a smash product spectrum Y A E by (Y A E)(n) =Y A E(n). Cone
(Y,) was also defined in (5.2)¢. We also observed that if X is a pointed
space and A is a subspace of X, then any spectrum FE defines a homology
theory H, (X, A, E) = mp (X1 u cone(A4) A E). We want to extend this to

+

G-homology theories.

14.1.7 Let Gpoids ™ be the subcategory of Gpoids such that ob(Gpoids ™) =
ob(Gpoids) and morphisms are injective (or faithful) functors. Recall that
a functor F' : Gy — G; from a groupoid Gy to a groupoid G; is said to
be faithful (or injective) if for any two objects x,y € Gy, the induced map
morg, (x,y) — morg, (F(z), F(y)) is injective.

Recall from 1.1.6 that if S is a G-set, then the translation category S of S is
a groupoid. We shall sometimes denote this groupoid by S (to indicate that
S is a G-set). Hence, there is a covariant functor “—g”, Orz(G) — Gpoids ™™
given by G/H — G/H.

Now, let E : Gpoids ™ — Spectra be a Gpoids " -spectrum which sends
equivalences of groupoids to weak equivalences of spectra.

(Recall that a weak equivalence of spectra is a map f : E — F of spectra
inducing an isomorphism on all homology groups.) Then, for any discrete
group G, E defines a G-homology theory associated to Orz(G)-spectrum

EO « —a 77’07,]__(G) N ngZdS inj £) Spectra.

Definition 14.1.4 (i) To a left G-space Y, we can associate a contravari-
ant Orz(G)-space mapg(—,Y) defined by mapa(—,Y) : Org(G) —
Spaces : G/H — maps(G/H,Y) = YH. If Y is pointed, then

mapa(—,Y) takes values in pointed spaces.

(i1) Let X be a contravariant and Y a covariant C-space (C any small cat-
egory). The balanced product of X and Y 1is defined as X>c< Y =

II X(e) x Y(c)/ ~ where “~7” is the equivalence relation gener-
ceob(C)
ated by (xp,y) ~ (x,py) for all morphisms p,c¢ — d in C and points
x € X(d);y € Y(c). Note that x¢ is written for X (¢)(x), and vy for

Y()(y)-

The next result, due to J.F. Davis and W. Liick, is the equivariant analogue
of the result in 14.1.6.

Theorem 14.1.1 [40]. Let E be a contravariant Orz(G)-spectrum.
Then, E defines a G-homology theory HS(— E) by HS(X;A;E) =
Tn(mapa(—, X4 Ua, cone(AL)) Aors(c) E). In particular, HS(G/H; E) =
mn(E(G/H)).
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PROOF  See [40]. I

Next, we define equivariant homology theory and provide an analogue of
theorem 14.4.1 for the theory.

Definition 14.1.5 Let A be a commutative ring with identity. An equivariant
homology theory H’ with values in A-Mod consists of a G-homology theory
HE with values in A-Mod for each G together with the following induction
structure:

(i) If a : H — G is a group homomorphism, and (X, A) a proper CW-pair
such that Ker a acts freely on X, then for each n € Z, there are natural
isomorphims ind, : HY (X, A) ~ HS(ind,X,A) such that we have

compatibility with boundary homomorphism, i.e., 95 oind, = ind, 0.

(i) Functoriality Suppose that 8 : G — K is another group homo-
morphism such that Ker(fa) acts freely on X. Then, for n € Z,
indgo = HE(f1) 0 indg o indy: HE (X, A) — HE (indga (X, A)) where

f1:indgindy (X, A) ~ indga (X, A) (k,g,2) — (ka(g), x)
s a natural K-homeomorphism.

(ii) Compatibility with conjugation If (X, A) is a proper G-CW-pair,
and g € G, n € Z, then the homomorphism ind.(g).c—q : cHE (X, A) —
HE (ind,(y). G_,(;(X A)) agrees with HG(f2) where fa is a G-homeo-
morphzsm f2 1 (X, A) — indyg).c—c(X,A) sending x to (1,97 ¢c) and
c(s) : G — G takes g to ggtg=!

Example 14.1.1 Bredon homology Let X be a G-CW-complex, F(X)
a family of subgroup of G that occur as stabilizers of G-actions on X, F
a family of subgroups of G containing F(X). Let A; be discrete G-set
occurring in the definition of the i-skeleton of X (see 14.1.2(i)). Then,
A; = UG/K,, K, € F(X). Now, X defines a contravariant functor
Orzx)(G) — (CW — Cexes) given by G/H — mapg(G/H,X) = X
The cellular chain complex C,(X) = {C,;(X)} where C;(X) = Z(4,;), and
C.(XH) = {C;(XH) = Z(AH)}. So we have a functor

C.(X): Orgx)(G) — (CW — Cexes) — (cellular chain complexes)
G/H — X" — o (xH).

Let A be a commutative ring with identity and M : Org(x & — A—
Mod a covariant functor. Then Bredon homology of X : H
H.(C,(X) ® M). Note that HZ(X, M) is the same for any .7-' con-

ZOT‘]:(X) (G
taining F(X). Note that HES(—, M) defines an equivariant homology theory
Hrcz; <_7 M)



380 A.0. Kuku

Remarks 14.1.2 Recall that the category ModZ%(G) of contravariant func-
tors Org(G) — R-Mod is an Abelian category where R is a commuta-
tive ring with 1, and so, the usual homological algebra can be done inside
Mod&(G). An object P € Mod®(G) is projective if HomModf;(G) (P,-) :
Mod®(G) — R-Mod is exact. One can construct projective objects in
ModZ®(G), and such objects have the form Px : Org(G) — R-Mod:
G/H — RHomo,, () (G/H,G/K) where K € F (see [156]). In particu-
lar, Mod%(G) has enough projectives, i.e., for every M € Modz(G), there
exists an epimorphism P — M with P projective. If we write P.(M) —» M
for a projective resolution of M, then for each N € ModZ(G), we have a
cochain complex Hom (Py(M), N) and hence

(P.(M),N) i > 0.

: _ ModE (@)
Ext'(M, N) = H'(Hom , n

Similarly, the covariant functors N : Orxz(G) — R-Mod form an Abelian
category.

Let G-Mod% be the category of covariant functors Orz(G) — R-Mod.
Note that for M € Modg(G),N e G- Modg,M ®F N is defined, and
s0, is (?) @7 N : ModR}(G) — R-Mod. Also, for any projective object
P € Mod%(G), P @z (—) is exact. So, if P.(M) is a projective resolution
of M, we can compute Tor;(M,N) as the homology groups of the complex
P.(M)®z N. See [138, 156] for details.

14.2 Assembly maps and isomorphism conjectures

14.2.1 Let F be a subfamily of a family F’ of subgroups of a discrete group
G. Since all the isotropy groups of Ex(G) also lie in F’, then by the universal
property of the construction, there is a G-map Ex(G) — Ex (G) unique up
to G-homotopy.

Now, let HS be a G-homology theory. The relative assembly map Az_, 7
is the homomorphism Ar_ .z : HG(Er(G)) — HS(Ex(G)). If F/ = All,
then Ex (G) = pt, and Ax_, # is just called the assembly map, and we just
write this map as Ar.

Note that {1} € FCy C Fin C VCy C All, and so, we can factorize Ay Al
into relative assembly maps.

Example 14.2.1 The relative assembly map AFinHVCy : HE (Erin(G) —
HE (EVCy(G)) is an isomorphism iff for all virtually cyclic subgroups V' of
G, the assembly map Arin = Az, Ay HY (Erin(V)) — H) (pt)) is an
isomorphism.
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14.2.2 (i) Metaconjecture Let Ex(G) — pt be the natural projection.
The metaconjecture says that the assembly map Ar : HS (Ex(G)) —
HE (pt) is an isomorphism for all n € Z.

(ii) Farrell - Jones conjecture Let R be a ring with identity and KR
the K-theory spectrum of R (see 5.2.2). Then, it is well known that
HE (pt, KR) ~ K,,(RG) (see 5.2.2). Farrell - Jones conjecture says that
for all n € Z, HS(EVCY(G), KR) — HS(pt, KR) ~ K,(RG) is an
isomorphism.

An analogous conjecture of Farrell - Jones can be stated for L-theory,
but we do not intend to go into this.

(iii) Baum - Connes conjecture Let C*-Alg be the category of C*-
algebras. Then there exists a functor K'? : C*-Alg — Spectra such
that
T (K (CH(@))) = K,,(C*(@)) for any discrete group and any n € Z.
Baum - Connes conjecture says that Az;, : HS(Eri(G), K*") —
HS (pt, K'") ~ K,(C*(G)) induced by the projection Ex;,(G) — pt is
an isomorphism. We shall explain the constructions above in 14.4.

(iv) Fibered isomorphism conjecture A group G together with a family
of subgroups F is said to satisfy the isomorphism conjecture (in the
range < N) if the projection map pr : ExG — {pt} induces an isomor-
phism HE (pr) : HG (EFG) ~ HE (pt) for any n € Z with n < N.

The pair (G, F) satisfies the fibered isomorphism conjecture (in the range
< N) if for each group homomorphism ¢ : H — G the pair (H, ¢*F) satisfies
the isomorphism conjecture (in the range < N).

Note that o*F := {H' < H/p(H') € F} and that ¢ : H — G is an inclusion
of subgroups; then, p*F = HNF={H' CH|H ¢ F} ={KNH/K € F}.

Remarks 14.2.1 Note that if ¢ : H — G is a group homomorphism and
(G, F) satisfies the fibered isomorphism conjecture, then (H,¢*F) also satis-
fies the fibered isomorphism conjecture.

Next, we state the transitivity principle for equivariant homology as follows.

Theorem 14.2.1 Let F C F' be two families of subgroups of a discrete group
G, N an integer. If for every H € F' and every n < N, the map induced by
the projection H (Exnp (H)) — HE ({pt}) is an isomorphism, then for every
n < N, the map HS (Ex(GQ)) — HG (Ex/(G)) induced up to G-homotopy by
the G-map Ex(G) — Ex/(G) is an isomorphism.

PROOF  See [138]. I
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The above result implies the following transitivity principle for the fibered
isomorphism conjecture.

Theorem 14.2.2 [138] (Transitivity principle for fibered isomorphis-
m conjecture) Let F C F' be two families of subgroups of G. Suppose that
every group H € F' satisfies the fibered isomorphism conjecture for F N H in
the range < N. Then (G,F') satisfies the fibered isomorphism conjecture (in
the range < N ), iff (G,F) satisfies the (fibered) isomorphism conjecture in
the range < N.

PROOF  See [138]. I
Next we have the following result due to A. Bartels and W. Liick (see [14]).

Theorem 14.2.3 [14] Let F be a class of finite groups closed under isomor-
phisms and taking finite subgroups. Assume that every finite group L satisfies
the fibered isomorphism conjecture (in the range < N ) with respect to the fam-
ily F(L) = {K < L|K € F}. Suppose that G is a group. Then, G satisfies
the fibered isomorphism conjecture in the range < N with respect to the family
F(G) iff G satisfies the fibered isomorphism conjecture in the range < N with
respect to the family VCy(G) = {H < G|H € VCy}.

PROOF Recall that V € VCy if either V € F or there exists an extension
1—->Z—V —F —1with FF € F. Let ' be the class of V’s for which we
have such an extension. Now, let V € V(Cy. In view of theorem 14.2.1 we
have to show that V satisfies the fibered isomorphism conjecture in the range
< N for the family F'(V) = F/(G)NV. If V € F, then the result follows
from the hypothesis. Now, suppose we can write 1 — Z — V' L, F — 1 where
F € F. Since F satisfies the fibered isomorphism conjecture in the range
< N, it follows that V satisfies the fibered isomorphism conjecture (in the
range < N) for p*F by remarks 14.2.1. Now, p*F(F) C F'(V). By applying
lemma 14.2.8 below, we see that V satisfies fibered isomorphism conjecture
(in the range < N) for F'(V).

Lemma 14.2.1 Let F C F' be families of subgroups of a discrete group G.
Suppose that G satisfies fibered isomorphism conjecture (in the range n < N)
for the family F. Then, G satisfies the fibered isomorphism conjecture in the
range n < N for the family F'.

The next result applies induction theory, earlier extensively discussed in
chapter 9, for finite groups in the context of Mackey and Green functors, to
G-homology theories. This application is due to A. Bartels and W. Liick,
see [14].
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Theorem 14.2.4 Induction criteria for G-homology theories

Let G be a finite group, F a family of subgroups of G, A a commutative ring
with identity, and H,Cf a G-homology theory with values in A-Mod. Suppose
that the following conditions are satisfied:

(1) There exists a Green functor G : GSet — A-Mod such that
@ Gpru) : @ G(G/H) — G(G/G) is surjective where pry
HEF HEF

G/H — G/G is the projectiion.

(2) For every n € Z, there is a (left) G-module M such that the covariant
functor M, : GSets — A-Mod is naturally equivalent to the covariant
functor HS : GSets — A-Mod : S — HS(S).

Then, the projection pr : Ex(G) — G/G induces for all n € Z an A-
isomorphism HS (pr) : HG(Ex(G/?) ~ HS$(G/G), and the canonical
map Ocoli(Ig) HE(G)?) =2 HE(G/G) is bijective.

rE

The proof of theorem 14.2.4 makes use of the following lemma.

Lemma 14.2.2 [14] Let G be a finite group and M a Mackey functor
GSet — A-Mod, and S a finite non-empty G-set. Assume that M is
S-projective and let F(S) be the family of subgroups H C G such that
SH #£0. Let Argy be the contravariant functor Or(G) — A-Mod given by

Aif HeF(S) . . . .
G/H — {O if H¢F(S) and which takes a morphism to either id : A — A

or the zero map.
Then there are natural A-isomorphisms

. o [M(@G/G) p=0
Torg ™™D (Ag(s), M) = { (O/ ! po1
M(G/G) p=0
Exti\orf(c) (Ars), M) ~ { 0 p>1
PROOF  See [14]. I

Proof of theorem 14.2.4. Let § = HUF G/H. Then, it follows from
€

condition (1), proposition 9.1.1 and theorem 9.3.1 that M is S-projective. We
deduce from the second condition and lemma 14.2.2 that there is a canonical
A-isomorphism

H?(G/G) p=0
0 p>1

Tor;lOrf-(G) (AF(S)va(G/?)) ~, {

for all ¢ € Z. The cellular AOr(G)-chain complex of Ex(G) is a projec-
tive AOr(G)-resolution of Az(g. Hence, Tor;f‘orf(G) (A}-(S),H(?(G/?)) agrees
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with the Bredon homology H{?OT(G)(EFG; HS(G/7). But this is exactly the
E2-term in the equivariant Atiyah - Hirzebruch spectral sequence, which con-
verges to 'Hg +q<E_7-'G). Hence, the spectral sequence yields an isomorphism
HE (Ex(G)) = HSG(G/G) for all n € Z, and this isomorphism can easily be
identified with the A-map HS (pr). There is also a natural identification

TorfOTf(G)<A}_(S)’H?(G/?)) o~ goli(rg) Hf(G/?).
rF

Hence the result.

14.3 Farrell - Jones conjecture for algebraic K-theory

14.3.1 In (4.5)* and 14.2.3(ii) we already introduced the Farrell - Jones
(F/J) conjecture, namely that if R is a ring with identity and KR the K-
theory spectrum of R, then for all n € Z,

HS (Bve, (G), KR) — HS (pt, KR) ~ K,(RG)

is an isomorphism. Note that KR is the non-connective K-theory spectrum
such that 7, (KR) = Quillen K,,(R),n > 0, and m,(KR) = Bass K, R, for
n < 0.

First, we state the following result, which says that for some regular rings
R, F/J conjecture can be stated with Fin replacing V¢, .

Theorem 14.3.1 Let R be a reqular ring in which the orders of all finite
subgroups of G are invertible. Then, for every n € Z, the relative assembly
map AFinHVCy for algebraic K-theory, namely

Apin—ve, : Hy (Bein(G), KR) — HS (Ev,, (G), KR)
s an isomorphism.

In particular, if R is a regular ring that is a Q-algebra (e.g., a field of
characteristic zero), then AFin—>ch is an isomorphism for all groups G.

PROOF  See [138], Proposition 2.14. I
14.3.2 Next, we indicate how to see that, for every n € Z and any group

G, if the Farrell - Jones conjecture holds, then HS (Eri,(G), KR) is a direct
summand of K, (RG).

First, we have the following
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Theorem 14.3.2 [138] For any group G and any ring R as well as any
n € Z, the relative assembly map

Apinve, : Hy (Bein(G), KR) — HS (Ev,, (G), KR)

1s split surjective.

Hence, if the Farrell - Jones conjecture HS (Erin(G), KR) = HS (pt, KR) ~
K.(RG) holds, then HS (Erin(G), KR) is a direct summand of K,,(RG), i.e.,
Kn(RG) ~ Hg(EFm(G),KR)@{? where 7 = Hg(‘Ech (G), Epzn(G),KR)

PROOF  See [138]. I
The next results provide more information on “?”.
Theorem 14.3.3 (i) HS(Ev,, (G), Erin(G), KZ) = 0 for n < 0.

(it) " (Bve, (G), Brn(G), K2)© Q =0 forn € Z.

Hence, the Farrell - Jones conjecture for algebraic K -theory predicts that
Apin : HG (Brin(G), K7Z) ® Q ~ K,(ZG)® Q is always an isomorphism.
Z

Remark 14.3.1 (i) Note that HS(EVCy (G), Erin(G), KR) plays the role
of the Nil groups for a general group.
The higher Nil groups have been shown to vanish rationally in 7.5.

(ii) Our next aim is to provide a brief discussion of induction theory that
helps to reduce the family Ve, to smaller families in the statements of
the Farrell - Jones conjecture for Algebraic K-theory. These results are
due to A. Bartels and W. Liick (see [14]).

14.3.3 Recall from chapter 9 that for a prime p, a finite group is said to be
p-elementary if G ~ C' x P where C is a cyclic group and P is a p-group such
that (|C|,p) = 1.

A finite group G is said to be p-hyperelementary if G can be written as an
extension 1 - C — G — P — 1 where C is a cyclic group and P is a p-group
such that (|C|,p) = 1. Say that G is elementary or hyperelementary if it is
p-elementary or p-hyperelementary for some p. Let &, (resp. H,) be the class
of p-elementary (resp. p-hyperelementary) subgroups of G and £ (resp. H)
for the set of elementary (resp. hyperelementary) subgroups of G.

If 7 C Fin, we denote by F' C V¢, the class of subgroups V' for which
there exists an extension 1 - Z — V — H — 1 for a group H € F, or for
which V' € F holds.

We now state the Induction theorem for algebraic K-theory.

Theorem 14.3.4 Let G be a group and N an integer. Then,
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(i) G satisfies the (fibered) isomorphic conjecture (in the range < N) for
algebraic K-theory with coefficients in R for the family Vo, iff G satisfies
the fibered isomorphic conjecture (in the range < N) for algebraic K-
theory with coefficients in R for the family H'.

(ii) Let p be a prime; then G satisfies the (fibered) isomorphic conjecture
(in the range < N ) for algebraic K -theory with coefficients in R for the
family Vo, after applying Z, @z iff G satisfies the fibered isomorphic
conjecture (in the range < N ) for algebraic K-theory with coefficients
in R for the family H; after applying Zp)®z.

(iii) Suppose that R is reqular, and Q@ C R. Then, the group G satisfies
the isomorphism conjecture (in the range < N) for algebraic K -theory
with coefficients in R for the family Vo, iff G satisfies the isomorphism
conjecture (in the range < N) for algebraic K-theory with coefficients
in R for the family H.

If we assume that R is regular, and C C R, then we can replace H by &.

(iv) Suppose that R is regular and @@ C R. Let p be a prime. Then, G
satisfies the isomorphism conjecture (in the range < N ) for algebraic K -
theory with coefficients in R for the family Vo, after applying Z ) @z-iff
G satisfies the isomorphism conjecture (in the range < N ) for algebraic
K -theory with coefficients in R for the family H, after applying Z,)®z.

If we assume that R is regular, and C C R, then we can replace 'H, by
Ep.

Remark 14.3.2 The proof of the above result uses the following lem-
ma 14.3.1, which we shall state to show the connections to G-homology for
discrete groups. Before stating the lemma, we make the following observation.
Let A be a commutative ring with identity such that A is as flat as Z-module,
or equivalently, A is torsion free as an Abelian group. Let ¢ : G — G1 be a
group homomorphism. Recall from 9.3.4 (ii) that if X is a G;-CW-complex,
then X|g is a G-CW-complex obtained from X by restricting the action of
G1on X to G via . Then, X — A®z HS(X|q, KR) defines a G;-homology
theory. We shall write ¢* X for X|¢.

Lemma 14.3.1 Let F be a class of finite groups closed under isomorphism
and taking subgroups. Let ¢ : G — G1 be a group homomorphism with G
finite. Then the Gy-homology theory A ®z HS (p* ; KR) satisfies the assump-
tions in theorem 14.2.4 for the familiy F(G1) = {h > G1|H € F} in the
following cases:

(i) F = class H of hyperelementary groups and A = 7.

(i) F = is the class of elementary groups and A = Z provided C C R.
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(i) For a given prime p, the family F is the class Hp of p-hyperelementary
groups and A = Zy).

(iv) For a given prime p, the family F is the class &, of p-elementary groups
and A = Z,) provided C C R.

(v) F is the class FCy of finite cyclic groups and A = Q.

Proof of lemma 14.3.1 Recall from 1.4.1(i) that for a groupoid G, Sw/(G)
has the structure of a commutative ring with identity. Also, since G is an EI
category, it follows from the discussion of pairings and module structures
in (7.5)% that K, (RG) is a Sw/(G)-module for all n > 0.

Now, if A is a commutative ring with identity as in lemma 14.3.1, ¢ :
G — G1 a group homomorphism with G finite (G discrete), then A @ Swf
(“7g,) : G1Sets — A-Mod is a Green functor and A ® K& (¢*—, P(R)) a
A ® Swf(“")-module.

There is a natural equivalence of covariant functors G;Sets — Z-Mod from
K& (¢*(-),P(R)) to HS (¢*—, KR). So, one needs only check that

(i) The map @ Swf(H) — Swf(G) is surjective.
HeH

(ii) The map @g Sw(CH) — Sw(CG) is surjective.
He

(iii) For any given prime p, the map & Sw/(H)q) — Sw/(G)(,) is sur-
HEH,

jective.
(iv) For a given prime p, the map ©Sw(CH ), — Sw(CG), is surjective.

(v) Themap @& Qo Swf/(H)— Q® Sw/(G) is surjective.
HeFC, I zZ
Now, (i) and (v) follow from [207] since Sw/(“~%) is isomorphic to
Sw(“=7). It follows from [207] and [209] that any torsion element in
Sw(G) is nilpotent, and so, by (v) and theorem 9.3.1, we have that
(iii) follows from [218], 6.3.3. Moreover, (ii) and (iv) follow from [187],
theorems 27 and 28.

Remarks 14.3.1 (i) Theorem 14.3.4 is a consequence of lemma 14.3.1 and
theorem 14.2.4. See [14] for details.

(ii) We close this section with a brief discussion of Farrell - Jones conjec-
ture for torsion-free groups. The Farrell-Jones conjecture for algebraic
K-theory in this case has a simpler form and other interesting conse-
quences. For higher algebraic theory, the conjecture has been verified
for torsion-free groups of geometric type (see [16]).
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14.3.4 Farrell - Jones conjecture for torsion-free groups Let G be a
torsion-free group, R a regular ring. Then, the assembly map H,(BG, KR) —
K, (RQG) is an isomorphism for all n € Z.

Remarks 14.3.2 (i) Note that for a torsion-free G, the family VC, of
all virtually cyclic subgroups reduces to the family C,, of all cyclic
subgroups.

(ii) The next result provides an example of torsion-free groups for which
Farrell - Jones conjecture for higher K-theory has been verified.

Theorem 14.3.5 [16] Let R be an associative ring with identity, G the fun-

damental group of a closed Riemannian manifold with strictly negative cur-
vature. Then, for all n € Z, the assembly map Ac, , : HE (Ecyc;KR> —

K,,(RQG) induced by the projection Ec,. — pt is an isomorphism.

PROOF  See [16] theorem 1.4. I

Corollary 14.3.1 [16] Let R be an associative ring with identity, G the
fundamental group of a closed Riemannian manifold with strictly negative
sectional curvature. Then, for all n € Z, the assembly map for N K-groups

Ac,, : HS (EC NKR) — HC (pt, NKR) ~ NK,(RG)

yo
is an isomorphism.
PROOF  Follows from the splitting KR[t] ~ KRV NKR and the fact

that the isomorphism result for any two of the assembly maps associated to
KR, KR[t] and NKR implies the isomorphism result for the third.

14.4 Baum - Connes conjecture

There has been a lot of vigorous research on the Baum - Connes conjecture
in the last two decades, and several areas of mathematics, notably K-theory,
topology, geometry, and theory of operator algebras have been further en-
riched through these research efforts.

There are several formulations of the conjecture, and we do intend to review
some of them in this section. However, we shall also focus on the formulation of
the conjecture through Davis - Liick assembly map and equivariant homology
theories that will blend into our earlier themes of a unified treatment of this
and Farrell - Jones conjecture to obtain induction-type results.
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(14.4)* Generalities on Baum - Connes conjecture

Definition 14.4.1 Let G be a discrete group, (*(G) the Hilbert space of a
square summable complex valued functions on G, i.e., any element f € (*(G)

can be written in the form f = > A\gg, A\g € C, Y |Ag]* < c0.
geq geq
Let CG be the complex groupring (a group algebra). We could think of

elements of CG as formal sums Y A\gg where all except a finite number of
geG
Ag are zero or complex-valued functions on G with finite support. Hence CG

is a subspace of *(G).
There is a left reqular representation A\g of G on the space £*(G) given by

Aa(g) - (Z )\hh> =Y Agh, g€G, Y MhelP(G).

heG heG heG

This unitary representation extends linearly to CG.

We now define the reduced C*-algebra C:G of G as the norm closure of the
image Ag(CQ) in the C*-algebra of bounded operators on (*(G).

(Recall that a C*-algebra A is a Banachx-algebra satisfying |a*a| = |a|? for
allae A.)

14.4.1 Let A be a unital C*-algebra. Then GL,(A) is a topological group
and we have continuous embeddings given by GL,(A) < GL,41(A) : X —
(4 9)- Let GL(A) = lim GL,(A) and give GL(A) the direct-limit topology.

We now define the higher topological K-theory of A as follows. For all n > 1,
define K, (A) = mp—1(GL(A)) = mp—1(BGL(A)).

Remarks/Examples 14.4.1 (i) Ky(C) ~ Z and K;(C) = mo(GL(C)) =
0 since GL,(C) is connected for n € N.

(ii) K,(A) satisfies Bott periodicity, i.e., there is a natural isomorphism
K, (A) ~ K,12(A) for all n > 0.

Hence, K-theory of C*-algebras is a Z/2-graded theory.

(iii) If G is a finite group, then C*G ~ CG. Hence, Ko(C*G) ~ R(G), the
additive group of the complex representation ring of G.

14.4.2 For a CW-complex X, let K,(X) be the K-homology of X, i.e., the
homology theory associated to the topological complex K-theory spectrum
K" (usually denoted by BU). This homology theory is dual to topological
K-theory and K, (X) = H,(X, K*P). Note that complex K-homology theory
is 2-periodic, i.e., K, (X) 2 K, 12(X).

If G is a discrete group, and X is X with a disjoint base point, then K, (X) =
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mn (X4 ABU. There exists an assembly map K.(BG) — K.(C!G) (see [24,

138)).

14.4.3 Baum - Connes conjecture for torsion-free groups If G is a
torsion-free group, then the assembly map p* : K,.(BG) — K.(CG) is an
isomorphism.

Remarks/Examples 14.4.2 (i) The requirement that G' be torsion free

(i)

in the conjecture 14.4.3 is essential. Indeed, ii* is not an isomorphism
if G is not torsion free. For, suppose G =7Z/2, C¥ ~ CG ~ C&® C to be
a C-algebra.

Hence
Ko(CrG) =2 Ko(C)d Ko(C) ~ZBZ. I

Also, since rational homology of finite groups are zero in positive degrees,
we have, by using homological algebra, that

Ky(BG) %) Q ~ @ limits;ey Ho(BG;Q) ~ Q. (11)

It follows from (I) and (II) that &* cannot be an isomorphism.

If G is not torsion free, we shall write KS(X) for G-equivariant K-
homology of a topological space X. It is also well known (see [24, 138])
that there is an assembly map p. : K& (Fpin(G)) — K.(C:G). We now
state the conjecture for a general discrete group.

14.4.4 Baum - Connes conjecture for a discrete group Let G be a
discrete group. Then, the assembly map ju. : K& (Fpin(G)) — K.(C:G) is an
isomorphism.

Remarks 14.4.1 (i) Note that if G is torsion free, then K,(BG) =

(i)

(iii)

K& (Erin(GQ)) and conjectures 14.4.3 and 14.4.4 coincide.

We also have a real version of the Baum - Connes conjecture where the
K-homology is replaced by KO-homology, and on the right-hand side,
Cy is replaced by the real reduced C*-algebra C} pG.

There is a connection between Baum - Connes conjecture and idem-
potents in CG leading to the so-called trace conjecture and Kadison
conjecture, etc.

Let M be a closed manifold and D : C>°(E) — C*(F) an elliptic dif-
ferential operator between two bundles on M. Let M — M be a normal
covering of M with deck transformation group G (see [138, 156]). Then we

can lift D to M and obtain an elliptic G-equivariant differential operator
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D : C*°(E) — C°°(F). Since the action is free, we can define an analytic
index indg(D) € Kaimp (CrG).

If G is torsion free, one can show (see [138, 156]) that the image of g
(in 14.4.4) coincides with the subset of Ko (C*G) consisting of indg (D). So, if
Lo s surjective, then, for each © € Ko(CG) there exists a differential operator

D such that z = indg(D). Hence, dimg(z) € Z. Hence, we have

14.4.5 Trace conjecture Let G be a torsion-free discrete group. Then,
dimg(Ko(C}(Q)) C Z.

We also have the Kadison conjecture as follows.

14.4.6 Kadison conjecture If G is a torsion-free discrete group, then the
only idempotent elements in CG are 0 and 1.

The next result provides a connection between the trace conjecture and the
Kadison conjecture.

Lemma 14.4.1 [138] The trace conjecture 14.4.5 implies the Kadison con-
jecture.

PROOF  See [138]. I

Next we state the idempotent conjecture.

Conjecture 14.4.1 — idempotent conjecture Let G be a torsion-free
group and R an integral domain. Then, the only idempotents in RG are
0 and 1.

Note that if R C C, then the Kadison conjecture 14.4.6 implies the idem-
potent conjecture.

14.4.7 The functor KK and the category KKC®

Before discussing analytic and other formulations of the Baum - Connes
conjecture, we briefly introduce the functor KK% and the category KK ¢,
We shall focus on discrete groups G but note that similar constructions hold
for a locally compact group G.

(i) Let B be a C*-algebra, £ a right B-module. A B-valued scalar product
on £ is a B-bilinear map <,>p: £ x £ — B such that < z,y >p =
<y,x > and < x,x >p>0 (< z,x >p =0iff z =0).

If € is complete with respect to the norm ||z||> = | < 2,2 >p |, call £ a
Hilbert C*-module over B or just Hilbert B-module.
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Let £ be a Hilbert B-module, L(€) the set of operators T : £ — £ having
an adjoint operator T* : £ — & such that < Tz,y > = < z,T*y >p
n
for every x,y € £). An operator in L(E) of the form Y 0y, ., : 2 —
i=1
< x,y; > zi, Yi, 2 € E is called a finite-rank operator. An operator in
L(€) is said to be compact if it is a norm limit of a sequence of finite-
rank operators.
Let By(€) denote the set of compact operators in L(E).

Let G be a discrete group. A G-C*-algebra is a C*-algebra A endowed
with an action of G by *-automorphisms.

Let A, B be G-C*-algebras. A cycle over (A, B) is a triple (U,r, F)

where

(a) U is a representation of G on some Hilbert B-module £ such that
U is unitary, i.e., < U(g)¢|U(g)n > = g < &|n >p for all g €
G,§nec.

(b) m is a representation of A on & such that < w(a)é|n >p
= < ¢&n(a*)yp >p for all @ € G and 7 is covariant, i.e.,
U(g)n(a)U(g~ ') = m(ga) for all g € G,a € A.

(c) F is an operator on &, self adjoint with B-valued scalar prod-
uct < F(&)n > = < &F(n) >p. Moreover, w(F? —
1),[r(a), F],[U(g), F] a € A,g € G are compact.

A cycle (U, m, F) is even if € is Zs-graded, U, 7 preserve grading, and F

reverses it, i.e., if E=E ® &, U = (“00 7?1)# = (76“ 791), F = (g%).

A cycle is odd otherwise.

A cycle a = (U, 7, F) is degenerate if for all a € A [r(a), F], 7(a)[F?—1],
[U(g), F] = 0.

Two cycles ag = (Up, 70, Fp) and o = (Uy, 7, F1) are said to be ho-
motopic if Uy = Uy, w9 = m1, and there exists a norm continuous path
(F})tef0,1) connecting Fy and Fy.

Two cycles ag, a; are said to be equivalent (written «g ~ «y) if there
exist two generate cycles Oy, 31 such that ay® Gy is homotopic to a; B f;.

Now, define KK§(A,B) := set of equivalence classes of even cy-
cles KKF(A,B) := set of equivalence classes of odd cycles. Note
that KK (A, B) and KK (A, B) are Abelian groups. KK (A,C) =
KE(A) is equivariant K-homology of A; KK (C,B) = K;(B) := K-
theory of B.

If G is the trivial group, we write KK;(A,B) i =0, 1.

KKZ(—,—) is a bivariant functor contravariant in A and covariant in
B.
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Proof. If a« = (U,m,F) € KKZ(A,B), § : C — A, then §*a =
(U, 70, F) € KKS(C, B).

If0: B— C,let E@pC be a Hilbert C-module, o € KK (A, B); then,
ba=U®1,mo1,Fe1l)c KKF(A,CQC).

(v) Let KK % be the category obtained as follows: obK K & consists of sep-
arable G-C*-algebras. Morphisms set KK (A, B) from A to B consists
of elements of KK§ (A, B). In [151], R. Meyer and R. Nest show that
KK is a triangulated category.

An object A € KK is said to be compactly induced if it is KKC-
equivalent to Ind%A' for some finite subgroup H < G and some H —(C*-
algebra A’. Let CI C KK be the full subcategory of compactly induced
objects, and (CI) is the localizing subcategory generated by CI. Define
CI-approximation 4 of A in KK as a morphism in A — A where
A e (CI) such that KK (P, A) ~ KK%(P, A) for all P € (CI). In [151],
Meyer and Nest used this setup to define Baum - Connes conjecture via
localization of functors from KK to an Abelian category.

14.4.8 Before closing this subsection, we discuss briefly the analytic (clas-

sical) formulation of the Baum - Connes conjecture. So, let G be a locally
compact group or discrete group G, X is a locally compact Haussdorff G-space
X such that X is proper and G-compact.
We shall write KK© for the Kasparov’s equivariant K K-functor (see [97]).
Note that KK%(Cy(X),C) can be identified with the G-equivariant K-
homology of X and that there are canonical maps puf : KK (Cy(X),C) —
K;(C*(G)) where Cy(X) is the C*-algebra of continuous complex-valued func-
tions on X vanishing at infinity.

Let EG be the universal space for proper actions of G. Note that we
had earlier identified EG with Epi,(G). The equivariant K-homology of EG,
RKE(EG),i = 0,1, is defined as the inductive limit of K K& (Cy(X), C) where
X varies over all possible locally compact G-proper and G-compact subsets
of EG.

Since KK lG and K; commute with the process of taking inductive limits, one
could now define

i REJ(EG) — Ki(CrG),  i=0,1 Y

and the Baum - Connes conjecture says that this y, is an isomorphism.

Remarks 14.4.2 (i) Note that when G is discrete, the formulation of the
BC-conjecture in 14.4.4 is equivalent to that in 14.4.8.

(ii) Groups for which the conjecture is known to be true
The conjecture is known to be true for the following classes of groups
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(a) All amenable groups. These include all finite groups, all Abelian,

nilpotent, and solvable groups. Note that the class of all amenable
groups is closed under taking subgroups, quotients, extensions, and
direct unions.
Recall that a finitely generated discrete group G is called amenable
if for any given finite set S of generators (such that 1 € S and
s €8 = s~ €S), there exists a sequence of finite subsets X; of
G such that

|SX; = {sz|s € S,z € X} j=os

1.
| X1

An arbitrary discrete group is called amenable if each finitely gen-
erated subgroup is amenable.

(b) One relator groups, i.e., groups with a presentation G =<
g1, - - - gr|r > with only one relation r.
(¢) Groups with the Haagerup property.

These are groups which admit an isometric action on some affine

Hilbert H-space that is proper, i.e., such that g,V "=° oo for
n—oo . .

every v € H whenever g, — oo in G. Such groups include

amenable groups, Coxeter groups, groups acting on trees, etc. (see

[138, 156]).

(d) Discrete subgroups of Sp(n,1), SO(a,1), and SU(n, 1).
(e) G a subgroup of a word hyperbolic group.
(f) Artin full braid group.

(iii) Baum - Connes conjecture with coefficients

There is also Baum - Connes conjecture with coefficients. Let A be a

C*-algebra on which a discrete group G acts by automorphisms. Let

C.(G, A) be the space of finitely supported functions f : G — A. For

frg € C(G,A), say f= > f(s)s,g = > g(t)t define twisted convo-
€G teG

S

lution by f*q g= >, f(s)as(gt)st where a : G — Aut(A). For each
s,teG

t € G, wehave (f x g)(t) = > f(s)as(g(s7it)). Ce(G, A) is a *-algebra
o seG

whose involution is given by f*(s) = as(f(s1)) for all f € C.(G, A),

sed.

Define (2(G, A) = {£: G — A] 3. &(s)*(s) converges in A}.
seG
The norm |[€]| = || 3 &(s)*(£(s))]a turns £2(G, A) into a Banach space.
seG

The left regular representation A\g a4 of C.(G,A) on (?(G, A) is given
by (Ac.a(f)$) (9) = ZGagfl(f(S)é(S_lg)) for each f € Cc(G, A), € €
se
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(%(G, A) g € G, and so, C.(G, A) acts on £*(G, A) by bounded operators.

Definition The reduced crossed product A %, G is the operator norm
closure of Aga(Ce(G, A)) in B({*(G, A)).

Let A be a countable G-C*-algebra. Then there is an assembly map
KKS%(Epin(G), A) — K, (A %, Q) (I)

(see [85, 138]). The Baum - Connes conjecture with coefficients says
that the assembly map (I) is an isomorphism.

Groups for which Baum - Connes conjecture with coefficients
are known to be true

(a) Groups with the Haagerup property (or equivalently a-T-menable
groups). See (ii)(c).

(b) Groups belonging to the class LHEJTH

Note. Let H7H be the smallest class of groups that contain all a-
T-menable groups, and it contains a group G if there exists a one-
dimensional contractable G-CW-complex whose stabilizes belong
to HTH. Let HETH be the smallest class of groups containing
H7T™H and containing a group G if either G is countable and admits
a surjective map p : G — @Q such that Q and p~'(F) € HETH
for every finite subgroup F C Q, or if G admit a 1-dimensional
contractable G-CW-complex whose stabilizes belong to HETH.
Let LHETH be the class of groups G whose finitely generated
subgroups belong to HETH.

Note that LHET H is closed under finite products, passing to sub-
groups and under extensions with torsion-free quotients. This class
includes one-relator groups and all knot groups.

Counterexample to Baum - Connes conjecture with coefficients
Some counterexamples to Baum - Connes conjecture with coefficients
have been provided by Gromov (see [85, 138]). These examples involve
cases of finitelly generated groups containing arbitrary large expanders
in their Cayley graph.

Baum - Connes conjecture for the action of discrete quantum
groups

In [61], D. Goswami and A. Kuku formulated the Baum - Connes con-
jecture for the action of discrete quantum groups as a generalization of
the classical formulation for discrete groups.

More precisely, given an action of a discrete quantum group A on a
C*-algebra B satisfying certain regularity assumptions (resembling the
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action of proper G-compact action of classical discrete groups on some s-
paces), they at first constructed a canonical map u;, pf (i = 0, 1) from the
A-equivariant K-homology groups K K7*(B,C) to the K-groups Kl(.Z)
and Ki(A\T), respectively, where A\, ﬁr denote, respectively, the quan-
tum analogue of the full and reduced C*-algebras. They then construct
a direct family {Er} of C*-algebras (F varying over some index set) and
show that the natural action of A on Ep satisfy certain hypothesis that

makes it possible to define Baum - Connes maps

i im KKA(Ep, C) — KK;(C, A)

il lim K KA(Ep, C) — KK(C, A,)

so that in the classical case when A = Cy(G), the isomorphism uf is
equivalent to Baum - Connes conjecture.

They verified the conjecture for finite dimensional quantum groups and
showed that ] is surjective for the dual of SU,(2). For details, see [61].

Baum - Connes conjecture via localization of categories

In [151], R. Meyer and R. Nest formulated the Baum - Connes conjecture
via localization of categories as follows, where G is a countable locally
compact group.

Recall from 14.4.14 (v) the category K K€ whose objects are separable
G-C*-algebras and whose morphism set is K K§ (A, B) for any two ob-
jects A, B € KK§.

As in 14.4.14(v), let CI C KK® be the full subcategory of compactly
induced objects and (CI) the localization subcategory generated by CI.
Let A — A be a Cl-approximation of A € CI. Then, A € (CI). If
F:KK® — C be any homological functor from KK & to an Abelian
category C, then, the localization LF of F defined by LF(A) := F(A)
is also a homological functor KK G C, and LF is equipped with
a natural transformation LF(A) — F(A). If F(A) = K.(A %, G),
then the map LF(A) — F(A) is isomorphic to the BC-map. Hence
K:°°(G, A) ~ LF(A) (see [151]).

14.5 Davis - Liick assembly map for BC conjecture and

its identification with analytic assembly map

14.5.1 The C}-category C’G (G a groupoid) Let C be a category, R
a commutative ring with identity. The R-category associated to C denoted
by RC is defined as follows: ob(RC) = ob(C), Hompc(z,y) = free R-module
generated by Home (2, y).
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Let G be a groupoid, R a commutative ring with identity and with involu-
tion. Then RG has the structure of an R-category with involution by defining
(Z?:l )\zfz)* = Z?:l ;\ifi_l, i € R, fi € Morg.

One can complete the category with involution, CG, to a C*-category
CrG defined as follows: obC}G = obG. Let z,y be two objects of G. If
Homg(x,y) = 0, put Homeg:g(x,y) = 0. If Homg(x,y) # 0, choose z € obG
such that Homg(z,z) # 0.

For any set S, let £2(S) be a Hilbert space with S as a basis, and for S;, Sa,
let B(¢%(S1),¢?(S2)) be the space of bounded linear operators from ¢2(S7) to
¢%(S3). Now, define a C-linear map i, , . : CHomg(z,y) — B({*(Homg(z, z),
¢?(Homg(z,y)), which takes f € Homg(z,y) to the bounded linear operator
from ¢2(Homg(z,x)) to Homg(z,y)) given by composition with f.

For v € Homcg(z,y) = CHomg(z,y), define the norm [|ul|y, :=
lliz,y,-(u)]|. Then ||u||s,y is independent of the choice of z. The Banach
space of morphisms in C*G from x to y is the completion of Homcg(z,y)
with respect to the norm || ||;,,. We shall denote the induced norm on the
completion Homc-g (7, y) of Homeg(,y) also by || ||«

Composition defines a C-bilinear map Homcg(z,y) x Homeg(y,z) —
Homeg(z, z) satistying ||g - fllz,> < [|glly,2]|f]lz,y- Hence it induces a map
on the completions

H0m0:9<$7y) X HomC;(g)(yvz) - HomCi_(}(:B?Z)'

If G is a group, then G defines a groupoid G with one object, and C}G is
the reduced group C*-algebra C*G.

Let C*-Cat be the category of small C*-categories. We now have a functor
Cr: Gpoids™ — C*-Cat : G — CrG.

If FF: Gy — G is faithful functor of groupoids, then F' guarantees that
the map Homcg, (2,y) — Homcg, (F(z), F'(y)) extends to Homc:g,(z,y) —
Homc:g, (F(z), F(y)) for all 2,y € ob(Go.

Note that, in general, the assignment of the C*-algebra C*H to a group H
cannot be extended to a functor from the category of groups to the category
of C*-algebras. For example, the reduced C*-algebra C*(Z x Z) of the free
group on two letters is simple and hence has no C*-homomorphism to the
reduced C*-algebra C of the trivial group.

14.5.2 The Q-spectrum K'"P(C), C a C}-category

(i) Let C be an R-category. Define a new R-category Cg, called the sym-
metric monoidal R-category associated to C, with an associative and

commutative sum “@” as follows: ob(Cg) are n-tuples z = (z1,...,2n),
r; €obCn=0,1,2,.... For z = (z1,72,...,2,) and y = (Y1, ..., Yn),
Home, (z,y) = @ Home(wx,y;). Note that Home, (z,y) is an R-
- 1<i<n -
1<5<n

module. If f: 2z — y is a morphism in Cg, denote by f; : ; — y; the
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component which belongs to i € {1,...,m} and j € {1,...,n}.

The composite of f : 2 — y and g : y — z is defined by (g - f)ix =
n

> gik - fij. Sum in Cg is defined by 2@y = (21, ..., %m, y1,...,yn) and

j=1
satisfies (z @ y) ©2=(2® (y®2));zPy~ydz.

Recall from 4.4 that the idempotent completion P(C) of a category C
is defined as follows: ob(IP(C)) consist of pairs (z,p) where p : z — «
is a morphism such that p?> = p. A morphism f : (2,p) — (y,q) is a
morphism f : x — y such that ¢fp = f. Note that if C is an R-category
(resp. symmetric monoidal R-category), then P(C) is also an R-category
(resp. symmetric monoidal R-category).

Also recall from example 5.3.1(1) that for any category C, ob
(Iso(C)) =obC and morphisms in Iso(C) are isomorphisms in C.

Now, let C be a symmetric monoidal R-category all of whose morphisms
are isomorphisms. The group completion of C is a symmetric monoidal
category C" defined as follows: ob(C") = {(z,y)|z,y € ob(C)}.

A morphism from (z,y) to (Z,7) in C" is given by the equivalence class
of triples (z, f,g) where z € ob(C) are f : 2 ® 2 =T, g: yPZ — 7
are isomorphisms. Say that two of such triples (z, f,g) and (2, f/,¢)
are equivalent if there exists an isomorphism h : z — 2’ such that
f-(idy@®h) = f, ¢’ (idy®h) = g. Sum in C" is given by (z,y) D (T,7) =
(z8T,y DY)

Note that if C is a C*-category, then Cg,P(C) inherit the structure of
C*-categories where each object p :  — x in P(C) is self-adjoint and
idempotent, i.e., p* = p and p? = p. Also, Cg, P(Cg) and Iso(P(Cg))"
inherit the structure of a topological category.

Now, given topological categories D,D’, we have a homeomorphism
B(D,D’) — BD x BD' induced by the projections where for any cate-
gory C, BC is the classifying space of C (see 1.1.8 of [120]).

Hence, for any C'*-category C, we have a map

B(Iso(Cg))" x B(Iso(P(Cg))" — B(Iso(P(Cg)))", which sends
B(Iso(Cg))" vV B(Iso(P(Cg))" to the base point B{0} c B(Iso(P(Cq))".
So, we have a map p : B(Iso(Cg))" B(Iso(P(C4) — B(Iso(P(Cg))-

Remarks. Note that C can be regarded as a C*-category with precisely

one object denoted by 1, and so, if we let n be the n-fold sum of the

object 1, then obCq = {n|n = 0,1,2...} while the Banach space of

morphisms m — n is given by n X m matrices with entries in C. Hence,

we can identify Iso(Cg) with [[ GL,, (where [] is disjoint union). If we
n>0

write GL(C) for lim GL,,(C), then Z x GL(C) is a symmetric monoidal
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category whose objects are given by integers and

1] if m#n
Homgzy g c)(m,n) = {GL((C) if m i n

(see 5.3.2 to 5.3.7). There exists a functor Iso(Cg) — Z x GL(C), and
s0, BIso(Cg)" has the homotopy type of Z x BGL(C).

(v) Now, let b : S — Blso(Cg)" be a fixed representative of the Bott
element in 7 (BIso(Cg))" = K~2(pt). Then b,p yield a map S? A
B(Iso(P(Cg)))" — B(Iso(PCg))”, natural in C, with an adjoint

B : B(Iso(P(Cg))" — Q%B(Iso(P(Cq)))".

We now define a non-connective topological K-theory spectrum K'*P(C)
for the C'*-category C by the spaces

B(Iso(P(Cg))"  in even dimension
QB(Iso(P(Cg))" in odd dimension

with structural maps that are identity in even dimensions and 3 in odd
dimension. Then K*P(C) is an Q-spectrum.

14.5.3 The functor K'P : Gpoids™ — Spectra
In view of 14.5.1 and 14.5.2, we now have a functor K'*P : Gpoids™ —
Spectra G—K'"P(C*G) given by composing the functor
Gpoids™I —C*—Categories : G—C*G into the functor K*P : C*Categories—
Spectra : C:C—K"©P(C*C).

14.5.4 Recall from 1.1.3 and 1.1.4 that to any G-set S, we can associate a
groupoid S (the translation category of S). If S = G/H, then in the notation
of 14.1.7 we have 7, (K'*P(G/H)) = K, (C#H) where H is any subgroup of
G. So Baum - Connes conjecture now says that
Afin : HSE (Epin(G), K*°P)—HE (pt, K*P) = K,,(C;G) induced by the projec-
tion Ef;y,(G)—pt is an isomorphism.

14.5.5 Assembly for BC conjecture via controlled topology

(i) Let G be a discrete group, Z a G-CW-complex, X C Z a closed G-
invariant subspace, Y = Z — X. A subset C of Z is said to be relatively
G-compact if C/G is relatively compact in Z/G. Let R be a ring with
identity, also with involution. We define a category Bg(Z, X, R) as
follows: ob Bg(Z, X, R) consists of pairs (4, f) where A is a free RG-
module, f: A — Fin(Y) a G-equivariant map from A to finite subsets
of Y, satisfying

(1) fla+b)C fla)U f(b).
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(2) Ay = {a € A|f(a) C {y}}, a finitely generated RG,-module for
eachyeY

(3) A= yegy A, is an R-module.
(4) {y € Y|A, # 0} is locally finite and relatively G-compact in Z.
(5) If Y has more than one point, then f(a) =0 iff a = 0.

A morphism ¢ : (4, f) — (B,y) consists of an RG-homomorphism
¢ : A — B commuting with f, g such that ¢ is continuously controlled
at X C Z, i.e., in terms of coordinates, given ¢f : A, — B.(y,z € Y)
for every z € X, and for every neighborhood U of z in Z there exists
a smaller neighborhood V' C U of x in Z such that ¢; = 0,0% =0
whenevery € Y —U,z€ VNY.

Now, let X be a G-CW-complex, Z = X x [0, 1] with subspace X =
X x1C Z. Let Bo(X x [0,1]; R) := Ba(X x [0, 1], X x 1; R) and denote
by Ba(X % [0,1]; R)y the full subcategory of U = Bg(X x [0,1]; R) with
objects (A, f) such that the closure of the intersection

supp(A,f) = {<$7t) € (X X [O’ 1])|Aw,t # @} N (X X 1) =0

Then, Bg(X x [0,1]; R)p is equivalent to F(RG), the category of the
finitely free RG-modules.

Let CrBg(X x [0,1],C) be a category defined as follows: ob C)Bg(X x
[0,1],C) consists of objects (A4, f) of Bg(X x [0,1],C) satisfying the
extra condition that A has a G-invariant Hilbert space structure. Mor-
phisms in C*Bg(X x [0,1],C) are obtained by completing the subgroup
of morphisms in Bg(X x [0,1],C), which are bounded linear operators
on Hilbert spaces. This gives CBg(X x [0,1],C) the stucture of a
Cr-category.

The subcategory C;Ba (X x [0,1],C)p is a full subcategory consisting of
objects (A, f) such that supp(A4, f) = 0.

The quotient category CBg (X x[0, 1], C)>? has same objects as Bg (X x
[0, 1], C) with two morphisms identified in their quotient category if the
difference can be approximated closely by morphisms factoring through
objects of the subcategory.

Definition For any G-space X, define K*P(X) := K"*P(CFBa(X x
[0,1],C)~°.

This defines a functor K°P : G-Spaces — Spectra.

Recall that a functor F : Spaces — Spectra is said to be homotopy
invariant if it takes homotopy equivalences to homotopy equivalences.

A homotopy invariant functor is strongly excisive if F(() is contractible
and F preserves arbitrary coproducts up to homotopy equivalence.
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The following result is due to I. Hambleton and E.K. Pederson (see [77]).
Theorem 14.5.1 [77] The functor K : G-Spaces — Spectra is G-
homotopy invariant and G-excisive with the following properties:

(1) If X is a co-compact G-space with finite isotropy, then m.(K'*P(X)) =
KK& [(Co(X),C) where Co(X) is the C*-algebra of complex-valued
functions vanishing at co.

(2) For any subgroup H < G,QKP(G/H) is weakly equivalent to
K(C7(H)).

3) For any G-space X, K%*P(X) is the homotopy colimit of Kt°P applied to
( y G-sp ; DY pp
G-compact subspace.

The following results identifying the Davis - Liick assembly map with Baum
- Connes assembly map as well as continuously controlled assembly maps are
also due to D. Hamilton and E.K. Pederson.

Theorem 14.5.2 [77] Let G be a discrete group and X = Ex;,(G). Then,
the continuously controlled assembly map

ax : K*P(C*Bg(X % [0,1];C)”% — K*P(C*Bg(X x [0,1],C)
induces the Baum - Connes assembly map
KK (Co(X);C) — Ki(C(@))
on homotopy groups.

Theorem 14.5.3 [77] The Dawvis - Liick assembly map arising from K®P
applied to Exiyn(G) are naturally isomorphic to the continuously controlled
assembly map.

Theorem 14.5.4 [77] The Davis - Liick assembly map arising from K%©P
applied to Exin(G) is naturally isomorphic to the Baum - Connes assembly
map.

Before we close this section, we discuss briefly the Baum - Connes conjecture
vis-a-vis the family V Cy of virtually cyclic subgroups and the family F'C, of
finite cyclic subgroups. The results below, 14.5.5 and 14.5.6, indicate that the
relative assembly Api,—vec, and Arc, i, are isomorphisms.

Theorem 14.5.5 [138] For any discrete group G and any n € Z, the relative
assembly map

Apin = VCy - B (Erin(G), K*P) — H(Ey ey (G), K*°P)

18 an tsomorphism.
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Theorem 14.5.6 [138] For every discrete group G and any n € Z, the rela-
tive assembly map

Ave,—rin : HS (Erc, (G),K*P) — HE (Epiy(G), K™P)

s an isomorphism.

Exercise

In the notation of 14.2.1, show that the relative assembly map Arin—vcy :
HE(Epin(G)) — HS(Eycy(G)) is an isomorphism iff for all virtually cyclic
subgroups V' of G, the assembly map

Apin = Apin—an : HY (Epin(V)) — HY (pt)

is an isomorphism.



Appendices

A Some computations
I: KO
(1) If G is a finite group of square-free order, then N K(ZG) = 0.
(This result is due to D. Harmon; see [78].)

(2) Let R be integers in a number field F'; A an R-order in a semi-simple
F-algebra 3.

Then,
(i) Go(A), Ko(A) are finitely generated Abelian groups.
(ii) SKo(A), SGo(A) are finite groups, if A satisfies the “Cartan con-
dition”.
(These results are due to H. Bass; see [20] or theorems 2.2.1 and 2.2.2.)

(3) Let R be a Noetherian ring with 1, G a finite group. Then, in the
notation of 2.4,

(i) Go(RG) = @cex(c)Go(R(C)).
(ii) If C is a cyclic group of order n, then Go(Z(C)) = @q/n(Z ®
CUZ|Ca, 3))-
(iii) If H = G x G1, G Abelian, G; any finite group such that the

action of G; on G stabilizes every cocyclic subgroup of G. Then,
Go(ZH) = Scex(a)Go(Z(C)#G1).

(These results are due to D. Webb; see [230] or 2.4.)

(4) Let Ds, be a dihedral group of order 2n. Then, Go(ZDs,) ~ Z° &
Dgin(Z ® Cl(Cq, %) 4). (See remarks 2.4.5 and [230].)

{2 if n is odd
where ¢ =

d if n is even.

(The result is due to D. Webb; see 2.4 or [230].)

403
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Let G be the generalized quaternion group Qu4, where n = s?n’,n’ odd.
(See remarks 2.4.6 (iv).) Then,

€ S S 1 1
Go(ZG) = L Bajn, (Z° & CUZ[C2ia, ﬁ])@ClH25+ld(Z[C25+ld7 m])

2 ifs>0
where € =
1 ifs=0.

Note The result above is due to D. Webb. (See [230], or 2.6.)

Let R be a left Noetherian ring of finite global dimension. Then Ky(R) ~
KO(R[XlaXz e 7Xn])

(This result is due to A. Grothendieck; see [188].)

Let R be a Dedekind domain. Then each P € P(R[X1, Xa,...,X,]) has
the form P = R[Xy, Xo,..., X, ®r Q where Q € P(R).

If R is a principal ideal domain, then each P € P(R[X1, X2,..., X,]) is
free over R[X1, Xo,..., X,].

(The result above is due independently to D. Quillen and A. Suslin;
see [203] or [167].)

Let G be a cyclic group of order p. Then Ky(ZG) ~ Ko(Z[(] ~ Z &
CIU(Z[(])) where Z[(] is the ring of integers in the cyclotomic field Q(¢)
and ( is a primitive pth root of unity.

(This result is originally due to D.S. Rim; see [176, 177] or theorem
4.1.2)

Let R be the ring of integers in a number field F, A any R-order in a
semi-simple F-algebra. Then,

(a) CI(A) is a finite group.

(b) If A = ZCp, (p a prime) then CI(A) ~ CI(Z[(]) where ¢ is a
primitive pth root of 1 (Result (b) is due to D. S. Rim; see [177].)

Let G be a finite p-group of order p°, R the ring of integers in a p-adic
field F';, A a maximal R-order in a central division algebra D. Then,
SKo(G,P(A)) =~ Go(AG) is a finite cyclic p-group of order < p°.

This is due to A. Kuku (see theorem 7.7.4 or [110]).
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II: Ky

(1) Let G be a finite group. Then K;(ZG), Wh(G) are finitely generated
Abelian groups, and rank K;(ZG) = rank Wh(G) =r —¢q

where r = number of irreducible RG-modules

q = number of irreducible QG-modules.

(This result is due to H. Bass; see [20].)

(2) Let G be a finite group. Then SK;(ZG) is isomorphic to the full torsion
subgroup of Wh(G). (See [159].)
(This result is due to C.T.C. Wall; see [229].)

(3) Let G be a finite group. Then SK1(ZG) = 0 if

(a) G is a cyclic group;
(b) G is a dihedral group;
(¢) G is a quaternion or semi-dihedral 2-group;
(d) G ~ Cpn x Cp for any prime p and all n;
) G
)

e ~ (C)™ for some n;

(
(f) G is any iterated products or wreath products of symmetric and
dihedral groups;

(g) G =S,,all n.
Note

(i) (b) above is due to B.A. Magurn see [143], (a) and (e) are due to
H. Bass (see [20]). (d) is due to T.Y. Lam (see [126]). (c) and (f)
are due to R. Oliver see [159].

(ii) The next results (4) to (10) are all due to R. Oliver; see [159].

(4) If G is Abelian, then SK;(ZG) = 0 iff G ~ Z§ (some positive integer s)
or each Sylow subgroup of G has the form Zp» or Z, X Zpn

(5)

Zz ifn=%_43™>27and my >--->m, >0
SK1(ZA,) = and Ym; is odd

0 otherwise.

(6) SK1(ZG) = Z5~" if G is non-Abelian of order p?.
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If |G| = 16, then

1 ifGab:ZQXZQOrZQXZQXZQ

SK1(ZG) =
1( ) {Zg ifGab:Z4><Z2

SK1(Z[PSL(2,q)]) = Z .
SKl(Z[SL(ZQ)(]J) = Zz x Zs } if¢=3

SK1(Z[PSL(2,q)]) = SK1(Z[SL(2,q)]) = 0 otherwise.
SK\(ZG) =7k~ if G is non-Abelian of order p*.
Wh(G)=0if |G| =4 orif G 2 7Z.

Let R be a Dedekind domain with quotient field K a global field, I" a
maximal R-order in a central simple K-algebra A. Then, in the notation
of (Remarks 3.2.1) nrK;(A) = R* N Kt where K* = {a € Kla, >
0 at each prime p of K ramified in A}. B

(This result is due to R. Swan; see [39, 213].)
Let R be a discrete valuation ring with quotient field K and finite residue

class field. Let I" be a maximal order in a central simple K-algebra A.
Then, nrK;(T') = nrT* = R*.

(This result is also due to R. Swan; see [39, 213].)
If a ring A satisfies SR,,, then

(i) GL(A)/E(A) — GL(A)/E(A) is onto for m > n and injective
for all m > n.

(ii) Em(A) <9GLy(A) ifm>n+ 1.
(iii) GLm(A)/Em(A) is Abelian for m > n.

Note If R is a Dedekind domain and A is an R-order, then A satisfies
SRs.

(The above results are due to H. Bass and L. Vaserstein; see [17, 18, 20,
221].)

Let R be a left Noetherian ring of finite global dimension; then,

(This result is due to Bass, Heller, and Swan; see [20].)
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(15) Let R be the ring of integers in a number field F;, A an R-order in a
semi-simple F-algebra.

Then,

(i) K1(A) is a finitely generated Abelian group.
(ii) SKi(A) is a finite group.
(This result is due to H. Bass; see [20].)
(16) Let R be a discrete valuation ring with finite residue field R = R/p and
with quotient field F. Let D be central division algebra over F', I" a

maximal R-order in D. Then, SK;(T') is a cyclic group of order
(¢" —1)/q — 1 where ¢ = (R).

(This result is due to A. Kuku and M.E. Keating; see [105, 99].)

(17) Let F be a global field with ring of integers R, D a skewfield with center
F. For each prime ideal p of F', let D, be the p-adic completion of D.

Then, ﬁg ~ My, (D(p)) where D(p) is a central Fg—algebra with index
my (ie., dim (D(p) = m2). Let T be a maximal R-order in a central
division algebra over F. Put ap = |R/p|.
Then,

(a) SK1() ~ 1, SK;(I',), and

(b) There exists exact sequences
0—-SK;(T) - Ki(T) = R*NK*— 0.

(This result is due to M. Keating; see [99].)

(18) Let G be a non-Abelian p-group (p a prime)
Then,

(a) Cl1(ZG) # 0 unless p = 2 and G has exponent 2.
(b) SK1(ZG) = ClL(ZG) ~ (Z/p)P~" if p is odd and |G| = p®.
(This result is due to R. Oliver; see [159].)

(19) If G is any quaternion or semi-dihedral 2-group, then Cl; (ZG x (C)*) ~
(2/2)2’“4@—1.
(This result is due to R. Oliver; see [159].)

(20) Let R be the ring of integers in a number field. Then, SK;(RC),) = 0
for any finite cyclic group C), of order n.

(This result is due to Alperin, Dennis, Oliver, and Stein; see [5].)
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1 =0i ~ Cyn or Cpy X or any prime p and any n; i
21) SK1(2G 0if G~ C) Cpn x Cp f i d if
G = (C2)™, any n or if G is any dihedral, quaternion, or semi-dihedral
2-group. Conversely, if G is a p-group and Cl; (ZG) = 0, then either G
is one of the groups above or p = 2 and G = (Cy)" for some n.
(This result is due to R. Oliver; see [159].)
et ¢ a finite group, p a rational prime. en 1 p) = 01f the
22) Let G be a fini ional pri Then SK;(ZG 0 if th
Sylow p-subgroup S,(G) of G is isomorphic to Cpn or Cpn x Cp(any n).
(This result is due to R. Oliver; see [159].)

(23) Let G be a finite Abelian group and r(G) the product of distinct primes
p dividing |G|, for which S,(G) is not cyclic. Then exp(SK1(ZG)) =
e - ged(exp(Q), %) where £ = 1 if

(a) G = (Cy)™ for some n > 3 or

(b) S2(G) =~ Can x Can for some n > 3 or

(¢) S2(G) = Con x Con x Cy for some n > 2,
and € = 1 otherwise.
(This result is due to Alperin, Dennis, Oliver, and Stein; see [5].)

(24) Let F be a p-adic field, R the ring of integers of F', " a maximal R-order
in a central division algebra D over F,m = rad R. Then SK;(T',m) = 0.
(This result is due to A. Kuku; see [107].)

(25) Let R be the ring of integers in a number field or p-adic field F. Let A
be any R-order in a semi-simple algebra, a a two-sided ideal of A. Then,
SK1(A,a) is a finite group.

(For number fields, the result is due to H. Bass; see [20]. For p-adic
fields, the result is due to A. Kuku; see [105].)

(26) Let p be a rational prime and G a quaternion or dihedral group of order
8. Then, SK;(Z,G) = 0.

(This result is due to A. Kuku; see [104].)

(27) Let G be any finite group, p a rational prime. Then, SKl(ZpG) is a
finite p-group.

(This result is due to C.T.C Wall; see [229, 159].)

I1I: K-

(1)

Let R be the ring of integers in a number field, A any R-order in a semi-
simple F-algebra 3. Then, K2(A) is a finite group. Hence K3 (RG) is
finite for any finite group G. Ga(A), G2(RG) are also finite groups.
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(This result is due to A. Kuku and is in fact part of a general result
that says that for all n > 1, K,,(A), G2, (A) are finite; see theorem 7.2.7
or [121].)

Let F' be a number field, R the ring of integers in F', and D a finite-
dimensional central division F-algebra with square-free index, A a max-
imal R-order in D. Then, in the notation of (3 -3)% KA ~ KSR =
KBT(KQR - Hreal ramiﬁed{il})'

(This result is due to X. Guo, A. Kuku, and H. Qin; see [73].)
Let F be a number field and D a central division algebra over F'. Then,
div(K2(D)) € WK»(D) and div(Ka2(D))(l) ~ WKy(D)(l) for all odd
primes [. If the index of D is square free, then

(a) div(Ky (D)) = div(Ka(F)).

(b) WK3(D) ~ WKy(F) and |W Ky (D)/divKy(D)| < 2.

(This result is due to Guo and Kuku; see [72].)

Let F' be a number field and D a central division algebra F' with square-
free index. Then, every element of K5(D) is a symbol of the form {a, b}
for a € F*,b € D*.

(This result is due to X. Guo, A. Kuku, and H. Qin; see [73].)
Note The next three results (5), (6), (7) are due to B. Magurn (see [142,
144]).

Let F be a finite field of characteristics p, and G a finite group whose
Sylow-p-subgroup is a cyclic direct factor. Then K5(FG) = 0. For any
Abelian group G, K2(FG) = 0 iff the Sylow-p-subgroup of G is cyclic.

Suppose that p is a prime and F' a finite field of characteristic p. Let A
be a p’-group, C; cyclic p/-groups, and G; semidirect products C; x Z,,
for i = 1,2. Then,

(a) Ko(FA) = 0.
(b) K2(F[Gy x A]) = 0.
(C) KQ(F[Gl X Gg X A]) = KQ(F[Gab X ng X A])

Hence, if D,, is the dihedral group of order 2n, and n and m odd, then

KQ(FQ[Dn X Dm]) ha) KQ(FQ[ZQ X ZQ]) ha) Zg

Let F be a finite field with 2/ elements and G a finite Abelian group of
order n, 2-rank t and 4-rank < 1. Then,

Ko (FG) - Zg("/?)(tfl)(ffl) )
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(8) Let F, be a finite field of order ¢ = p/. Then, Ky(F,Cp) ~ Cg“*l)(‘”“”.
(This result is due to Dennis, Keating, and Stein; ee [41].)

IV: Negative K-theory

(1) Let G be a finite group of order s, R the ring of integers in a number
field F. Then, K_,(RG) = 0 for all n > 1. For any prime ideal
p of R, let f, fp,1p, respectively, be the number of isomorphism classes

of irreducible F, FB and R/p representations of G. Then, K_1(RG) is a
finitely generated Abelian group and rank K_1(RG) = f + Zysr(fp —

TE).

(This result is due to D. Carter; see [32] or Corollary 4.4.2.)

(2) Let V =G x, T be a virtually infinite cyclic group, i.e., V is the semi-

direct product of a finite group G of order r with an infinite cyclic group
T = (t) with respect to the automorphism o : G — G : g — tgt—1. Let
R be the ring of integers in a number field. Then

(a) Kp(RV)=0foralln< —1.

(b) K_1(RV) is finitely generated.

(The result above for RV is due to Kuku and Tang; see [123]. An earlier
version for ZV is due to Farrell and Jones; see [55].)

(3) Let R be a regular ring. Then, for any triple R = (R, By, B1) (see
definition 4.5.2), we have Nil}V (R) = 0 for all n € Z.

(This result is due to F. Waldhausen; see [224].)

(4) Let R be a quasi-regular ring. Then, for any triple R = (R, By, B1) we
have

Nil'Y(R) = 0 for alln < —1.
(This result is due to F. Conolly and M. Da Silva; see [36].)
(5) For the triple R = (R; R*, R®), let R, := p(R) (in the notation of 4.5.5).
Let v be the ring automorphism of (10% 10%) given by ~ : (8 2) —
sO 0
0 «) )

Then, there is a ring isomorphism

jpiR,~ (?g)v[:g].

(This result is due to A. Kuku and G. Tang; see theorem 7.5.6 or [123].
Note that this result, which expresses I, as a twisted polynomial ring,
greatly facilitates computations of K, (R), NK,(R) for all n € Z.)
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(a) Let R be a regular ring. Then, NK,(R; R*, R®) = 0 for all n € Z.
(b) If R is quasi-regular, then NK,, (R, R*, R%) = 0 for all n < 0.
(This result is due to A. Kuku and G. Tang; see theorem 7.5.7 or [123])
and is a consequence of (5) on the previous page.)
Let V = GO *H Gl s [GO : H] =2= [Gl,H] Then, NKH(ZH,Z[GO —
H|,Z|Gy — H]) =0 for n < —1.
(This result is due to A. Kuku and G. Tang; see theorem 7.5.8 or [123].)

V: Higher K-theory

(1)

Let A be any finite ring. Then, for all n > 1,

(i) Kn(A) is a finite group.

(ii) Gr(A) is a finite group.

(iii) G2n(A4) =0.
Note Above results apply to finite groupings, e.g., A = RG, G any
finite group, R any finite ring.
(The result above is due to A. Kuku; see theorem 7.1.2 or [106, 112].)
Let F be a p-adic field with ring of integers R, I" a maximal R-order is
a semi-simple F-algebra ¥. Then, for all n > 1,

(ii) SK2,—1(T) =0 iff ¥ is unramified over its center.
Note The result above applies to grouprings I' = RG where the order
of GG is relatively prime to p.
(This result is due to A. Kuku; see theorem 7.1.3 or [107].)
Let K be a p-adic field with ring of integers R, and let k be the residue
field of K. Assume that (|k| = ¢). Let T' be a maximal R-order in
a central division algebra D of dimension t?> over K. Then, for all
n>1,|SKa (D) = (¢" = 1)/(¢ = 1).
(This result is due to M. E. Keating; see [99] or theorem 7.1.2.)
Let F' be a complete discretely valued field with finite residue field of
characteristic p (e.g., a p-adic field). Let R be the ring of integers of F,

I' a maximal order in a central division algebra, T the residue class field
of I'. Then, for alln > 1, K, (I') ® Zy ~ K,,(I') ® Z, for q # p.

(This result is due to A. Suslin and A.V. Yufryakov; see [204].)

Let R be the ring of integers in a number field F, A any R-order in a
semi-simple F-algebra 3. Then, for all n > 1.
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(a) K,(A) is a finitely generated Abelian group.
(b) SK,(A) is a finite group.
(c) SKn(/A\E) is finite (or zero) for any prime ideal p of R.

(This result is due to A.O. Kuku; see theorem 7.1.11 or [112, 113].)
Note The result holds for A = RG, AB = RBG).

Let R be the ring of integers in a number field F', A any R-order in a
semi-simple F-algebra . Then, for all n > 1,

(a) Gn(A) is a finitely generated Abelian group.

(b) SG2,—1(A) is finite and SGa,(A) = 0.

(¢) SGan-1 (A ), SGan_1(A p) are finite of order relatively prime to the
rational prime p lying below p, and SGa,(A,) = SG2n<AB) =0.

(This result is due to A. Kuku; see theorem 7.1.15 or [109, 110].)
Note also that the results hold for A = RG, AE = REG, Ap = R,G.
Let R be a Dedekind domain with quotient field ', A an R-order in a
semi-simple F-algebra. Assume that
(i) SGi(A) =0.
(ii) G
(iii)
(iv) If ¢ is an I®-th root of unity for any rational prime [ and positive

integer s, R the integral closure of R in F/(¢), then SG;(R®grA) =
0. Then SGn(A) =0 foralln>1.

n(A) is a finitely generated Abelian group.
R/p is finite for all primes p of R.

Hence, if R is the ring of integers in a number field F', and G a finite
group, then SG,(RG) =0 for all n > 1.

(This result is due to R. Laubenbacher and D. Webb; see theorem 7.1.15
or [131].)

Let R be the ring of integers in a number field F', A any R-algebra
finitely generated as an R-module. Then, G,,(4) is a finitely generated
Abelian group.

(This result is due to A. Kuku; see theorem 7.1.14 or [112].)
Let G be a finite p-group. Then, for all n > 1,

(a) SK2,-1(ZQG) is a finite p-group.
(b) For any rational prime I, SKa, _1(Z@) is a finite p-group (or zero).

(This result is due to A. Kuku; see theorem 7.1.17 or [121].)
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Let R be the ring of integers in a number field ', A any R-order in a
semi-simple F-algebra X, I' a maximal R-order containing A. Then, for
all n > 2, rank K, (A) = rank K,(T') = rank G,(A) = rank K,(%).
Hence, if G is a finite group, then,

rank K, (RG) = rank K, (T") = rank G,,(RG) = rank K, (FG).

(This result is due to A. O. Kuku; see theorem 7.2.1 or [115].)

Let R be the ring of integers in a number field F', A any R-order in a
semi-simple F-algebra. Then, for all n > 1, K5, (A), G2, (A) are finite
groups.

Hence, Ko, (RG), G2, (RG) are finite groups for any finite group G and
all n > 1.

(This result is due to A. Kuku; see theorem 7.2.7 or [12].)

Let C, be a cyclic group of order p (p a prime). Assume that n > 2 and
p = 3(4) or p = 5(8). Then we have isomorphisms

Kon—1(ZCy)(2) = Kan—1(Z)(2)

and
Kon—2(ZCp)(2) = Kan—2(Z((p))(2) © Kan—2(Z)(2)

(This result is due to P. Ostvaer; see [160].)

Let p = 5(8) and let n be an odd integer. Then we have isomorphism

Kon—1(ZCy)(2) ~ Kan—1(Z)(2).

Moreover, for n = 3(4), we have an isomorphism Ko, _2(ZC))(2) ~
Kon—2(Z[(p))(2) ® Kan—2(Z)(2)(I). If n = 1(4), then (I) is true provided
p is a two-regular prime.

(Recall that a prime number p is two-regular if the 2-rank of the Picard

group of the two-integers in Q({,) equals zero, and 2 is a primitive root
mod(p).

(The result above is due to P. Ostvaer; see [160].)
Let G be a finite Abelian group, R a Noetherian ring. Then, in the

notation of 7.3.1, G, (RG) ~ ©cex(q)Gn(R(C)) where C runs through
the cyclic quotient of G.

(This result is due to D. Webb; see theorem 7.3.1 or [232].)



414 A.0. Kuku

(15) Let H be a non-abelian group of order pq, p|g — 1. Let G denote the
unique subgroup of order p of Gal(Q({,)/Q). Then,

Co(ZH) = Go(Z) & Gn(ZIC,, %] & Go(Z(C,, é]Gl))for all n > 0,

(This result is due to D. Webb; see proposition 7.3.1 or [231].)
(16) Let Dys be the Dihedral group of order 2s. Then,

Gn(ZD2s) = Gn(Z) ® Gn(Z[%])E ® & GnlZlGa, §]+)-

d>2

1 if nisodd
where € = .
2 if n is even,

and Z[(q, 2]+ is the complex conjugation-invariant subring of Z[(y, 1].
(This result is due to D. Webb; see proposition 7.3.2 or [231].)

(17) For the symmetric group S3, G3(ZS3) ~ Z/48 & 7./48.
(This result is due to D. Webb; see example 7.3.1 or [231].)

(18) Let H be the generalized quaternion group of order 4.2°. Then, in the
notation of 7.3.3,

Gu(ZH) = ©G. (B, 55]) © CulT[r)) © Cu(l5)7

(This result is due to D. Webb; see proposition 7.3.3 or [231].)
(19) Let R be a Noetherian ring and H a finite p-group (p a prime), T a
maximal Z-order in QH containing ZH. Then, in the notation of 7.3.11,

we have

Gn(RH) ~ &G, (R®zT))
where X (H) is the set of irreducible rational representation of H.

(This result is due to Hambleton, Taylor, and Williams; see theorem
7.3.5 or [76]. The result is also true for nilpotent groups; see [76].)

(20) Let R be the ring of integers in a number field, A an R-order is a semi-
simple F-algebra. Then,

(a) Cl,(A) is a finite group for all n > 1.

(b) For all n > 1, p-torsion in Clgn_l(Az can occur only for primes p
lying below prime ideals p at which AE is not maximal.
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(c) For any finite group G, and all n > 1, the only possible p-torsion
in Cla,—1(RG) is for those primes p dividing the order of G.

(Results (b) (c) are due to M. Kolster and R. Laubenbacher; see theorem
7.4.4 and Corollary 7.4.1 or [102]. Result (a) is due to A. Kuku; see
theorem 7.1.11(ii).)

Let S, be the symmetric group on r letters, and let n > 0. Then,
Clyn+1(ZS,) is a finite 2-torsion group, and the only possible odd torsion
p—1

in Clyn—1(ZS,) are for odd primes p such that 5= divides n.

(This result is due to Kolster and Laubenbacher; see theorem 7.4.6
or [102].)

Let D3, be the dihedral group of order 2r. If the local Quillen - Lichten-
baum conjecture is true, then Cly,11(ZDs,) is a finite 2-torsion group.

(This result is due to Kolster and Laubenbacher; see theorem 7.4.7
or [102].)

Let F' be a number field with ring of integers R, A a hereditary R-order
in a semi-simple F-algebra or an Eichler order in a quaternion algebra.
Then the only p-torsion possible in Cla,(A) is for those primes p lying
below the prime ideals p of R at which A, is not maximal.

(This result is due to Guo and Kuku and is proved for “generalized
Eichler orders”, which combine the properties of hereditary and Eichler
orders; see theorem 7.4.10 or [74].)

Let R be the ring of integers in a number field F, A any R-order in
a semi-simple F-algebra Y, a an autopmorphism of A. Then, for all
n >0,

(a) NK,(A,«) is s-torsion for some positive integer s. Hence,
rank K, (A, (t)) = rank K,,(A) and is finite.

(b) If G is a finite group of order r, then NK,(RG,«) is r-torsion
where « is the automorphism of RG induced by that of G.

(This result is due to A.O. Kuku and G. Tang; see theorem 7.5.4
or [123].)

Let R be the ring of integers in a number field F, V = Gx,, T the
semi-direct product of a finite group G of order r with an infinite cyclic
group T' = (t) with respect to the automorphism o : G — G : g — tgt—1.
Then, for all n > 0, we have

(a) G, (RV) is a finitely generated Abelian group.
(b) NK,(RV) is r-torsion.
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(This result is due to A.O. Kuku and G. Tang; see theorem 7.5.5
or [123].)

Let V' be a virtually infinite cyclic group of the form V = Gg xyg G,
when the groups G;,i = 0,1 and H are finite, and [G; : H] = 2. Then,
in the notation of 7.5.3, the Nil groups NK,(ZH; Z|Go— H], Z|G1 — H))
are |H|-torsion for all n > 0.

(This result is due to A. Kuku and G. Tang; see theorem 7.5.8 or [123].)

Let F be a number field and 3 a semi-simple F-algebra, WK, (X) the
Wild kernel of ¥ (see definition 7.1.1). Then, WK, (X) is a finite group
for all n > 0.

(This result is due to X. Guo and A. Kuku; see theorem 7.1.8 or [72].)

Let k be a field of characteristic p, and G a finite or profinite group.
Then, for all n > 0, the Cartan map K, (kG) — G,(kG) induces iso-
morphisms Z(zl?) ® K (kG) — Z(zl?) ® G (kG).

(For finite groups the result is due to A. Dress and A. Kuku; see theorem
10.4.1 or [53]. The extension to profinite groups is due to A. Kuku; see

theorem 11.1.2 or [109].)

Let p be a rational prime, k a field of characteristic p, G a finite group.
Then, for all n > 1,

(a) Ko, (kG) is a finite p-group.

(b) The Cartan map wa,—1 : Kop—1(kG) — Ga,—1(kG) is surjective,
and Kerya,—1 is Sylow-p-subgroup of K, _1(kG).

(This result is due to A. Kuku; see theorem 10.4.2 or [112].)

Let k£ be a field of characteristic p, C a finite EI category. Then, the
Cartan homomorphism K, (kC) — G, (kC) induces isomorphism Z(+) ®

1
p
K (kC) = Z(5) @ G (KC).
(This result is due to A. Kuku; see theorem 7.6.5 or [114].)

Let R be a Dedekind ring, G a finite group, M any of the Green mod-
ules K,,(R—),Gn(R—),SK,,(R—),SG,(R-),Cl,(R—) over Green ring
Go(R—), P a set of rational primes, Zp = Z[%|q ¢ P|. Then, Zp @ M
is hyperelementary computable.

(This result is due to A. O. Kuku; see theorem 10.4.3 or [108].)

Let C be an exact category such that there exists a pairing C xC — C :
(X,Y) — X - Y, which is naturally associative and commutative and
such that C has an object E such that Fo X = X o F for all X € C.
Let G be a profinite group and S, T, G-sets, P a set of natural primes.
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Let M be any of the functors K§(—,C,T), P$(—,C,T). Then, in the
notation of 11.2.1 and 11.2.2 we have (G : Gs)sH(M) = 0 for all i € Z.

(This result is due to A. Kuku; see theorem 11.2.2 or [109].)

Let G be a compact Lie group, M(C) the category of finite-
dimensional complex vector spaces. Then, in the notation and terminol-
ogy of 12.3, K&(—M(C)) is hyperelementary computable (see theorem
12.3.3 or [116]).

(This result is due to A. Kuku.)

Let C be a finite EI category, R the ring of integers in a number field of
F. Then, for all n > 0,

a) K,(RC) is a finitely generated Abelian group.

(a) K
(b) Gn(RC) is a finitely generated Abelian group.
) S

(¢) SGn(RC) = 0.
(d) SK,(RC) is a finite group.

(This result is due to A. Kuku; see corollary 7.6.12 and 7.6.15.)

Let R be the ring of integers in a number field, G' a finite group.
Then, the Waldhausen’s K-groups of the category (Chy(M(RG)),w) of
bounded complexes of finitely generated RG-modules with stable quasi-
isomorphisms as weak equivalences are finite Abelian groups.

(This result is due to A.O. Kuku; see chapter 13 or [122].)

Let C be an exact category such that K, (C) is finitely generated. Then,
Kn(C) ® Zy ~ KP(C, %) ~ Kn(C,Z¢) are an {-complete profinite A-
belian group.

E.g.,C = P(A), M(A) where A is an order in a semi-simple algebra over
a number field.

(This result is due to A.O. Kuku; see 8.2.3 or [117].)

Let p be a rational prime, F' a p-adic field, R the ring of integers of F', A
any R-order in a semi-simple F-algebra X, ¢ a rational prime such that
£ # p. Then, for all n > 2,

(i) KP"(2,7Z¢) ~ K,(2,7Z) is an {-complete profinite Abelian group.
(i) GP"(A,Z¢) ~ Gn(A,Zy) is an f-complete profinite Abelian group.
(This result is due to A.O. Kuku; see theorems 8.3.1 and 8.3.3 or [117].)

Let R be the ring of integers in a number field F', A any R-order in a
semi-simple F-algebra ¥, p a prime ideal of R, £ a rational prime such
that £ # char(R/p). Then, for all n > 1,
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(i) Gn(A)g are finite groups.

(ii) Kn(Xp)e are finite groups.
(iii) If A satisfies the hypothesis of theorem 8.1.2, we also have that

K, (Ap), are finite groups.

(The result above is due to A.O. Kuku; see theorems 8.3.4 and 8.3.5
or [117].)

(39) Let R be the ring of integers in a p-adic field F', A any R-order in a
semi-simple F-algebra, K¢(A) continuous K-theory of A. Then, for all
n>1,

(i) KE(A) is a profinite group.
(ii) K§,(A) is a pro-p-group.
(The result above is due to A.O. Kuku; see theorem 8.4.1 or [117].)
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Some open problems

. Let G be a finite group, p a rational prime.
Question Is SKzn,l(sz) a finite p-group for all n > 17

For n = 1, a positive answer is due to C.T.C. Wall (see [229]). For G
a finite p-group, and for all n > 1, an affirmative answer is due to A.
Kuku (see [121] or theorem 7.1.17).

. Let T be a category whose objects have the form R = (R, By, B1) where
R is a ring and By, By are R-bimodules (see 4.5.4). Then, as in 4.5.5,
there exists a functor p : 7' — Rings defined by p(R) := R, as in 4.5.5.
Recall that NK,(R,) := Ker(K,(R,) — K, (% %)) for all n € Z.
For R € T, the Waldhausen Nilgroups Nil"V ; (R) are also defined (see
definition 4.5.2). In [36], F. Conolly and M. Da Silva prove that, for
n<1, NK,(R,) = NilV ,(R).

Question Is NK,,(R,) = Nil}V {(R) for all n > 1?7

. Torsion in even-dimensional higher class groups

Let F' be a number field with ring of integers R, A any R-order in
a semi-simple F-algebra. In [102], (also see 7.4) M. Kolster and R.
Laubenbacher proved that for all n > 1, the only p-torsion possible in
Clan—1(A) is for those rational primes p that lie under the prime ideals
of R at which A is not maximal. The question arises whether a similar
result is true for Clay, (A) for all n > 1. Guo and Kuku proved in [74]
(also see 7.4) that the result holds for “generalized Eichler orders”, which
include Eichler orders in quaternion algebras and hereditary orders. It
is still open to prove this result for arbitrary orders. Note that when
A = RG, G a finite group, the anticipated result implies that p-torsion
occurs in Cla, (RG) only for primes p dividing the order of G.

. Let F be a number field, D a central division algebra over
F WK, (D)n > 0 the wild kernel of D (see definition 7.1.1).

Question Is WK, (D)(l) = divK, (D)(l) for all n > 1, and any rational
prime [?

In connection with this question, X. Guo and A. Kuku proved in [72]
that if (D : F') = m?, then,

(i) div(K,(D))(l) = WK, (D)(l) for all odd primes [ and all n < 2;
(if) If I does not divide m, then divK3(D)(l) = WK3(D)(l) = 0;

(iii) If F = Q and [ does not divide m, then div K,(D)(l) C
WK, (D)(l) for all n. (see [72] theorem 3.4).
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Note that the question above is a generalization of a conjecture in [12]
by Banaszak et al. that, for any number field F, WK, (F)() =
divK,(F)(l). This conjecture was shown in [12] to be equivalent to
the Quillen - Lichtenbaum conjecture under certain hypothesis.

Let C be an arbitrary EI category, R a commutative ring with identity.
Problem Analyze the group structure of K, (RC).

Note that A. Kuku showed in [114] (see 7.6) that if R is the ring of
integers in a number field, and C a finite EI category, then K,(RC) is
a finitely generated Abelian group.

Compute K, (R),n > 0, R an Artinian ring with maximal ideal m, such
that m” = 0 for some integer r. Note that G,,(R) is well understood via
Devissage. (see Example 6.1.1).

Generalize the Devissage theorem to Waldhausen categories.

Formulate a profinite K-theory for Waldhausen categories. Note that
this has been done by Kuku for exact categories (see [117] or Chapter
8) with applications to orders and groupings.

Let X be an H-space, m a positive integer. Then the mod-m Hurentz
map hy, : (X, Z/m) — H,(X,Z/m) is defined by « € [M, X] —
a(ey,) where €, is the canonical generator of H,, (M ,Z/m) correspond-
ing to 1 € H,(S™, Z/m) under the isomorphism « : Hp, (M, Z/m) =
H,(S™,Z/n) = Z/m. Compute the kernel and cokernel of h,, especially
for X = BQC,C = P(A), M(A) where A are R-orders, R being the ring
of integers in number fields and p-adic fields.

Generalize Soule’s construction of HY (A, u®?) for commutative rings to
non-commutative rings, e.g., A = maximal order in a central division al-
gebra over number fields and hence to some accessible non-commutative
groupings. Then, compute the resulting etdle non-commutative Chern
characters K,,(A) — HE.(A, u%?).

Generalize the profinite K-theory for exact categories discussed in chap-
ter 8 to Waldhausen categories W and apply this to the category
W = Chy(C) of bounded chain complexes in an exact category C where
C = P(A), and M(A) and A are orders in semi-simple algebras over
number fields and p-adic fields.

Compute K,,(RG) for various finite and/or discrete groups G. Obtain
decompositions for K, (RG) analogous to those discussed in 7.3.

Let V.= G x4 T be a virtually infinite cyclic group, R the ring of
integers of a number field F. Tt is known (see 7.5.5(ii)) that K_1(RV)
is a finitely generated Abelian group.

Question What is the rank of K_1(RV)?
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Prove (or disprove) the Hsiang vanishing conjecture, which says that for
any discrete group G, K,,(ZG) =0 for all n < —2.

Note This conjecture has been proved by Farrell and Jones for all sub-
groups of co-compact discrete subgroups of Lie groups (see [55]); also
for finite groups by Carter (see theorem 4.4.7 or [32]) and for virtually
infinite cyclic groups V = G x4 T. (See theorem 7.5.5 (1).)

Let F be a totally real field with ring of integers R, A any R-order in a
semi-simple F-algebra.

Question Is Ky, 3(A) a finite group for all n > 17

Note The above result is true for A commutative.

Let R be a discrete valuation ring with unique maximal ideal m = sR.
Let F be the quotient field of R. Then, F = R(1/s). Put k = R/m.
Gerstein’s conjecture says that for all n > 0, we have a short exact

sequence

0 — Kn(R) 2% Kn(F) 2 Ko_1(k) — 0.

This conjecture is known to be true in several cases outlined in Examples
6.2.1(iii).

Problem Prove (or disprove) this conjecture for the case char(R) =0
or char(k) = p.

Let R be the ring of integers in a number field F', A any R-order in a
semi-simple F-algebra X, p a prime ideal of R, ¢ a rational prime.

Question Is KE" (/A\p, Zy) f-complete? Note that it is weakly ¢-complete
(see remarks 8.3.2).

Let A be a ring and S a central multiplicative system in A. Let Hg(A)
be the category of finitely generated S-torsion A-modules of finite ho-
mological dimension.

Problem Obtain a good understanding of K,,(Hg(A)) for various rings
A and, in particular, for A = RG, G a finite group, R the ring of integers
in a number field or p-adic field.

Let B be the category of modules M € Hg(A) with resolution 0 — R™ —
R" - M — 0. Is 0 —» K,(B) - K,(Hs(4)) — K,(A) — K,(Ag)
exact for all n > 1?7 This is true for n = 0.
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